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Neural network surrogate

• General NN
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Neural network surrogate

• General NN
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Response and Sensitivity
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Information

Convergence Performance
• Sensitivity information decisively influences 

training convergence

• Sensitivity information is available for low cost 
(computational, economical, etc.)
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Response and Sensitivity

• Sobolev training
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Response and Sensitivity

• Finite Element Model – Use Case
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𝑥1

𝑥2

𝑊𝑎𝑙𝑙

𝐻𝑜𝑜𝑘

𝐴𝑝𝑝𝑙𝑖𝑒𝑑 𝑓𝑜𝑟𝑐𝑒

𝐷𝑒𝑠𝑖𝑔𝑛 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟𝑠 𝑥 = 𝑥1, 𝑥2
𝑣𝑎𝑟𝑖𝑒𝑑 𝑎𝑐𝑟𝑜𝑠𝑠 𝑡ℎ𝑒 𝑑𝑖𝑎𝑔𝑜𝑛𝑎𝑙

Material with nonlinear 
elasticity

Model Components Value

Degrees of Freedom per 
Element

2

Elements 512

Design Parameters 2

Nodes per Element 4

Nonlinear material St Venant, plane stress

System Behaviour Static

Variational Sensitivity AnalysisFinite Element Model

Model Responses Sensitivities
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Response and Sensitivity

• Sobolev training
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Automatic Differentiation – Chain Rule
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Residual Weighting
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Training Convergence

Optimisation Space

Initialisation Point
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Residual Weighting
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𝐿 =
1

2
 (ෝ𝒚 − 𝒚)2 +

1

2
 (

𝜕ෝ𝒚

𝜕𝒙
−
𝜕𝒚

𝜕𝒙
)2

• Magnitude |𝐿𝑖| acts as a weight

• The less accurate 𝐿𝑖, the greater gradient factor 𝐿𝑖

• Varying difficulty → staggered 𝐿𝑖 → gradient update intuitive to 
worst 𝐿𝑖, counterintuitive to best 𝐿𝑖

𝐿 =
1

2
𝝀𝟏(ෝ𝒚 − 𝒚)2 +

1

2
𝝀𝟐(

𝜕ෝ𝒚

𝜕𝒙
−
𝜕𝒚

𝜕𝒙
)2
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(ො𝑦 − 𝑦)2 ≪ 
𝜕ො𝑦

𝜕𝑥
−
𝜕𝑦

𝜕𝑥

2

OR

(ො𝑦 − 𝑦)2 ≫ (
𝜕ො𝑦

𝜕𝑥
−
𝜕𝑦

𝜕𝑥
)2

Residual Weighting

• Weighting methods
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Error Function or Clipping for numerical stability

Abbreviation Method Target

𝐿𝑚𝑎𝑥 max 𝐿 Loss Maximisation

𝐶𝐷𝑚𝑖𝑛 min(1 −
𝛻𝐿 ∙ 𝛻𝐿𝑖
𝛻𝐿 ∙ 𝛻𝐿𝑖

) Gradient Alignment

𝑆𝑁𝑁 Sobolev Trained -

𝐿 =
1

2
𝝀𝟏(ෝ𝒚 − 𝒚)2 +

1

2
𝝀𝟐(

𝜕ෝ𝒚

𝜕𝒙
−
𝜕𝒚

𝜕𝒙
)2

Response Values

Sensitivity Values

∆

𝑦 ≪
𝜕𝑦

𝜕𝑥

OR

𝑦 ≫
𝜕𝑦

𝜕𝑥

Normalization between (-1,1) but lose 
sensitivity characteristics
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Residual Weighting
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• Maximize Loss

𝐿 =
1

2
𝝀𝟏(ෝ𝒚 − 𝒚)2 +

1

2
𝝀𝟐(

𝜕ෝ𝒚

𝜕𝒙
−
𝜕𝒚

𝜕𝒙
)2

• Very straightforward and simple

• Essentially a constant gradient step, but -

→|𝐿𝑖| dicate Δ𝑖

Abbreviation Method Target

𝐿𝑚𝑎𝑥 max 𝐿 Loss Maximisation

𝐶𝐷𝑚𝑖𝑛 min(1 −
𝛻𝐿 ∙ 𝛻𝐿𝑖
𝛻𝐿 ∙ 𝛻𝐿𝑖

) Gradient Alignment

𝑆𝑁𝑁 Sobolev Trained -

Error Function or Clipping for numerical stability
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Residual Weighting
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• Minimize Cosine Distance by Magnitude – In ℛ𝟐

𝛼1: 𝛼2: 𝛼3

𝛼1

𝛼2
𝛼3

Δ1 Δ2

Δ3

⇒ Δ1: Δ2: Δ3

For one training step:

→Equilibrium of residual weight change

𝐿 =
1

2
𝝀𝟏(ෝ𝒚 − 𝒚)2 +

1

2
𝝀𝟐(

𝜕ෝ𝒚

𝜕𝒙
−
𝜕𝒚

𝜕𝒙
)2

• Ratios |𝛻𝐿𝑖| dicate 𝛼𝑖, ratios 𝛼𝑖 dictate Δ𝑖

• When a loss target is dominated, its residual 
weight increases stronger

Error Function or Clipping for numerical stability
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Backpropagation

Residual Weighting
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Residual Weighting

• Feedforward structure
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Hyperparameter Value

Epochs 200/500/1000

Training Data Size 320

Validation Data Size 305

Small Layer – 5,3,3 Big Layer– 10,5,5,3

• Data generated via FEM

• Evenly spaced samples from input space

• Validation data inbetween training data

5 3 32 1 10 32 155
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Conclusion
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• Multiple loss terms lead to staggered training focus

• Optimal weighting for training convergence

– dynamic weights to avoid more hyperparameters

– optimization target/s of residual weights crucial for model quality of interest 

→equilibrium between gradient vectors

• training becomes more robust, not just an average improvement of accuracy

• Unclipped CoDi shows a converging behavior that seems to oscillate
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Conclusion
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Issues: 

• Sensitivities magnitude difference might still introduce bias

• Numerical stability of residual weights for unclipped case

• Optimization target for residual weights: some residual loss terms more important than others, 

perhaps?
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Thank you!
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