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A B S T R A C T

The probability distribution of the performance function plays an important role in many fields. However, it is 
challenging to obtain this distribution because of the difficulty in capturing the tails on both sides, particularly 
for high-dimensional problems. To estimate the probability distribution of the performance function efficiently 
and accurately, this study proposes a piecewise fitting method based on the simulation-based Bayesian post- 
processing method. The method first divides the whole distribution into the main body and the left and right 
tail distributions. Subsequently, the samples for the main body are generated by a randomized Sobol sequence, 
while the samples for the left and right tails are produced through Markov chain Monte Carlo sampling. 
Thereafter, the shifted generalized lognormal distribution model is applied to reconstruct the main body dis
tribution, and the truncated shifted generalized lognormal distribution is used to fit the tail distributions. Finally, 
the overall distribution is obtained, and the shape parameters of the distribution model are determined using 
Bayesian estimation methods. The efficiency and accuracy of the proposed method are demonstrated through 
four numerical examples, including a simple toy example and cases involving strongly nonlinear, implicit, high- 
dimensional performance functions.

1. Introduction

The probability distribution of the performance function contains 
comprehensive statistical information regarding the structural response 
under conditions of uncertainty [1–5], which provides a crucial theo
retical foundation for a deeper understanding of structural behavior 
under random influences. Studying the probability distribution of the 
performance function [6,7] helps in understanding how structures 
behave under different uncertain factors, which facilitates researchers 
and engineers to assess the reliability and safety of structures more 
accurately. Therefore, the probability distribution of the performance 
function has been the subject of study in multiple fields, including model 
validation and verification [8,9], prognosis and health management [10,
11], structural reliability analysis [12–14], and design optimization [15,
16]. In practical applications, to obtain the probability distribution of 
the performance function accurately, various methods have been pro
posed and developed, including simulation methods, moment-based 
methods, and others, which provide diverse solutions to this problem.

Simulation methods are generally considered the most direct 
approach for estimating the probability distribution of performance 
functions, which generate a large number of relevant response samples. 
The basic steps of the simulation methods are as follows. First, generate 
random variable samples that satisfy the required distribution associ
ated with the input variables of a system; then, perform deterministic 
analysis on the target system to obtain response samples; and finally, 
extract the necessary statistical information using statistical methods to 
derive the probability distribution. These methods include Monte Carlo 
simulation (MCS)[17], Latin hypercube sampling (LHS) and its variants 
[18,19], importance sampling [20,21], Quasi-Monte Carlo simulation 
[22], subset simulation (SS) [23,24], and line sampling [25,26]. Despite 
the development of many advanced sampling methods, these methods 
often come with high computational costs and face issues related to 
stochastic convergence.

The moment-based methods [27,28] are well-developed approaches 
for constructing unknown distributions using the statistical moments of 
the performance function. These methods derive the probability 

* corresponding author.
E-mail address: li.peipei@tu-dortmund.de (P.-P. Li). 

Contents lists available at ScienceDirect

Reliability Engineering and System Safety

journal homepage: www.elsevier.com/locate/ress

https://doi.org/10.1016/j.ress.2025.111266
Received 13 November 2024; Received in revised form 2 May 2025; Accepted 16 May 2025  

Reliability Engineering and System Safety 263 (2025) 111266 

Available online 16 May 2025 
0951-8320/© 2025 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license ( http://creativecommons.org/licenses/by- 
nc-nd/4.0/ ). 

https://orcid.org/0000-0002-7975-4918
https://orcid.org/0000-0002-7975-4918
https://orcid.org/0000-0002-5083-0454
https://orcid.org/0000-0002-5083-0454
https://orcid.org/0000-0003-3341-3410
https://orcid.org/0000-0003-3341-3410
mailto:li.peipei@tu-dortmund.de
www.sciencedirect.com/science/journal/09518320
https://www.elsevier.com/locate/ress
https://doi.org/10.1016/j.ress.2025.111266
https://doi.org/10.1016/j.ress.2025.111266
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ress.2025.111266&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/


distribution under the assumption that the performance function follows 
a flexible parametric distribution model, where the distribution pa
rameters are estimated based on their first few central moments. 
Commonly employed distributions in this context include the 
three-parameter lognormal distribution [29], three-parameter gamma 
distribution [30], square normal distribution [31], cubic normal distri
bution [32], shifted generalized lognormal distribution (SGLD) [33], 
Pearson system [34], saddle point approximation [35,36], Hermite 
model [37], and maximum entropy distribution based on integer mo
ments [38]. Various moment estimation techniques have been devel
oped to estimate the parameters of these distributions, including the 
point estimation method [39,40], cubature formulation [41,42], uni
variate dimension reduction method (UDRM) [43], bivariate dimension 
reduction method (BDRM) [44–46], and the sparse grid integration 
method [47]. Despite these methodological advancements, computing 
higher-order moments accurately for highly nonlinear performance 
functions remains a significant challenge that often demands extensive 
computations.

The probability density evolution method (PDEM) [48,49] has been 
proposed to derive the probability distribution function for stochastic 
dynamics problems, particularly in cases when the performance func
tion exhibits significant nonlinearity. This approach involves solving the 
generalized density evolution equation using finite difference methods. 
However, its application to problems involving a large number of 
random variables may become challenging. Consequently, alternative 
methods such as the direct probability integral method (DPIM) [50,51] 
and the equivalent expectation estimation method (EEM) [52,53] have 
been proposed. The DPIM represents the probability density function 
(PDF) of the performance function as a probability density integral 
involving the Dirac delta function, where the Dirac delta function is 
smoothed using a Gaussian function. Nevertheless, challenges remain, 
one of which is the choice of smooth parameters. Cai et al. proposed the 
EEM, which essentially equates the probability distribution of the per
formance function to the expected value. This provides a new approach 
for assessing the probability distribution of the performance function 
and has broad applicability. However, a challenge associated with the 
EEM is that the errors behind the probability distribution estimate are 
generally unknown.

Nowadays, simulation-based post-processing methods [54] have 
attracted increasing attention for estimating quantities of interest. The 
typical process of such methods [33,55–60] is to perform simulations 
first (such as MCS, importance sampling, subspace sampling, and 
adaptive sampling) and then apply post-processing to the output to es
timate quantities of interest. The advantage of this method is that it can 
estimate the probability distribution or quantities of interest effectively 
using a limited number of samples obtained from simulations. Moreover, 
the efficiency of this method is not affected by the dimensionality of 
random variables and it is insensitive to the complexity of the perfor
mance function. However, these methods cannot provide explicit ex
pressions efficiently or accurately for the probability distribution of 
performance functions when handling high-dimensional, strongly 
nonlinear cases with small sample sizes.

To capitalize on the advantages of simulation-based post-processing 
methods and to achieve efficient and accurate estimation of the proba
bility distribution of the performance function in an analytical way, this 
study proposes a novel piecewise fitting method based on simulation- 
based Bayesian post-processing. This method considers three different 
regions, namely the left tail, main body, and right tail of the distribution. 
Such an approach ensures a comprehensive approximation of the whole 
PDF associated with the performance function. Because it is a 
simulation-based method, it can be applied to problems involving both 
low and high numbers of uncertain input parameters of a model, and it is 
completely non-intrusive.

The rest of the study is organized as follows: Section 2 presents the 
problem formulation. Section 3 proposes a piecewise fitting method to 
estimate the probability distribution of the performance function in an 

explicit form. Section 4 details the computational procedures of the 
proposed method. Section 5 demonstrates the applicability of the pro
posed method through four numerical examples. Finally, Section 6
summarizes the findings of this study.

2. Problem formulation

Consider a system whose input is characterized through a set of basic 
random variables, denoted as X = {X1, X2, …, Xn} T, where n is the 
number of random variables representing the sources of aleatory un
certainty. Given the joint probability distribution of X, the probability 
distribution of the model output Z, which is propagated from X, such as 
the cumulative distribution function (CDF), complementary CDF 
(CCDF), and PDF, is typically the main focus of interest. The model 
output Z can be any variable used to describe the system performance or 
behavior of interest. The deterministic mapping from X to Z is written in 
terms of the performance function G as: 

Z = G(X) (1) 

Based on Eq. (1), the CDF of Z is defined as: 

FZ(z) = P(Z ≤ z) = P(G(X) ≤ z)

=

∫

G(x)≤z
fX(x)dx (2) 

where FZ(z) denotes the CDF of Z; P(⋅) denotes the probability of 
occurrence; fX(x) denotes the joint PDF of random vector X; and x is a 
realization of X.

The CCDF of Z, denoted as FZ(z), can be defined as follows: 

FZ(z) = P(Z > z) = P(G(X) > z)

=

∫

G(x)>z
fX(x)dx = 1 − FZ(z) (3) 

When FZ (z) is differentiable everywhere, the PDF of Z can be expressed 
as: 

fZ(z) =
dFZ(z)

dz
(4) 

Except in a few simple cases, Eqs. (2-4) generally do not have 
analytical solutions. Therefore, numerous numerical methods have been 
developed to approximate the CDF, CCDF, and PDF. However, these 
numerical approaches often require multiple evaluations of the perfor
mance function. As Eq. (1) always involves computationally expensive 
models (e.g., finite element models) with high-dimensional random 
variables, the actual computation remains complex and time- 
consuming. Furthermore, the accuracy of the CDF/CCDF tails remains 
a significant challenge.

3. The proposed piecewise fitting method

In this study, a piecewise fitting method is proposed to analytically 
estimate the probability distribution of the performance function using 
the simulation-based Bayesian post-processing method. The general idea 
of the method is illustrated in Section 3.1. The sampling method used to 
generate the samples is introduced in Section 3.2. In Section 3.3, the 
SGLD is adopted to reconstruct the distribution of different segments of 
the performance function. In Section 3.4, Bayesian estimation is 
employed to improve the accuracy of the distribution parameter 
estimation.

3.1. General idea

The core concept of this study is to divide the performance function 
distribution that needs to be fitted into three parts (i.e., the main body, 
left tail, and right tail) and to use the simulation-based Bayesian post- 
processing method for distribution fitting. The principle of distribution 
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partitioning is primarily inspired by the concept of conditional proba
bility in subset simulation [23], which involves dividing the distribution 
into different regions by introducing intermediate events with inter
mediate thresholds. This technique transforms rare events in the original 
probability space into more common events in the conditional proba
bility space. The partitioning enables the use of more flexible sampling 
strategies tailored to each region, which improves both the efficiency 
and accuracy of the sampling process. Based on this, the 
simulation-based Bayesian post-processing method can be used to esti
mate the distribution for each region, which ultimately enables the 
construction of a complete distribution model. To visually illustrate the 
proposed method, Fig. 1 presents a schematic of the distribution parti
tioning, in which the horizontal axis represents the performance func
tion of the system, denoted by Z, and the vertical axis represents the PDF 
of the performance function of the system. z1 and z2 denote the inter
mediate threshold values, whereas F1 and F2 represent intermediate 
events introduced in the left and right tails, respectively, such that Z ≤ z1 
and Z ≥ z2. Finally, Q1 and Q2 represent the performance function of the 
system conditioned on events F1 and F2, and are denoted as Q1 = Z | F1 
and Q2 = Z | F2.

In Fig. 1, the selection of the intermediate thresholds is a critical 
issue. Too large or too small thresholds can significantly impact the ef
ficiency of the proposed method. The intermediate thresholds can be 
determined based on the work of Weng et al. [60]. According to their 
findings, it is preferable to take z1 and z2 as the 0.1 lower quantile (i.e., P 
(F1) = 0.1) and upper quantile (i.e., P(F2) = 0.1) corresponding to the 
main body of samples, respectively.

3.2. Sample generation based on randomized Sobol sequence and Markov 
Chain Monte Carlo methods

The samples are generated separately for the main body, left tail, and 
right tail. The main body samples of Z are drawn from the joint PDF of X. 
This process requires a reliable sampling method with good convergence 
speed and comprehensive parameter space coverage. The Sobol 
sequence is a commonly used and popular quasi-Monte Carlo method for 
such studies [61], and is preferred for its ability to capture the overall 
distribution more effectively with fewer samples compared to the 
traditional Monte Carlo methods. However, the Sobol sequence is a 
deterministic technique, which makes it inherently unsuitable for 
Bayesian statistics. More importantly, the Sobol sequence may exhibit 
strong correlations or clustering in high-dimensional cases, which can 
affect its performance in high-dimensional spaces. Based on the above 
considerations, the Sobol sequence was randomized using a scrambling 
method. Specifically, this study used the Matousek–Owen approach, 
which incorporates the scrambling techniques of Matousek [62] and 

Owen [63]. The application of such scrambling strategies is also useful 
for enhancing the properties of the Sobol sequence when dealing with 
high-dimensional problems [64].

The left and right tail samples Q1 and Q2, respectively, are generated 
from the PDFs under conditions F1 and F2, respectively, and are denoted 
as [23]: 

fX|Fi (x|Fi) =
fX(x)IFi (x)

P(Fi)
(5) 

where IFi (⋅) denotes the indicator function; and i = 1 or 2 represents the 
left or right tails, respectively. The specific expression is given as 
follows: 

IFi (x) =

{
1

0

G(x) ∈ Fi

G(x) ∕∈ Fi
(6) 

Although a direct MCS approach can be used to obtain the tail 
samples, it is highly inefficient. Essentially, determining the tail events 
requires information from the corresponding rare samples, and on 
average, 1/P(Fi) samples are needed before one required sample occurs. 
Typically, simulating the conditional samples efficiently is not simple. 
However, Markov Chain Monte Carlo (MCMC) sampling is an efficient 
method for generating samples from target distributions that are diffi
cult to sample directly [65]. Consequently, MCMC is adopted in this 
study to generate tail samples.

A popular method to implement the MCMC sampling in practice is 
the Metropolis–Hastings method (M–H) [66], which is a technique used 
to sample random variables by constructing a Markov chain with a 
stationary distribution that approximates the target distribution. The 
core of the M–H algorithm is to calculate the acceptance probability to 
ensure that the newly generated candidate samples adhere to the target 
distribution so that the Markov chain eventually converges to the target 
distribution. However, as described in the literature [23,67], as the 
number of random variables increased, the rejection rate of the candi
date samples increased significantly. This renders the M–H algorithm 
inefficient for high-dimensional problems. Many advanced MCMC al
gorithms have been proposed to address this issue [23,65, 68–70]. 
Among them, adaptive conditional sampling (aCS) not only improves 
the exploration efficiency but also reduces the uncertainty of the esti
mate by adjusting the acceptance rate. Therefore, it is adopted in this 
study (see Appendix A).

The aCS algorithm has three notable points. First, the aCS algorithm 
operates in the space of standard normal random variables. Second, 
some of the main body samples obtained from preliminary simulations 
can be reused within aCS; particularly, the samples of X that satisfy 
G(x) ∈ Fi in Eq. (6) are used as seeds for the Markov chain. Third, the 
parameter λ used in the algorithm acts as a scaling factor for the entire 
sampling process, with its initial value typically set to 0.6 [71]. Detailed 
descriptions of the aCS algorithm can be found in the references [68,71].

3.3. Distribution fitting based on parametric models

To obtain an accurate explicit expression of the probability distri
bution of the performance function, a parametric model with high 
flexibility and adaptability for a wide range of distributions is required. 
While several models, such as the Pearson system [34], saddle point 
approximation [35,36], Hermite model [37], generalized lambda dis
tribution [72], and S distribution [73] strive to meet this goal, their 
flexibility is still confined to specific situations [33]. To overcome these 
limitations, Low [33] proposed the shifted generalized lognormal dis
tribution (SGLD), which encompasses almost the entire 
skewness-kurtosis region of unimodal densities, thereby providing sig
nificant flexibility in shape. It effectively models both the theoretical 
distributions and real datasets, and is particularly strong in estimating 
tail distributions. Therefore, the SGLD is selected as the parametric 
model to fit the distributions of each component in this study.

Fig. 1. Partitioning of the target performance function PDF.
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The distribution of the performance function Z (i.e., the main body 
distribution) can be modeled following a SGLD with parameter ψZ =

{bZ, βZ, σZ, rZ}
T,where bZ and βZ represent the location and scale, and σZ 

and rZ represent the shape. For positively skewed cases, the PDF and CDF 
of Z are formulated as follows: 

fZ(z;ψZ) =
a

z − bZ
exp

[

−
1

rZσZ
rZ

⃒
⃒
⃒
⃒ln

(
z − bZ

βZ

)⃒
⃒
⃒
⃒

]

, z > bZ and z1 < z < z2

(7) 

where fZ(z;ψZ) and FZ(z;ψZ) denote the PDF and CDF of Z; a is a real 
constant such that a = 1/

[
2rZ

1/rZ σZΓ(1 + 1 /rZ)
]
; Γ(⋅) denotes the 

gamma function; and g(u, v) =
∫ v

0 tu− 1e− tdt/Γ(u) represents the incom
plete gamma function ratio. Details of this model for cases such as 
negative skewness can be found in the reference [33].

The distributions of the conditional performance functions Q1 and Q2 
(i.e., the left and right tail distributions) can be modeled as truncated 
SGLD (TSGLD) with parameters ψQ1

=
{
bQ1 , βQ1

, σQ1 , rQ1

}T and ψQ2 
=

{
bQ2 , βQ2

, σQ2 , rQ2

}T, respectively [60]. The PDFs are formulated as 
follows: 

fQ1

(
q1;ψQ1

)
=

fZ
(
q1;ψQ1

)

FZ
(
z1;ψQ1

), q1 ≤ z1 (9) 

fQ2

(
q2;ψQ2

)
=

fZ
(
q2;ψQ2

)

1 − FZ
(
z2;ψQ2

), q2 ≥ z2 (10) 

where fQ1

(
q1;ψQ1

)
and fQ2

(
q2;ψQ2

)
denote the PDFs of Q1 and Q2, 

respectively; fZ
(
⋅;ψQ1

)
and FZ

(
⋅;ψQ1

)
denote the PDF and CDF of Z, 

approximated using the SGLD model, respectively. The CDFs of Q1 and 
Q2 are formulated as follows: 

FQ1

(
q1;ψQ1

)
=

FZ
(
q1;ψQ1

)

FZ
(
z1;ψQ1

), q1 ≤ z1 (11) 

FQ2

(
q2;ψQ2

)
=

FZ
(
q2;ψQ2

)
− FZ

(
z2;ψQ2

)

1 − FZ
(
z2;ψQ2

) , q2 ≥ z2 (12) 

where FQ1

(
q1;ψQ1

)
and FQ2

(
q2;ψQ2

)
represent the CDFs of Q1 and Q2, 

respectively.
Finally, the overall distribution of the performance function is 

reconstructed by seamlessly combining the tail distributions with the 
main body distribution. The complete PDF and CDF expressions of the 
performance function are as follows: 

fZ(z) =

⎧
⎪⎪⎨

⎪⎪⎩

FZ(z1)fQ1 (z)

fZ(z)

(1 − FZ(z2))fQ2 (z)

z ≤ z1

z1 < z < z2

z ≥ z2

(13) 

FZ(z) =

⎧
⎪⎪⎨

⎪⎪⎩

FZ(z1)FQ1 (z)

FZ(z)

(1 − FZ(z2))FQ2 (z) + FZ(z2)

z ≤ z1

z1 < z < z2

z ≥ z2

(14) 

Eq. (14) satisfies the monotonicity requirement for a distribution.

3.4. Estimation of the distributional parameters based on the Bayesian 
method

The parameters of the SGLD model can be estimated from sample 
data using methods such as the method of moments or the maximum 
likelihood method. However, when the sample size is limited, these 
estimations may result in significant statistical errors. In contrast, the 
Bayesian method incorporates prior information that can provide more 
robust parameter estimates with limited samples, thereby reducing the 
sensitivity to insufficient data. Furthermore, Bayesian methods can 
leverage statistical information from both the main and tail regions of 

the data to improve the estimates of the tail distribution. Based on these 
considerations, this study employs Bayesian estimation to estimate the 
parameters of the main and tail distributions separately, as discussed 
below.

3.4.1. Estimation of the main body distributional parameters based on the 
Bayesian method

It is important to note that in Bayesian estimation, the parameters 
being estimated are treated as random variables rather than fixed 
values. However, treating all the four parameters of the SGLD as random 
variables can complicate the analysis. To simplify, only two shape pa
rameters uZ = {σZ, rZ}

T are considered as random variables. The 
remaining two parameters can be determined from uZ using the first two 
moments of the distribution. The relationship between its location and 
scale parameters {bZ, βZ}T and shape parameters uZ is determined by the 
following Eqs. (15) − (17) [33]: 

βZ =
σZ

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

E
(
Y2

)
−
[
E(Y)2]

√ (15) 

bZ = μZ − βZE(Y) (16) 

where μZ and σZ are the mean and standard deviation of Z, respectively; 
Y = (Z – bZ) /βΖ and its kth raw moment is determined by uZ as follows: 

E
[
Yk] =

1
Γ(1/rZ)

∑∞

n=0

(kσZ)
2n

(2n)!
rZ

2n/rZ Γ
(

2n + 1
rZ

)

(17) 

Before simulation, the non-informative prior density of uZ is defined 
as: 

π0(uZ) ≡ 1, σZ ≥ 0 and rZ ≥ 1 (18) 

Let z denote the N1 samples belonging to the main body, which is 
obtained using the randomized Sobol sequence. After the initial sam
pling, the posterior distribution of uZ is updated by z as follows: 

π1(uZ|z) =
pZ(z|uZ)π0(uZ)∫

ΩuZ
pZ(z|uZ)π0(uZ)duZ

=
pZ(z|uZ)∫

ΩuZ
pZ(z|uZ)duZ

=
pZ(z|uZ)

m1(z) (19) 

where ΩuZ denotes the domain for the distribution of uZ; pZ(z|uZ) =
∏N1

i=1fZ(zi|uZ) is the likelihood function and zi represents the ith samples 
of z; and m1(z) =

∫

ΩuZ
pZ(z|uZ)duZ represents a normalization constant 

determined by z.
After the initial simulation, the parameters of the main body distri

bution can be estimated using Bayesian estimation. Typically, the 
Bayesian estimation of uZ is obtained as the expectation of the posterior 
distribution: 

FZ(z;ψZ) =
1
2
+

1
2

sign
(

z − bZ

βZ
− 1

)

g
(

1
rZ
,
1
rZ

⃒
⃒
⃒
⃒

1
σZrZ

⃒
⃒
⃒
⃒ln

(
z − bZ

βZ

))

, z > bZ and z1 < z < z2 (8) 
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Algorithm 1 
The proposed method of the performance function distribution estimation.

(continued on next page)
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ûZ = Eπ1 [uZ|z] =
∫

uZπ1(uZ|z)duZ (20) 

Eq. (20) can be solved by generating samples of uZ from the posterior 
distribution by Gibbs sampling [74], and then the Bayesian estimation of 
uZ is approximated using the mean of these samples. This process in
volves generating samples of the parameters from the posterior distri
bution, without performing new evaluations of the performance 
function. Gibbs sampling (see Appendix B) is an MCMC algorithm used 
to generate samples from a multivariate probability distribution when 
direct sampling is difficult. It is important to note that m1(z) is a 
normalization constant determined by z. Therefore, in practice, it is 
sufficient to use the density function proportional to the original pos
terior distribution for Gibbs sampling, as follows: 

π∗
1(uZ|z) =

1
C1

N1

∏N1

i=1
fZ(zi|uZ)∝π1(uZ|z) (21) 

where ∝ denotes direct proportionality; C1 is a normalization constant, 
and it is suggested that it is selected as the geometric mean of the 
product of all the probability density values generated by the samples z 
in this study. The role of this constant is to reduce the order of magnitude 
after PDF multiplication and prevent the calculation from being termi
nated owing to the large order of magnitude in the calculation process. 
For simplicity, all the samples of uZ obtained through Gibbs sampling are 
denoted as y. After Gibbs sampling, the Bayesian estimation of uZ can be 
calculated by: 

ûZj =
1

NC

∑NC

i=1
yi, j = 1, 2 (22) 

where Nc denotes the number of samples; yi denotes the ith sample of y; 

ûZj and yi, j denote the jth component of ûZ and yi, respectively.

3.4.2. Estimation of the tail distributional parameters based on the 
Bayesian method

Similarly, the tails have only two shape parameters, uQ1 =
{

σQ1 , rQ1

}T and uQ2 =
{

σQ2 , rQ2

}T , which are considered as random 
variables. Let q1 and q2 represent the left and right tail sample sets of size 
N2 each, which are obtained through aCS (see Appendix A), respectively. 
Theoretically, when the sample size is sufficiently large, uZ and uQ1 are 
equivalent, and they can be considered as different interpretations of the 
same parameters based on different sample information. Therefore, the 
prior information of the tail distribution parameters uQ1 , denoted as 
πprior

2
(
uQ1

)
is determined by the posterior distribution of the main dis

tribution parameters uZ, i.e., πprior
2

(
uQ1

)
= π1

(
uQ1

⃒
⃒z
)
. For the left tail 

example, after MCMC sampling, the posterior distribution of uQ1 is 
further updated by q1, as follows: 

π2
(
uQ1 |q1

)
=

pQ1

(
q1|uQ1

)
πprior

2
(
uQ1

)

∫

ΩuQ1
pQ1

(
q1|uQ1

)
πprior

2
(
uQ1

)
duQ1

=
pQ1

(
q1|uQ1

)
π1
(
uQ1 |z

)

∫

ΩuQ1
pQ1

(
q1|uQ1

)
π1
(
uQ1 |z

)
duQ1

(23) 

Furthermore, pQ1

(
q1

⃒
⃒uQ1

)
can be expanded as follows according to 

the likelihood function: 

pQ1

(
q1|uQ1

)
=

∏N2

i=1
fQ1

(
q1i|uQ1

)
=

∏N2

i=1

fZ
(
q1i|uQ1

)

FZ
(
z1|uQ1

) =
pZ
(
q1|uQ1

)

[
FZ
(
z1|uQ1

)]N2
(24) 

where pZ
(
q1

⃒
⃒uQ1

)
=

∏N2
i=1fZ

(
q1i

⃒
⃒uQ1

)
.

Algorithm 1 (continued )

>
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The following equation can be derived from Eqs. (19), (23), and (24)
as follows:  

where m2(z,q1) =
∫

ΩuQ1
pZ
(
q1

⃒
⃒uQ1

)
pZ
(
z
⃒
⃒uQ1

)[
FZ
(
z1
⃒
⃒uQ1

)]− N2 duQ1 is a 
normalization constant determined by z and q1; ΩuQ1 

denotes the 

domain for the distribution of uQ1 .
Subsequently, the expression for the posterior distribution of uQ1 is 

derived. It can be observed from Eq. (25) that the posterior distribution 
of uQ1 is formulated by two groups of sample sets z and q1. To restate the 
posterior distribution of uQ1 , a new symbol πQ1

(
uQ1

⃒
⃒z,q1

)
is introduced 

Fig. 2. The flowchart of the proposed piecewise fitting method.

π2
(
uQ1 |q1

)
=

pZ
(
q1|uQ1

)

[
FZ
(
z1|uQ1

)]N2

pZ
(
z|uQ1

)

m1(z)

{∫

ΩuQ1

pZ
(
q1|uQ1

)

[
FZ
(
z1|uQ1

)]N2

pZ
(
z|uQ1

)

m1(z)
duQ1

}− 1

=
pZ
(
q1|uQ1

)
pZ
(
z|uQ1

)

[
FZ
(
z1|uQ1

)]N2

{∫

ΩuQ1

pZ
(
q1|uQ1

)
pZ
(
z|uQ1

)

[
FZ
(
z1|uQ1

)]N2
duQ1

}− 1

=
pZ
(
q1|uQ1

)
pZ
(
z|uQ1

)

[
FZ
(
z1|uQ1

)]N2

1
m2(z,q1)

(25) 

Y.-G. Zhao et al.                                                                                                                                                                                                                                Reliability Engineering and System Safety 263 (2025) 111266 

7 



and expressed as follows: 

πQ1

(
uQ1 |z,q1

)
=

pZ
(
q1|uQ1

)
pZ
(
z|uQ1

)

m2(z,q1)
[
FZ
(
z1|uQ1

)]N2
(26) 

Similarly, the posterior distribution of the right tail can be derived, 

which can be expressed by πQ2

(
uQ2

⃒
⃒z,q2

)
, as follows: 

πQ2

(
uQ2 |z,q2

)
=

pZ
(
q2|uQ2

)
pZ
(
z|uQ2

)

m2(z,q2)
[
1 − FZ

(
z2|uQ2

)]N2
(27) 

Fig. 3. Parameter values under different main body samples.

Fig. 4. The probability distribution of the performance function under different tail samples.
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where m2(z,q2) =
∫

ΩuQ2
pZ
(
q2

⃒
⃒uQ2

)
pZ
(
z
⃒
⃒uQ2

)[
1 − FZ

(
z2
⃒
⃒uQ2

)]− N2 duQ2 is a 

normalization constant determined by z and q2; ΩuQ2 
denotes the 

domain for the distribution of uQ2 ; pZ
(
q2

⃒
⃒uQ2

)
=

∏N2
i=1fZ

(
q2i

⃒
⃒uQ2

)
.

Similarly, after formulating the posterior distribution of uQ1 and uQ2 

in the left and right tails, the samples of uQ1 and uQ2 are generated from 
the posterior distribution by Gibbs sampling. However, the density 
functions proportional to the original posterior distributions for the left 
and right tails, respectively, given as follows: 

π∗
Q1

(
uQ1 |z,q1

)
=

1
CN1+N2

2

∏N1

i=1
fZ
(
zi|uQ1

)∏N2

i=1

fZ
(
q1i|uQ1

)

[
FZ
(
z1|uQ1

)]N2
∝πQ1

(
uQ1 |z,q1

)

(28) 

π∗
Q2

(
uQ2 |z,q2

)
=

1
CN1+N2

3

∏N1

i=1
fZ
(
zi|uQ2

)∏N2

i=1

fZ
(
q2i|uQ2

)

[
1 − FZ

(
z2|uQ2

)]N2
∝πQ2

(
uQ2 |z,q2

)

(29) 

Finally, the Bayesian estimations of uQ1 and uQ2 in the left and right 
tails, respectively, can be computed by using Eq. (22).

4. Computational procedures of the proposed piecewise fitting 
method

Algorithm 1 summarizes the general steps of the piecewise fitting 
method based on the simulation-based Bayesian post-processing method 
for estimating the probability distribution of the performance function.

A flowchart of the proposed method is provided in Fig. 2 to illustrate 
the above computational procedures. Notably, in the proposed method, 
the total number of deterministic response analyses required is equal to 
the sum of the samples obtained from the randomized Sobol sequence 
and the aCS algorithm, minus the number of seeds in the Markov chain, 
that is, N = N1 + 2N2 – P(F1) ⋅N1 – P(F2) ⋅N1 = 0.8N1 + 2N2.

5. Numerical examples and investigations

To demonstrate the applicability, effectiveness, and accuracy of the 
proposed method, four numerical examples are investigated. In Example 
1, a simple nonlinear performance function is used to investigate the 
number of samples required to determine its probability distribution. 
Example 2 considers a two-degree-of-freedom system to illustrate the 
applicability of the proposed method to a strongly nonlinear perfor
mance function. Example 3 explores a two-dimensional 23-bar truss 
structure to demonstrate the applicability of the proposed method to an 
implicit performance function. Finally, Example 4 considers a five-story, 
three-span steel frame structure to demonstrate the applicability of the 
proposed method to high-dimensional performance functions. The re
sults obtained from the MCS are used as the benchmark for comparison. 
Furthermore, several moment-based methods are also compared, 
including the combination of the bivariate dimension reduction method 
(BDRM) and SGLD (BDRM-SGLD) [46], the combination of randomized 
Sobol with SGLD (RS-SGLD), and the fractional moment maximum en
tropy method based on Laplace transform (LT-FM-MEM) [75]. The 
goodness-of-fit evaluation metrics selected for the analysis are the root 
mean square error (RMSE) for the PDF and the Kolmogorov–Smirnov 
(K–S) statistic for the CDF.

5.1. Example 1: A simple nonlinear performance function

In the first example, the probability distribution of a simple 
nonlinear performance function [76] is investigated by the proposed 
method. The performance function is given as: 

G(X) = X3 +

(
X1 − 3

1.5

)2

−

(
X2 − 0.1

3

)

+ 3.6 (30) 

where X1 - X3 follow independent standard normal distributions.
In this example, the required sample sizes for the body and tail of the 

proposed method are investigated separately. First, the sample size for 
N1 is investigated. In the algorithm, N1 is selected to range from 100 to 
1500, with the sample size adjusted in increments of 100. The variations 
of the two shape parameters of the body distribution for different N1 
values are shown in Fig. 3. It is evident from Fig. 3(a) that the parameter 
σZ of the main body distribution experiences significant fluctuations 
when N1 is chosen to be between 100 and 900. However, when N1 ≥

1000, the fluctuations in the parameter σZ stabilize. Furthermore, Fig. 3
(b) shows that when N1 ≥ 600, the parameter rZ of the body distribution 
begins to stabilize as well. Therefore, to ensure the stability of the main 
body distribution parameters, this study recommends selecting N1 =

1000.
Then, with N1 fixed at 1000, the number of tail samples N2 is 

sequentially set to 200, 300, 400, 500, and 600, whereas the interme
diate event probabilities are set as P(F1) = P(F2) = 0.1. The calculation 
results for different samples of the proposed method are shown in Fig.4, 
with the histogram from MCS (106 samples) used as a reference. From 
Fig. 4(a) and 4(b), it can be observed that the effect of the number of tail 
samples on the PDF and CDF is not discernible in a normal coordinate 
system. To observe the effect of sample size more clearly, the corre
sponding CDFs and CCDFs are compared on a logarithmic scale in Fig. 4

Fig. 5. Two-degree-of-freedom first-order system.

Table 1 
Probability information of random variables in Example 2.

Parameters Distribution Mean Value C.O.V.

mp (kg) Lognormal 1.00 0.05
ms (kg) Lognormal 0.01 0.05
kp (N/m) Lognormal 1.00 0.10
ks (N/m) Lognormal 0.01 0.10
ζp Lognormal 0.05 0.15
ζs Lognormal 0.02 0.15
Fs (N) Lognormal 25 0.40
S0 (N) Lognormal 100 0.25

Note: C.O.V. denotes the coefficient of variation.

Fig. 6. The PDF of the performance function for Example 2.
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(c) and 4(d). The results indicate that the sample size significantly in
fluences the tail behavior, particularly affecting the long-tail region. 
Furthermore, when N2 ≥ 300, the results of the proposed method 
demonstrate good agreement with those obtained from MCS. For all the 
subsequent examples, the proposed method is employed using N1 =

1000 and N2 = 300.

5.2. Example 2: strongly nonlinear performance function

To discuss the applicability of the proposed method for estimating 
the probability distribution of a strongly nonlinear performance func
tion, the second example considers a two-degree-of-freedom system 
excited by a white noise foundation with intensity S0 as shown in Fig. 5. 
This example has been discussed by Der Kiureghian and De Stefano [77], 
Sundar and Shields [78] and Cai et al. [52].

The system is represented using the masses mp and ms, damping ra
tios ζp and ζs, spring stiffnesses kp and ks, and natural frequencies ωp =

(kp/mp)1/2 and ωs = (ks/ms)1/2, where the subscripts p and s denote the 
primary and secondary oscillators. The performance function of the 
secondary spring is defined as: 

G(X) = Fs − 3ks⋅

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

πS0

4ζsω3
s

[
ζaζs

ζpζs
(
4ζ2

a + θ2
sr
)
+ γζ2

a

(
ζpω3

p + ζsω3
s

)
ωp

4ζaω4
a

]
√
√
√
√
√ (31) 

where Fs represents the force capacity of the secondary spring; ωa and ζa 
represent the average frequency ratio and damping ratio, respectively; 
the specific formulas are ωa = (ωp + ωs)/2, ζa = (ζp + ζs)/2; γ = ms/mp 
represents the mass ratio; θsr = (ωp − ωs)/ωa represents the optimization 
parameter.

In this study, eight parameters are treated as random variables, with 
their probability information provided in Table 1. The proposed method 
is then applied to estimate the probability distribution of a highly 
nonlinear performance function, which requires the generation of only 
1400 samples (N1 = 1000, N2 = 300) of the performance function. Fig. 6

shows the histogram obtained from MCS (106 samples) and provides a 
comparison with the PDF curves obtained using the proposed method, 
BDRM-SGLD (1057 points), RS-SGLD (1400 samples), and LT-FM-MEM 
(1400 samples). As shown in Fig. 6, the PDFs derived from the proposed 
method and LT-FM-MEM closely match the histogram obtained through 
MCS. However, the peak values of the PDFs obtained by BDRM-SGLD 
and RS-SGLD exhibit slight deviations. To further validate the above 
observations, RMSE is adopted as a quantitative metric to evaluate the 
PDF fitting accuracy, and the corresponding results are presented in 
Table 2. The numerical results verify that the RMSE (1.4137 × 10⁻⁴) 
obtained by the proposed method is the smallest, which further verifies 
its high-precision fitting capability for the PDF.

Fig. 7 shows the CDF and CCDF curves obtained from the proposed 
method on a logarithmic scale, along with those of BDRM, RS-SGLD, LT- 
FM-MEM, and MCS for comparison. As depicted in Fig. 7(a), the CDF 

Fig. 7. The CDF and CCDF of the performance function for Example 2.

Fig. 8. Two-dimensional 23-bar truss in Example 3.

Table 2 
Comparison of goodness-of-fit metrics among the methods used in Example 2.

Methods Number of samples RMSE of PDF fitting 
(1000 discrete points)

KS of CDF fitting 
(1000 discrete points)

Proposed method 1400 1.4137 × 10− 4 0.0019
BDRM-SGLD 1057 1.0699 × 10− 3 0.0188
RS-SGLD 1400 4.2696 × 10− 4 0.0067
LT-FM-MEM 1400 4.6816 × 10− 4 0.0090

Table 3 
Probability information of the random variables in Example 3.

Parameters Distribution Mean C.O.V.

E1, E2 (Pa) Lognormal 2.1 × 1011 0.10
A1 (m2) Lognormal 2.0 × 10− 3 0.10
A2 (m2) Lognormal 1.0 × 10− 3 0.10
P1, …, P6(N) Gumbel 5.0 × 104 0.15

Note: C.O.V. denotes the coefficient of variation.
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curve obtained by the proposed method closely matches that generated 
using MCS, in contrast to BDRM-SGLD, RS-SGLD, and LT-FM-MEM, 
which exhibit deviations at lower probabilities (below 10− 2). Fig. 7(b) 
shows that the CCDF obtained using RS-SGLD also exhibits deviations 
when the CCDF is below 10− 3. Similarly, LT-FM-MEM demonstrates 
clear discrepancies for probabilities lower than 10− 4. In contrast, the 
CCDF curve obtained through the proposed method remains consistent 
with the results from MCS. Moreover, the overall CDF fitting perfor
mance of the proposed method is reflected in the goodness-of-fit metrics 
presented in Table 2. The K–S statistic is adopted as the evaluation 

metric to quantify the maximum deviation between the predicted and 
reference CDFs obtained from MCS. The K–S statistic obtained using the 
proposed method is the lowest (0.0019), which indicates that it achieves 
the most accurate CDF fitting among the four methods. This superior 
performance can be attributed to the Bayesian parameter estimation, 
which fully utilizes information from both the main body and tails of the 
samples, thereby enabling more accurate estimation across the entire 
range and even demonstrating excellent performance at tail probabili
ties that approximate 10− 6.

Table 4 
Comparison of goodness-of-fit metrics among the methods used in Example 3.

Methods Number of samples RMSE of PDF fitting 
(1000 discrete points)

KS of CDF fitting 
(1000 discrete points)

Proposed method 1400 0.3315 0.0037
BDRM-SGLD 1681 1.5948 0.0241
RS-SGLD 1400 0.6326 0.0093
LT-FM-MEM 1400 0.4162 0.0050

Fig. 10. The CDF and CCDF of the performance function for Example 3.

Fig. 11. Five-story three-span steel frame.
Fig. 9. The PDF of the performance function for Example 3.

Y.-G. Zhao et al.                                                                                                                                                                                                                                Reliability Engineering and System Safety 263 (2025) 111266 

11 



5.3. Example 3: an implicit performance function

The third example involves a two-dimensional 23-bar truss structure, 
as shown in Fig. 8, which has been studied by Blatman and Sudret [79].

This problem has 10 basic random variables, as follows: 

X = [E1, E2, A1, A2, P1, P2, P3, P4, P5, P6] (32) 

where A1, E1 denote the cross-sectional area and Young’s modulus of the 
horizontal bars, respectively; A2, E2 denote the cross-sectional area and 
Young’s modulus of the diagonal bars, respectively. P1–P6 are vertical 
loads acting on the upper nodes of the structure. These 10 random 
variables are independent of each other, and their probabilistic infor
mation is shown in Table 3.

The performance function of the truss structure is defined as: 

G(X) = 0.12 − |S(X)| (33) 

where S(X) is the mid-span deflection of the truss, which can be calcu
lated through the finite element program in MATLAB.

Similarly, in this example, the probability distribution of the per
formance function is obtained using the proposed method with a total of 

1400 samples (N1 = 1000, N2 = 300). Fig. 9 presents the histogram 
obtained through MCS (106 samples) and provides the PDF curves ob
tained from the proposed method, BDRM-SGLD (1681 points), RS-SGLD 
(1400 samples) and LT-FM-MEM (1400 samples) for comparison. The 
results demonstrate that the PDF curves obtained from the proposed 
method, RS-SGLD, and LT-FM-MEM are generally consistent with the 
histogram obtained using MCS. However, the peak of the PDF curve 
obtained through BDRM-SGLD demonstrates a significant deviation. 
Furthermore, Table 4 presents a comparison of RMSE values used to 
evaluate the performance of PDF fitting. Notably, the proposed method 
achieves the lowest RMSE of 0.3315, outperforming the other three 
methods and indicating superior fitting accuracy.

Fig. 10 shows the CDF and CCDF curves obtained from the proposed 
method in logarithmic scale, as well as those obtained from BDRM- 
SGLD, RS-SGLD, and MCS for comparison. From Fig. 10(a), it can be 
observed that the CDF curve obtained from the proposed method is in 
good agreement with the CDF curve generated by MCS, whereas the 
BDRM-SGLD, RS-SGLD, and LT-FM-MEM fail to provide accurate esti
mates in the low-probability region (CDF < 10− 2). Fig. 10(b) shows that 
both the proposed method, RS-SGLD, and LT-FM-MEM remain consis
tent with the MCS results even in the low-probability region (CCDF <
10− 4). In contrast, the BDRM-SGLD exhibits evident deviations in this 
region. Furthermore, the K–S statistics reported in Table 4 further 
indicate that the proposed method outperforms the other approaches, 
thereby achieving the smallest K–S value (0.0037). Therefore, it dem
onstrates high accuracy even for complex implicit performance 
functions.

5.4. Example 4: high-dimensional implicit performance function

The last example is a five-story three-span portal steel frame struc
ture subjected to lateral loads, as shown in Fig. 11, which has been 
investigated in [79,80].

Table 5 
Properties of the frame element.

Element Young’s Modulus Inertia moment Cross-section area

B1 E1 I5 A5

B2 E1 I6 A6

B3 E1 I7 A7

B4 E1 I8 A8

C1 E2 I1 A1

C2 E2 I2 A2

C3 E2 I3 A3

C4 E2 I4 A4

Table 6 
Probability information of the random variables in Example 4.

Parameters Distribution Mean Value Standard Deviation

F1 (kN) Lognormal 133.454 40.04
F2 (kN) Lognormal 88.97 35.59
F3 (kN) Lognormal 71.175 28.47
E1 (kN/m2) Truncated normal (0, +∞) 2.1738 × 107 1.9152 × 106

E2 (kN/m2) Truncated normal (0, +∞) 2.3796 × 107 1.9152 × 106

I1 (m4) Truncated normal (0, +∞) 8.1344 × 10− 3 1.0834 × 10− 3

I2 (m4) Truncated normal (0, +∞) 1.1509 × 10− 2 1.2980 × 10− 3

I3 (m4) Truncated normal (0, +∞) 2.1375 × 10− 2 2.5961 × 10− 3

I4 (m4) Truncated normal (0, +∞) 2.5961 × 10− 2 3.0288 × 10− 3

I5 (m4) Truncated normal (0, +∞) 1.0812 × 10− 2 2.5961 × 10− 3

I6 (m4) Truncated normal (0, +∞) 1.4105 × 10− 2 3.4615 × 10− 3

I7 (m4) Truncated normal (0, +∞) 2.3279 × 10− 2 5.6249 × 10− 2

I8 (m4) Truncated normal (0, +∞) 2.5961 × 10− 2 6.4902 × 10− 2

A1 (m2) Truncated normal (0, +∞) 3.1256 × 10− 1 5.5815 × 10− 2

A2 (m2) Truncated normal (0, +∞) 3.7210 × 10− 1 7.4420 × 10− 2

A3 (m2) Truncated normal (0, +∞) 5.0606 × 10− 1 9.3025 × 10− 2

A4 (m2) Truncated normal (0, +∞) 5.5815 × 10− 1 1.1161 × 10− 1

A5 (m2) Truncated normal (0, +∞) 2.5302 × 10− 1 9.3025 × 10− 2

A6 (m2) Truncated normal (0, +∞) 2.9117 × 10− 1 1.0232 × 10− 1

A7 (m2) Truncated normal (0, +∞) 3.7303 × 10− 1 1.2093 × 10− 1

A8 (m2) Truncated normal (0, +∞) 4.1860 × 10− 1 1.9537 × 10− 1

Fig. 12. The PDF of the performance function for Example 4.
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Here, 21 random variables are defined as follows:  

These variables in the formula are assumed to be relatively inde
pendent, and the structural data and distribution characteristics of 
random variables are shown in Tables 5 and 6, respectively. In this 
study, for practical reasons, the lateral load is assumed to follow a 
lognormal distribution, whereas the material properties are modeled 
using a truncated normal distribution over the range (0, +∞) as sug
gested by Blatman and Sudret [79], as negative values for material 
properties are meaningless.

It is assumed that the structural failure is defined as the top-level 
horizontal displacement Δ(X) exceeding the allowable limit of 0.06. 
Therefore, the performance function can be given by: 

G(X) = 0.06 − Δ(X) (35) 

In this example, a total of 1400 deterministic response analyses of the 
structure are performed using the proposed method, with N1 = 1000 and 
N2 = 300. Fig. 12 compares the histogram obtained from MCS (106 

samples) with the PDF curves obtained using the proposed method, 
BDRM-SGLD (7687 points), RS-SGLD (1400 samples), and LT-FM-MEM 
(1400 samples). The PDF curve obtained by LT-FM-MEM exhibits 
noticeable fitting inaccuracies in the peak and left-tail regions, whereas 
the PDFs generated by the other three methods show good agreement 
with the histogram generated by MCS. However, as reported in Table 7, 
the proposed method achieves the lowest RMSE (0.4426) among the 

four methods in PDF fitting, demonstrating the most accurate fitting 
performance.

Fig. 13 presents the CDF and CCDF curves obtained using the pro

posed method on a logarithmic scale, compared with the CDF and CCDF 
curves generated through BDRM-SGLD, RS-SGLD, LT-FM-MEM, and 
MCS. The results in Fig. 13(a) indicate that the CDF estimated by the 
proposed method closely matches the one obtained from MCS. However, 
the CDF curves obtained from BDRM-SGLD and RS-SGLD exhibit de
viations when the CDF is below 10− 2 on a logarithmic scale, whereas LT- 
FM-MEM demonstrates more pronounced deviations over a broader 
range. In Fig. 13(b), the LT-FM-MEM exhibits poor performance in the 
region where the cumulative probability is less than 10− 2, whereas the 
CCDFs generated by the proposed method, BDRM-SGLD, and RS-SGLD 
are in close agreement with the MCS curves. The CDF fitting perfor
mance is further confirmed by the K–S statistics summarized in Table 7. 
The proposed method yields the smallest K–S value of 0.0029, which 
indicates its superior overall CDF fitting performance. The analysis 
further reveals that as the dimensionality of the random variables in
creases, the number of performance function evaluations required by 
BDRM-SGLD grows rapidly, reaching 7687 evaluations at 21 di
mensions. In contrast, the proposed method requires only 1400 samples 
to achieve the desired accuracy. This efficiency is primarily because of 
the simulation-based approach employed by the proposed method, 
where the number of performance function evaluations remains inde
pendent of the dimensionality of the random variables. Consequently, 
the proposed method is well-suited for high-dimensional performance 

Fig. 13. The CDF and CCDF of the performance function for Example 4.

Table 7 
Comparison of goodness-of-fit metrics among the methods used in Example 4.

Methods Number of samples RMSE of PDF fitting 
(1000 discrete points)

KS of CDF fitting 
(1000 discrete points)

Proposed method 1400 0.4426 0.0029
BDRM-SGLD 7687 1.1651 0.0088
RS-SGLD 1400 1.1166 0.0089
LT-FM-MEM 1400 2.3273 0.0222

X = [F1, F2, F3, E1, E2, I1, I2, I3, I4, I5, I6, I7, I8, A1, A2, A3, A4, A5, A6, A7, A8] (34) 
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functions.

6. Concluding remarks

In this study, a piecewise fitting method based on the simulation- 
based Bayesian post-processing method was proposed for the probabil
ity distribution estimation of performance functions. Four numerical 
examples were provided to demonstrate the accuracy and efficiency of 
the proposed method. These examples included a simple nonlinear 
function as well as strongly nonlinear, implicit, and high-dimensional 
performance functions. The results of this study are summarized as 
follows: 

(1) The proposed method offers an explicit expression that requires 
only 1400 evaluations of the performance function, thereby 
achieving results consistent with those obtained from MCS with 
106 samples.

(2) The proposed method can accurately estimate the probability 
distribution of the performance function, even when the magni
tudes of the CDF and CCDF approach 10− 5–10− 6 on a logarithmic 
scale.

(3) The proposed method effectively estimates the probability dis
tribution of the performance function across a broad range of 
applications, even in scenarios where the performance function 
exhibits considerable nonlinearity, implicit characteristics, or 
high dimensionality.

Future research should focus on the following key areas: (1) A 
comprehensive investigation into the mathematical properties of the 
breakpoints at the bounds between the main body and the tails of the 
distribution; (2) Developing more robust and adaptive sampling 

techniques, considering the limitations in the adaptability and robust
ness of the current tail sampling method (aCS); and (3) Expanding the 
applicability of the proposed method by exploring more flexible distri
bution models, such as multimodal and mixture distributions, as the 
SGLD used in this study is restricted to unimodal distributions.
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Appendix A. Adaptive conditional sampling

For a given conditional PDF φn(u|F1) in the standard normal space, the algorithm for conditional sampling can be summarized as follows [68]:

Algorithm A-1 
Conditional sampling.

For a given conditional PDF φn(u|F1) in the standard normal space, the algorithm for the adaptive conditional sampling can be summarized as 
follows [68]:
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Algorithm A-2 
Adaptive conditional sampling.
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Appendix B. Gibbs sampling

For a given PDF π(u|z), the algorithm for Gibbs sampling can be summarized as follows:

Algorithm B-1 
Gibbs sampling.

In the Gibbs sampling algorithm, the acceptance-rejection sampling method is used to sample from the conditional PDF. For π (σ|rk-1, z), the 
acceptance-rejection sampling to generate Nc samples is as follows:

Algorithm B-2 
Acceptance-rejection sampling.

Data availability

Data will be made available on request.
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