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 A B S T R A C T

This work proposes an approach to improve the estimation accuracy and precision of the first three statistical 
moments of the response of uncertain systems by leveraging one or more low-fidelity models via Control 
Variates. The two main contributions are: (1) the derivation of explicit expressions for estimating the 
mean, variance, and third central moment; and (2) the incorporation of a Splitting technique that enables 
unbiased estimation of all sought moments. Compared to standard Monte Carlo simulation, the proposed 
method achieves the same precision with significantly fewer high-fidelity model evaluations, thus reducing 
the computational cost. The application of the proposed approach is also illustrated when dealing with 
high-dimensional problems.
1. Introduction

Numerical models allow to characterize the behavior of a physical 
system [1]. Thus, it is possible to analyze responses of interest of that 
system under different conditions. In such a context, it is of particular 
interest to analyze such responses whenever the input parameters of a 
numerical model are uncertain [2]. Indeed, in several practical cases, 
such input parameters cannot be identified in a crisp manner and then, 
their uncertainty should be reflected using an appropriate means such 
as, e.g. probability theory [3]. In that way, input parameters of a 
model are characterized as random variables (or random fields and/or 
stochastic processes in case of space/time dependence, see e.g. [4]). 
The latter means that the responses of interest also become uncertain 
and their uncertainty must be properly quantified in terms of proba-
bilistic descriptors. Classical examples of such probabilistic descriptors 
comprise second-order statistics [5], probability distributions [6] or 
probabilities of exceedance [7], to name a few. In general, the calcula-
tion of these probabilistic descriptors is not a straightforward task and 
therefore, several specialized approaches for uncertainty propagation 
have been developed, including, for example, analytic methods [8,9], 
approximations [10,11], density evolution methods [12–14], surrogate 
modeling [15–17], advanced simulation approaches [18,19], etc. Al-
though the aforementioned list is far from complete, it attests that the 
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development of approaches for uncertainty propagation is a topic of 
active research.

Several approaches for uncertainty propagation demand perform-
ing repeated simulations of the numerical model associated with a 
system for different realizations of the uncertain input parameters. 
This task can become quite demanding from a numerical viewpoint, 
particularly for those cases where evaluation of the numerical model 
entails considerable numerical effort. In this context, the model that 
provides the most accurate representation of the system is referred 
to as the high-fidelity (HF) model. To reduce computational costs, it 
is common to incorporate one or more low-fidelity (LF) models, that 
offer approximations of the HF model and whose evaluation is numer-
ically less demanding than that of the HF model. There are different 
ways to construct LF models such as surrogate models, reduced order 
models (ROMs) or coarse discretizations [20–24]. The application of 
numerical models that possess different levels of fidelity for uncertainty 
propagation has been investigated in several contributions, for example 
surrogate-based Gaussian-process and co-kriging models [25–27], poly-
nomial chaos expansions with bi- or multi-fidelity corrections [28–30], 
multifidelity importance sampling [31–33], and neural-network-based 
multifidelity surrogates [34,35]. Within this broad landscape, particu-
lar emphasis has been placed on the estimation of statistical moments 
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of the response. Those methods include multilevel Monte Carlo (MLMC) 
methods [36–40], multifidelity Monte Carlo (MFMC) methods [41–45], 
multilevel best linear unbiased estimator (MLBLUE) approach [46,47], 
and multilevel–multifidelity (MLMF) approaches [48–51]. Within this 
framework, the aim of this manuscript lies precisely on the issue of 
uncertainty propagation when dealing with both a high-fidelity and 
one or more low-fidelity models. More specifically, the probabilistic 
descriptors of interest are the first three moments (mean, variance, and 
third central moment) of a response of interest of an engineering system 
and the objective is to estimate these statistics with high precision 
(that is, with low variance) and reduced numerical efforts. The class 
of problems considered in this contribution includes both linear static 
systems and nonlinear dynamic systems. Uncertainty is propagated 
by means of Monte Carlo simulation (MCS) and Control Variates, see 
e.g. [52–54]. The Control Variates approach allows aggregating numer-
ical simulations conducted using the HF and LF models, such that all 
three moments of the response can be estimated with reduced variance, 
even in cases where the statistics associated with the LF models are 
not known in closed form and must be obtained via simulation [55]. 
When compared with the literature, this work offers two important 
contributions. First, explicit expressions for estimating the first three 
moments of the response (mean, variance, and third central moment), 
as well as the variances of these estimators, are provided. While the 
estimation of the mean is standard in the literature, and some contri-
butions address the variance (see, e.g., [56–58]), to the best knowledge 
of the authors, the third central moment has not been previously 
considered in this context. Consideration of the first three moments 
is very relevant, as information on the third moment can reveal the 
extent of non-Gaussianity of an uncertain response. Such information 
can provide valuable insight, as considering second-order statistics 
alone may neglect, e.g. asymmetry or tail distribution effects [59]. 
Second, the calculation of the control parameters associated with the 
application of Control Variates is addressed using a technique known 
as Splitting [60]. Such a technique plays a key role, as its application 
allows calculating unbiased estimators of the first- and higher-order 
statistics while still considering the same set of samples for estimating 
both the statistics and the so-called control parameters, which are key 
ingredients within the Control Variates framework. In addition, the 
proposed methodology is demonstrated in applications involving high-
dimensional random input spaces, which is not commonly addressed in 
the context of variance reduction with multifidelity estimators.

This work is organized in the following way. Section 2 formulates 
the problem under consideration as well as the basic tools for analysis, 
namely Monte Carlo simulation. Section 3 focuses on the deduction 
of estimators of the first three moments of the response within the 
framework of Control Variates, with emphasis on the reduction of the 
variance of those estimators as well as avoiding bias through Splitting. 
Section 4 illustrates the application of the proposed framework to a test 
case and two examples, including both linear static and nonlinear dy-
namic systems. Conclusions and outlook for future work are discussed 
in Section 5.

2. Problem formulation

2.1. System characterization and response of interest

The class of problems considered in this work involves physical 
systems whose behavior depends on uncertain input parameters. These 
systems may be static or dynamic, linear or nonlinear. Let 𝜽 ∈ R𝑛𝜃×1

denote a vector of uncertain input parameters, whose joint probability 
density function is denoted as 𝑝𝜣 (𝜽). These parameters may represent, 
for example, material properties or loading parameters. The computa-
tional model, denoted as (𝜽), produces a system response based on 
a realization of the input vector 𝜽. The output of the model (𝜽) may 
be high-dimensional (e.g., a time history). Nevertheless, it is assumed 
2 
that the response of interest 𝑟(𝜽) can be extracted as a scalar functional 
of the model response. The response of interest is thus defined as: 

𝑟(𝜽) = 
(

(𝜽)
)

, (1)

where (⋅) denotes a functional that maps the model output to a real 
scalar value. In the following, it is assumed that this response 𝑟(𝜽)
corresponds to the so-called high-fidelity (HF) model.

As 𝜽 is a random vector, the response of interest 𝑟(𝜽) becomes a ran-
dom variable. The objective of this work is to quantify the uncertainty 
of this response in terms of its first three moments, namely:

• The mean (first raw moment): 𝜇′
1 = E[𝑟] (where E[⋅] denotes 

expectation),
• The variance (second central moment): 𝜇2 = E[(𝑟 − 𝜇′

1)
2],

• The third central moment: 𝜇3 = E[(𝑟 − 𝜇′
1)

3].

2.2. Monte Carlo simulation

The implicit dependence of the response of interest 𝑟 with respect 
to the uncertain input parameters 𝜽 of a model prevents calculating its 
first three moments analytically in practical situations. In such case, 
Monte Carlo simulation (see, e.g. [61]) offers a feasible means for 
estimating these moments. For such purpose, 𝑛 independent, identically 
distributed realizations of the random variable vector 𝜣 are generated 
and collected in matrix 𝜣𝑛, where the 𝑖th realization is denoted as 𝜽𝑛,𝑖. 
Then, unbiased estimators for mean and variance are [61]:

𝜇′
1

(

𝑟;𝜣𝑛
)

= 1
𝑛

𝑛
∑

𝑖=1
𝑟
(

𝜽𝑛,𝑖
)

, (2)

𝜇2
(

𝑟;𝜣𝑛
)

= 1
𝑛 − 1

𝑛
∑

𝑖=1

(

𝑟
(

𝜽𝑛,𝑖
)

− 1
𝑛

𝑛
∑

𝑗=1
𝑟
(

𝜽𝑛,𝑗
)

)2

, (3)

𝜇3
(

𝑟;𝜣𝑛
)

=

2

( 𝑛
∑

𝑖=1
𝑟(𝜽𝑛,𝑖)

)3

− 3𝑛

( 𝑛
∑

𝑖=1
𝑟(𝜽𝑛,𝑖)

)( 𝑛
∑

𝑖=1
𝑟2(𝜽𝑛,𝑖)

)

+ 𝑛2
( 𝑛
∑

𝑖=1
𝑟3(𝜽𝑛,𝑖)

)

(𝑛 − 2)(𝑛 − 1)𝑛
,

(4)

where (̂⋅) denotes an estimator of a quantity. The variance 𝜎2 of each 
of these estimators is [3]:

𝜎2
[

𝜇′
1
(

𝑟;𝜣𝑛
)

]

=
𝜇2

(

𝑟;𝜣𝑛
)

𝑛
, (5)

𝜎2
[

𝜇2
(

𝑟;𝜣𝑛
)]

=
𝜇4

(

𝑟;𝜣𝑛
)

𝑛
−

(𝑛 − 3)𝜇2
2
(

𝑟;𝜣𝑛
)

(𝑛 − 1) 𝑛
, (6)

𝜎2
[

𝜇3(𝑟;𝜣𝑛)
]

=
3(20 − 12𝑛 + 3𝑛2)
(𝑛 − 2)(𝑛 − 1)𝑛

𝜇3
2(𝑟;𝜣𝑛) −

(𝑛 − 10)
(𝑛 − 1)𝑛

𝜇2
3(𝑟;𝜣𝑛)

−
3(2𝑛 − 5)
(𝑛 − 1)𝑛

𝜇2𝜇4(𝑟;𝜣𝑛) +
1
𝑛
𝜇6(𝑟;𝜣𝑛), (7)

where 𝜇4
(

𝑟;𝜣𝑛
) and 𝜇6

(

𝑟;𝜣𝑛
) are the estimates of the fourth- and 

sixth-order central moments of the response 𝑟, respectively. Formulas 
for calculating 𝜇4

(

𝑟;𝜣𝑛
)

, 𝜇2
2
(

𝑟;𝜣𝑛
)

, 𝜇6
(

𝑟;𝜣𝑛
)

, 𝜇2
3
(

𝑟;𝜣𝑛
)

, 𝜇3
2
(

𝑟;𝜣𝑛
)

, 
and 𝜇2𝜇4

(

𝑟;𝜣𝑛
) can be found in Appendix  A in Eqs. (A.7), (A.9), 

(A.12), (A.14), (A.15), and (A.17), respectively, where one needs to 
consider 𝑞 = 0. In principle, the variances of the estimators for the 
mean, variance and third central moment as shown in Eqs. (5), (6) and 
(7) are related with the level of precision of the estimates. Naturally, 
the precision can be improved by decreasing the variance, which in 
turn demands increasing the number of samples 𝑛. However, this can 
entail significant numerical efforts due to the repeated evaluation of 
the HF model. An alternative would be to consider one or more low-
fidelity (LF) models whose numerical evaluations are less demanding 
than that of the HF model. However, the challenge in such situation 
would be how to leverage multiple LF models and still get the first three 
moments of the response associated with the HF model. Such challenge 
is addressed in detail in Section 3.
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As a side remark, it is important to mention that at this stage, it is 
assumed that the LF models are already available, as the construction 
of such models is not the main focus of this work. Nevertheless and 
for completeness, details about the construction of the LF models 
are discussed for the specific examples considered in this work (see 
Section 4).

3. Variance-reduced estimators of first-, second-, and third-order 
statistics using control variates with splitting

3.1. General remarks

This Section discusses the integration of the high-fidelity (HF) model 
along with one or more low-fidelity (LF) models for estimating the 
first three moments of the response of an uncertain model. Section 3.2 
discusses the estimation of the mean, where Section 3.2.1 focuses on the 
application of Control Variates while Section 3.2.2 shows the Splitting 
scheme. Then, the estimation of the second and third central moments 
is discussed in Sections 3.3 and 3.4, respectively. Section 3.5 discusses 
the number of evaluations to be carried out for the HF model and the 
LF models, while Section 3.6 discusses some practical implementation 
issues.

Before discussing the details on the application of Control Variates 
with Splitting, some definitions used in this paper are provided.

High- and low-fidelity models. We denote by 𝑟 the response of the high-
fidelity (HF) model, and by 𝑟𝓁 the response of the 𝓁th low-fidelity (LF) 
model. For convenience, the LF responses are collected in the vector 

𝒓̃ =
[

𝑟1, 𝑟̃2, … , 𝑟̃𝐿
]⊤, (8)

where 𝐿 denotes the number of LF models considered, and (⋅)⊤ indicates 
the transpose of the argument.

Moments and co-moments. For a single model response 𝑦, the central 
moment of order 𝑝 is defined as 

𝜇𝑝(𝑦) ∶= E
[

(𝑦 − E[𝑦])𝑝
]

, (9)

where E[⋅] denotes expectation of the argument. For two model re-
sponses 𝑦𝑎 and 𝑦𝑏, the bivariate central co-moment of order (𝑝, 𝑞) is 
defined as 

𝜇𝑝,𝑞(𝑦𝑎, 𝑦𝑏) ∶= E
[

(𝑦𝑎 − E[𝑦𝑎])𝑝, (𝑦𝑏 − E[𝑦𝑏])𝑞
]

. (10)

Here, 𝑦, 𝑦𝑎, and 𝑦𝑏 may represent either the HF response 𝑟 or any LF 
response ̃𝑟𝓁 defined in the previous section. Explicit unbiased estimators 
for the required moments and co-moments are provided in Appendix  A.

Sample sets. To estimate the statistical moments introduced in the 
previous section, model responses must be evaluated on suitable sample 
sets. The notation for the sample sets considered to evaluate the HF and 
LF models is defined as follows:

𝜣𝑛 ∶= {𝜽𝑛,𝑖}𝑛𝑖=1, (11)

𝜣𝒎 ∶=
{

𝜣𝑚1
,𝜣𝑚2

,… ,𝜣𝑚𝐿

}

, (12)

𝜣𝑚𝓁
∶=

{

𝜽𝑚𝓁 ,𝑖
}𝑚𝓁
𝑖=1, 𝓁 = 1,… , 𝐿. (13)

The set 𝜣𝑛 represents the shared sample set of size 𝑛, which is used 
by both the HF model 𝑟 and all LF models 𝑟𝓁 . On the other hand, 
𝜣𝒎 represents the collection of sample sets 𝜣𝑚𝓁

, 𝓁 = 1,… , 𝐿, each 
associated with the low-fidelity model 𝑟𝓁 . Each set 𝜣𝑚𝓁

 contains 𝑚𝓁
samples of 𝜣, used exclusively for evaluating the corresponding LF 
model ̃𝑟𝓁 . The sets 𝜣𝑚𝓁

 are mutually independent and also independent 
of 𝜣𝑛. The sample sizes 𝑚𝓁 may differ across LF models. In practical 
applications, it is usually verified that 𝑚𝓁 ≫ 𝑛 for 𝓁 = 1,… , 𝐿, since 
evaluations of the LF models are typically much cheaper than those of 
the HF model.
3 
Moment estimators for HF and LF models. For the high-fidelity (HF) 
model response 𝑟, the estimator of a generic moment 𝜇 based on the 
shared sample set 𝜣𝑛 is defined as 𝜇(𝑟;𝜣𝑛).

Based on the vector of LF responses 𝒓̃ introduced in (8), we com-
pactly define the corresponding estimators of the same generic moment 
𝜇 as

𝝁̂(𝒓̃;𝜣𝑛) =
[

𝜇(𝑟1;𝜣𝑛), 𝜇(𝑟2;𝜣𝑛), … , 𝜇(𝑟𝐿;𝜣𝑛)
]⊤, (14)

𝝁̂(𝒓̃;𝜣𝒎) =
[

𝜇(𝑟1;𝜣𝑚1
), 𝜇(𝑟2;𝜣𝑚2

), … , 𝜇(𝑟𝐿;𝜣𝑚𝐿
)
]⊤. (15)

Here, 𝜇 generically denotes any of the first three moments consid-
ered in this work; that is, 𝜇′

1 (mean), 𝜇2 (variance), or 𝜇3 (third central 
moment). In this way, 𝜇(𝑟; ⋅) denotes the HF estimate of the selected 
moment, while 𝜇(𝑟𝓁 ; ⋅) denotes the LF estimate for the 𝓁th LF model. 
Both HF and LF estimates are computed with the corresponding single-
model formula: Eq. (2) if 𝜇 = 𝜇′

1, Eq. (3) if 𝜇 = 𝜇2, and Eq. (4) if 𝜇 = 𝜇3. 
Estimates evaluated on 𝜣𝑛 use the shared sample set, whereas those on 
𝜣𝑚𝓁

, 𝓁 = 1,… , 𝐿, use the independent LF sets (see Eqs. (11)–(13)).
These notations will be used repeatedly in Sections 3.2–3.4.

3.2. Estimation of the mean

3.2.1. Application of control variates
The estimate of the mean ̂𝜇′

1(𝑟) according to Control Variates is the 
following (see, e.g. [55,61]). 

𝜇′
1

CV(
𝑟, 𝒓̃; 𝜣𝑛,𝜣𝒎

)

= 𝜇′
1
(

𝑟;𝜣𝑛
)

− 𝜶⊤
[

𝝁′
𝟏
(

𝒓̃;𝜣𝑛
)

− 𝝁′
𝟏
(

𝒓̃;𝜣𝒎
)

]

. (16)

Here, ̂𝜇′
1(𝑟;𝜣𝑛) denotes the HF mean estimator computed on the shared 

sample set 𝜣𝑛. The terms ̂𝝁′
𝟏(𝒓̃;𝜣𝑛) and ̂𝝁′

𝟏(𝒓̃;𝜣𝒎) are the corresponding 
vectors of LF estimators, obtained as particular cases of the generic 
definitions in Eqs. (14)–(15) with 𝜇 = 𝜇′

1. Additionally, the vector 𝜶
denotes the control parameters associated with Control Variates, whose 
calculation is discussed later in this work.

To better understand the rationale behind Eq. (16), its structure can 
be clarified by analyzing its main components: the term 𝜶⊤𝝁′

𝟏
(

𝒓̃;𝜣𝒎
) is 

a linear combination of low-fidelity (LF) mean estimators. Because it 
relies on the LF models, it is not accurate with respect to the HF mean, 
but it is inexpensive to evaluate (it only involves LF models). Then, the 
term 𝜇′

1
(

𝑟;𝜣𝑛
)

− 𝜶⊤𝝁′
𝟏
(

𝒓̃;𝜣𝑛
) acts as a correction, subtracting a linear 

combination of LF based estimators (computed on the shared samples) 
and adding the HF estimate. This correction is usually cheap (it requires 
only 𝑛 HF evaluations) and exhibits low variability whenever the HF 
and LF models are strongly correlated.

In summary, the estimator in Eq. (16) combines evaluations from 
both LF and HF models:

• Low-fidelity (LF) models: a total of 𝑛𝐿 +
∑𝐿

𝓁=1 𝑚𝓁 evaluations, 
including both the 𝑛 shared evaluations and the additional 𝑚𝓁
evaluations for each LF model.

• High-fidelity (HF) model: only 𝑛 evaluations, corresponding to the 
shared sample set 𝜣𝑛.

Together, these evaluations produce an estimate of the mean
𝜇′
1

CV
(𝑟, 𝒓̃;𝜣𝑛,𝜣𝒎).
To determine the value of the optimal control parameters 𝜶, it is 

noted that these parameters are real numbers selected in such a way 
that the variance of the estimator in Eq. (16) is minimized. For this 
reason, it is useful to calculate this variance, denoted by 𝜎2[⋅], which is 
equal to the following expression (see, e.g., [55,60,61]):

𝜎2
[

𝜇′
1

CV
(𝑟, 𝒓̃; 𝜣𝑛,𝜣𝒎)

]

= 𝐴1(𝑟;𝜣𝑛)

−2𝜶⊤𝐴2(𝑟, 𝒓̃;𝜣𝑛)

+𝜶⊤
(

𝐴3(𝒓̃;𝜣𝑛) + 𝐴4(𝒓̃;𝜣𝒎)
)

𝜶. (17)
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In Eq. (17), the terms 𝐴1, 𝐴2, 𝐴3, and 𝐴4 correspond to the variance 
and covariance contributions associated with the HF and LF estimators 
of the mean. Specifically, 𝐴1(𝑟;𝜣𝑛) denotes the variance of the HF 
estimator of the mean, 𝐴2(𝑟, 𝒓̃;𝜣𝑛) is the vector of covariances between 
the HF estimator and each LF estimator computed with the shared 
sample set 𝜣𝑛, 𝐴3(𝒓̃;𝜣𝑛) is the covariance matrix among LF estimators 
based on the shared samples, and 𝐴4(𝒓̃;𝜣𝒎) is the diagonal covariance 
matrix containing the variances of the LF estimators obtained from the 
independent sample sets 𝜣𝑚𝓁

, 𝓁 = 1,… , 𝐿. Their explicit definitions 
are provided in Appendix  B.1.

It is observed from Eq. (17) that the variance of the Control Vari-
ates estimate of the mean is a quadratic function with respect to the 
vector of control parameters 𝜶. Therefore, it is possible to select such 
parameter vector such that the variance of the estimator of the mean is 
minimized, leading to the following equation for selecting the optimal 
control parameters 𝜶∗ (see, e.g. [55,61]): 

𝜶∗=
(

𝐴3(𝒓̃;𝜣𝑛) + 𝐴4(𝒓̃;𝜣𝒎)
)−1

𝐴2(𝑟, 𝒓̃;𝜣𝑛). (18)

Inserting these optimal control parameters 𝜶∗ in Eq. (17) yields the 
minimum possible variance for the estimator of the mean, that is (see, 
e.g. [55,61]):

𝜎2
[

𝜇′
1

CV
(𝑟, 𝒓̃;𝜣𝑛,𝜣𝒎)

]

|

|

|

|

|𝜶=𝜶∗
= 𝐴1(𝑟;𝜣𝑛)

−𝐴2(𝑟, 𝒓̃;𝜣𝑛)⊤
(

𝐴3(𝒓̃;𝜣𝑛) + 𝐴4(𝒓̃;𝜣𝒎)
)−1

𝐴2(𝑟, 𝒓̃;𝜣𝑛). (19)

Eq. (19) reveals that the variance of the estimator of the mean 
calculated with Control Variates is actually equal to the variance that 
would be associated with Monte Carlo simulation of the HF model 
(represented in the term 𝐴1(𝑟;𝜣𝑛), see also Eq. (5)) minus a term 
which depends on the covariances between the response of the HF 
model and those of the LF models (represented by 𝐴2(𝑟, 𝒓̃;𝜣𝑛)). To 
understand the structure of Eq. (19), it is useful to consider two extreme 
cases. In the worst-case scenario where there is no covariance between 
the HF model and the LF models, the vector of covariances vanishes, 
i.e. 𝐴2(𝑟, 𝒓̃;𝜣𝑛) = 𝟎, and the variance of the estimator of the mean 
reduces to that of Monte Carlo simulation using the HF model only. 
In the best-case scenario where the LF models provide high quality 
approximations of the HF model, it is expected that the corresponding 
covariance terms dominate and the variance of the estimator in Eq. (19) 
becomes very small whenever the additional sample sizes 𝑚𝓁 , 𝓁 =
1,… , 𝐿, are relatively large. In other words, in this best-case scenario, 
the LF models could be regarded as being as good as the HF model. In 
practical applications, one may expect that the ability of the LF models 
for approximating the HF model will lie in between the two extreme 
cases described above. In fact, if the worst-case scenario occurs, it 
implies that all LF models are of extremely low quality and in such case, 
it is not possible to leverage them. On the contrary, if the LF models are 
as good as the HF model, that would most likely imply that numerical 
costs associated with the evaluation of these LF models are close to 
those of the HF model, which would bring no major benefits.

3.2.2. Application of control variates with splitting
Control Variates provides the framework to estimate the mean 

response of the HF model by employing both the HF and LF models, 
as noted from Eq. (16). The variance of this estimator is minimal (see 
Eq. (19)) if one considers the optimal control parameters (see Eq. (18)). 
However, this framework will produce estimates which are biased, as 
discussed in detail in [52]. The reason for this undesirable behavior 
is that the optimal control parameters in Eq. (18) are calculated with 
the very same set of samples of 𝑟 and 𝒓̃ (from the HF and LF models, 
respectively) that are used to estimate the mean in Eq. (16). In fact, the 
effect of bias could be particularly notorious in case that the number 
of samples 𝑛 of the response 𝑟 (calculated with the HF model) is small, 
which is usually the case (because the HF model is numerically expen-
sive to evaluate). A formal proof of how this bias arises is provided 
4 
Table 1
Subset identifier 𝑗 and subset controller 𝜏(𝑗).
 𝑗 𝜏(𝑗)  
 (subset identifier) (subset controller) 
 1 2  
 2 3  
 3 1  

in Appendix  C. A workaround that would eliminate the effect of bias 
would be to generate a new set of samples of the response 𝑟 and 𝒓̃ to 
calculate the control parameters 𝜶. Such a strategy has been used in the 
past in the context of Control Variates [52] and multifidelity Monte 
Carlo [41,42]. However, such an alternative would entail additional 
evaluations of the HF model, which is undesirable because it would 
increase numerical costs. A strategy that does eliminate bias and which 
does not demand additional evaluations of the high-fidelity (HF) model 
is the so-called Splitting. In essence, Splitting means separating the set 
of available samples of the response 𝑟 and 𝒓̃ into subsets and then, 
calculate the optimal control parameters and the sought statistics at the 
level of those subsets, and then finally aggregate the results from those 
subsets. In particular, the Splitting considered here is the one proposed 
in [60], which has been shown to produce unbiased estimates of the 
sought statistics. In this work, the Splitting technique is applied for the 
specific case of three subsets of samples, as this is the minimum possible 
number of subsets that must be considered in order to eliminate the 
effect of bias in the estimators of the sought statistics. While in principle 
it is possible to consider a larger number of subsets, this would increase 
the variance of the estimated quantities, as shown in [60]. Therefore, 
in the following, the details of this specific Splitting technique are 
discussed considering only three subsets of samples.

Assume that the sizes 𝑛 and 𝑚𝓁 , 𝓁 = 1,… , 𝐿, of the sample sets 𝜣𝑛
and 𝜣𝑚𝓁

, defined in Eqs. (11)–(13), are selected such that they are all 
multiple of 3. Then, the shared sample set 𝜣𝑛 and each independent LF 
sample set 𝜣𝑚𝓁

 are split into three subsets, each of them with 𝑛∗ = 𝑛∕3
and 𝑚∗

𝓁 = 𝑚𝓁∕3 samples, respectively. These subsets are denoted as 
𝜣𝑛∗ ,𝑗 and 𝜣𝑚∗

𝓁
,𝑗 , where 𝑗 is an integer denoting the subset number such 

that 𝑗 ∈ {1, 2, 3}. These subsets of samples are composed as follows.
𝜣𝑛∗ ,𝑗 =

[

𝜽𝑛,(1+(𝑗−1)𝑛∗),… ,𝜽𝑛,(𝑛∗+(𝑗−1)𝑛∗)
]

, 𝑗 = 1, 2, 3, (20)

𝜣𝑚∗
𝓁
,𝑗 =

[

𝜽𝑚𝓁 ,(1+(𝑗−1)𝑚∗
𝓁
),… ,𝜽𝑚𝓁 ,(𝑚∗

𝓁
+(𝑗−1)𝑚∗

𝓁
)

]

, 𝑗 = 1, 2, 3. (21)

Moreover, consider the integer variable 𝜏(𝑗) which is denoted as a
subset controller and is defined as shown in Table  1.

With the above definitions, the estimate for the mean of the re-
sponse 𝑟 that considers samples of the HF and LF models by means 
of Control Variates and which includes the Splitting scheme is the 
following: 

𝜇′
1

CV+S(
𝑟, 𝒓̃;𝜣𝑛,𝜣𝒎

)

= 1
3

3
∑

𝑗=1
𝜇′
1

CV,(𝑗)(
𝑟, 𝒓̃;𝜣𝑛∗ ,𝑗 ,𝜣𝒎∗ ,𝑗

)

. (22)

In the above equation, 𝜇′
1

CV,(𝑗) denotes the 𝑗th Control Variates 
estimate of the mean of the response, which is calculated as:

𝜇′
1

CV,(𝑗)(
𝑟, 𝒓̃;𝜣𝑛∗ ,𝑗 ,𝜣𝒎∗ ,𝑗

)

= 𝜇′
1
(

𝑟;𝜣𝑛∗ ,𝑗
)

− 𝜶∗
𝜏(𝑗)

⊤ 𝝁′
𝟏
(

𝒓̃;𝜣𝑛∗ ,𝑗
)

+ 𝜶∗
𝜏(𝑗)

⊤ 𝝁′
𝟏
(

𝒓̃;𝜣𝒎∗ ,𝑗
)

, 𝑗 = 1, 2, 3. (23)

where the optimal control parameters 𝜶∗
𝜏(𝑗) are defined as: 

𝜶∗
𝜏(𝑗)=

(

𝐴3(𝒓̃;𝜣𝑛∗ ,𝜏(𝑗)) + 𝐴4(𝒓̃;𝜣𝒎∗ ,𝜏(𝑗))
)−1

𝐴2(𝑟, 𝒓̃;𝜣𝑛∗ ,𝜏(𝑗)), 𝑗 = 1, 2, 3.

(24)

A close examination of Eqs. (22), (23) and (24) allows to under-
stand the characteristics of the estimator for the mean including both 
Control Variates and Splitting. Eq. (22) is nothing but an average of 
the three estimates of the mean produced with Control Variates as 
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shown in Eq. (23). However, the estimator in Eq. (23) has a very special 
structure. Indeed, the means 𝜇′

1 involved in this equation are calculated 
with the sample subsets 𝜣𝑛∗ ,𝑗 and 𝜣𝒎∗ ,𝑗 while the optimal control 
parameters 𝜶∗

𝜏(𝑗) (which are defined in Eq. (24)) are calculated with 
the sample subsets 𝜣𝑛∗ ,𝜏(𝑗) and 𝜣𝒎∗ ,𝜏(𝑗). It is readily seen from Table  1 
that 𝑗 ≠ 𝜏(𝑗), 𝑗 = 1, 2, 3. This implies that when ̂𝜇′

1

CV,(𝑗) is calculated, the 
sample subsets used for estimating the optimal control parameters are 
always different from those used to calculate the means involved in the 
estimator. Such characteristic effectively eliminates the effect of bias 
from the estimator (see Appendix  C for the proof that this technique 
produces unbiased estimators).

The variance of the estimator in Eq. (22) can be calculated by means 
of (see [60]): 

𝜎2
[

𝜇′
1

CV+S(
𝑟, 𝒓̃;𝜣𝑛,𝜣𝒎

)

]

= 1
32

3
∑

𝑗=1
𝜎2

[

𝜇′
1

CV,(𝑗)(
𝑟, 𝒓̃;𝜣𝑛∗ ,𝑗 ,𝜣𝒎∗ ,𝑗

)

]

, (25)

where the variance of ̂𝜇′
1

CV,(𝑗) is:

𝜎2
[

𝜇′
1

CV,(𝑗)(
𝑟, 𝒓̃;𝜣𝑛∗ ,𝑗 , 𝜣𝒎∗ ,𝑗

)

]

= 𝐴1
(

𝑟;𝜣𝑛∗ ,𝑗
)

− 2𝜶∗
𝜏(𝑗)

⊤𝐴2
(

𝑟, 𝒓̃;𝜣𝑛∗ ,𝑗
)

+𝜶∗
𝜏(𝑗)

⊤
(

𝐴3
(

𝒓̃;𝜣𝑛∗ ,𝑗
)

+ 𝐴4
(

𝒓̃;𝜣𝒎∗ ,𝑗
)

)

𝜶∗
𝜏(𝑗), 𝑗 = 1, 2, 3. (26)

While the above expressions for the estimator of the mean and its 
variance using Control Variates with Splitting are rather lengthy, it 
should be noted that they are actually quite similar to those involving 
Control Variates only, except for the fact that one needs to keep track of 
different quantities at the subset level. This does not demand significant 
additional efforts. The latter is particularly true given the fact that no 
additional evaluations of the high-fidelity (HF) model are required for 
implementing Control Variates with Splitting.

3.3. Estimation of the variance

Section 3.2 has focused on the estimation of the mean of the 
response of interest 𝑟 and the variance of that estimator. In here, the 
focus is on the calculation of the variance of the response of interest and 
the variance of that estimator. To estimate the variance of 𝑟, Control 
Variates and Splitting are immediately adopted, producing expressions 
similar to those for estimating the mean as shown in Eqs. (22) and (23). 
As demonstrated in Appendix  C, the adoption of Splitting produces 
unbiased estimators. This leads to the following estimator for the 
variance: 

𝜇2
CV+S(𝑟, 𝒓̃;𝜣𝑛,𝜣𝒎

)

= 1
3

3
∑

𝑗=1
𝜇2

CV,(𝑗)(𝑟, 𝒓̃;𝜣𝑛∗ ,𝑗 ,𝜣𝒎∗ ,𝑗
)

, (27)

where ̂𝜇2CV,(𝑗) denotes the 𝑗th Control Variates estimate of the variance 
of the response, which is calculated as:
𝜇2

CV,(𝑗)(𝑟, 𝒓̃;𝜣𝑛∗ ,𝑗 ,𝜣𝒎∗ ,𝑗
)

= 𝜇2
(

𝑟;𝜣𝑛∗ ,𝑗
)

− 𝜸⊤𝜏(𝑗) 𝝁𝟐
(

𝒓̃;𝜣𝑛∗ ,𝑗
)

+ 𝜸⊤𝜏(𝑗) 𝝁𝟐
(

𝒓̃;𝜣𝒎∗ ,𝑗
)

, 𝑗 = 1, 2, 3. (28)

Here, 𝜇2(𝑟;𝜣𝑛∗ ,𝑗 ) denotes the HF variance estimator of the second 
central moment computed by means of Eq. (3). The terms 𝝁𝟐(𝒓̃;𝜣𝑛∗ ,𝑗 )
and 𝝁𝟐(𝒓̃;𝜣𝒎∗ ,𝑗 ) are the corresponding vectors of LF variance estima-
tors, obtained as particular cases of the generic definitions in Eqs. (14)–(
with 𝜇 = 𝜇2. Moreover, 𝜸𝜏(𝑗) denotes the vector of control parameters 
for estimating the variance of the response.

The variance of the estimator in Eq. (27) is given by the summation 
of the variances of the terms of the associated summation, that is: 

𝜎2
[

𝜇2
CV+S(𝑟, 𝒓̃;𝜣𝑛,𝜣𝒎

)

]

= 1
32

3
∑

𝑗=1
𝜎2

[

𝜇2
CV,(𝑗)(𝑟, 𝒓̃;𝜣𝑛∗ ,𝑗 ,𝜣𝒎∗ ,𝑗

)

]

, (29)

where the variance term ̂𝜎2
[

𝜇2
CV,(𝑗)

]

 is equal to:

𝜎2
[

𝜇 CV,(𝑗)(𝑟, 𝒓̃;𝜣 ∗ , 𝜣 ∗
)

]

= 𝐵
(

𝑟;𝜣 ∗
)

− 2 𝜸⊤ 𝐵
(

𝑟, 𝒓̃;𝜣 ∗
)

2 𝑛 ,𝑗 𝒎 ,𝑗 1 𝑛 ,𝑗 𝜏(𝑗) 2 𝑛 ,𝑗

5 
+𝜸⊤𝜏(𝑗)
(

𝐵3
(

𝒓̃;𝜣𝑛∗ ,𝑗
)

+ 𝐵4
(

𝒓̃;𝜣𝒎∗ ,𝑗
)

)

𝜸𝜏(𝑗), 𝑗 = 1, 2, 3,

(30)

and where 𝐵1, 𝐵2, 𝐵3 and 𝐵4 correspond to the variance and covariance 
terms associated with the HF and LF estimators of the variance. Their 
explicit definitions are provided in Appendix  B.2.

A comparison between Eqs. (26) and (30) indicates that they possess 
an overall similar structure, although Eq. (30) is more involved, as it 
comprises estimates of bivariate central co-moments up to the fourth 
order. Detailed expressions for evaluating all the estimates of bivariate 
co-moments can be found in Appendix  A.

Eq. (30) allows calculating the variance of the variance estimator 
𝜇2
CV,(𝑗), 𝑗 = 1, 2, 3. As it is a quadratic function with respect to 

the control parameters 𝜸𝜏(𝑗), it is possible to find the values of these 
control parameters such that the variance is minimized, leading to the 
following expression for the optimal control parameters 𝜸∗𝜏(𝑗): 

𝜸∗𝜏(𝑗)=
(

𝐵3(𝒓̃;𝜣𝑛∗ ,𝜏(𝑗)) + 𝐵4(𝒓̃;𝜣𝒎∗ ,𝜏(𝑗))
)−1

𝐵2(𝑟, 𝒓̃;𝜣𝑛∗ ,𝜏(𝑗)), 𝑗 = 1, 2, 3.

(31)

Once the optimal values 𝜸∗𝜏(𝑗) of the control parameters have been 
determined, they can be used together with Eqs. (27) and (28) in order 
to determine the variance of the response. Moreover, the variance of 
the variance estimator can be calculated by considering these optimal 
control parameters 𝜸∗𝜏(𝑗) together with Eqs. (29) and (30). A detailed 
proof of the unbiasedness of the proposed estimator for the variance is 
provided in Appendix  C. 

3.4. Estimation of the third-order moment

As in the cases of the mean and the variance (see  Sections 3.2 and
3.3), the estimation of the third central moment 𝜇3(𝑟) of the response 
of interest 𝑟 is carried out using the Control Variates with Splitting 
approach. As demonstrated in Appendix  C, such an approach produces 
unbiased estimators of the sought third-order central moment. The es-
timator is constructed by averaging three independent control variates 
estimators, each of them based on disjoint subsets of the original sample 
sets 𝜣𝑛 and 𝜣𝒎. This leads to the following expression: 

𝜇3
CV+S(𝑟, 𝒓̃;𝜣𝑛,𝜣𝒎

)

= 1
3

3
∑

𝑗=1
𝜇3
CV,(𝑗)(𝑟, 𝒓̃;𝜣𝑛∗ ,𝑗 ,𝜣𝒎∗ ,𝑗

)

. (32)

Each individual estimator ̂𝜇3CV,(𝑗) is calculated as:

𝜇3
CV,(𝑗)(𝑟, 𝒓̃;𝜣𝑛∗ ,𝑗 , 𝜣𝒎∗ ,𝑗

)

= 𝜇3
(

𝑟;𝜣𝑛∗ ,𝑗
)

− 𝜼⊤𝜏(𝑗) 𝝁𝟑
(

𝒓̃;𝜣𝑛∗ ,𝑗
)

+ 𝜼⊤𝜏(𝑗) 𝝁𝟑
(

𝒓̃;𝜣𝒎∗ ,𝑗
)

, 𝑗 = 1, 2, 3. (33)

Here, 𝜇3(𝑟;𝜣𝑛∗ ,𝑗 ) denotes the HF estimator of the third central 
moment computed by means of Eq. (4). The terms 𝝁𝟑(𝒓̃;𝜣𝑛∗ ,𝑗 ) and 
𝝁𝟑(𝒓̃;𝜣𝒎∗ ,𝑗 ) are the corresponding vectors of LF estimators, obtained as 
particular cases of the generic definitions in Eqs. (14)–(15) with 𝜇 = 𝜇3. 
Moreover, 𝜼𝜏(𝑗) denotes the vector of control parameters for estimating 
the third central moment of the response.

The variance of the estimator in Eq. (32) is computed as: 

𝜎2
[

𝜇3
CV+S(𝑟, 𝒓̃;𝜣𝑛, 𝜣𝒎

)

]

= 1
32

3
∑

𝑗=1
𝜎2

[

𝜇3
CV,(𝑗)(𝑟, 𝒓̃;𝜣𝑛∗ ,𝑗 , 𝜣𝒎∗ ,𝑗

)

]

. (34)

Each term in the summation is computed as follows:

𝜎2
[

𝜇3
CV,(𝑗)(𝑟, 𝒓̃;𝜣𝑛∗ ,𝑗 , 𝜣𝒎∗ ,𝑗

)

]

= 𝐶1
(

𝑟;𝜣𝑛∗ ,𝑗
)

− 2 𝜼⊤𝜏(𝑗)𝐶2
(

𝑟, 𝒓̃;𝜣𝑛∗ ,𝑗
)

+𝜼⊤𝜏(𝑗)
(

𝐶3
(

𝒓̃;𝜣𝑛∗ ,𝑗
)

+ 𝐶4
(

𝒓̃;𝜣𝒎∗ ,𝑗
)

)

𝜼𝜏(𝑗), 𝑗 = 1, 2, 3,

(35)



C.H. Acevedo et al. Reliability Engineering and System Safety 267 (2026) 111859 
where the quantities 𝐶1, 𝐶2, 𝐶3 and 𝐶4 correspond to the variance 
and covariance terms associated with the HF and LF estimators of the 
third-order central moment. Their explicit definitions are provided in 
Appendix  B.3.

The optimal values of the control parameters 𝜼∗𝜏(𝑗) are obtained by 
minimizing the variance in Eq. (35), leading to: 

𝜼∗𝜏(𝑗)=
(

𝐶3(𝒓̃;𝜣𝑛∗ ,𝜏(𝑗)) + 𝐶4(𝒓̃;𝜣𝒎∗ ,𝜏(𝑗))
)−1

𝐶2(𝑟, 𝒓̃;𝜣𝑛∗ ,𝜏(𝑗)), 𝑗 = 1, 2, 3.

(36)

Once these optimal values have been determined, they can be 
substituted into Eqs. (33) and (35) to evaluate the third central moment 
and the variance of its estimator. A detailed proof of the unbiased-
ness of the proposed estimator for the third-order central moment is 
provided in Appendix  C.

3.5. Number of evaluations of the high- and low-fidelity models

The preceding discussion has assumed that the size 𝑛 and the vector 
of sizes 𝒎 of the sample sets are already defined. Such an assumption 
is valid whenever the high- and low-fidelity (HF and LF) models have 
already been evaluated in the past, and when Control Variates is 
employed to aggregate the estimators to estimate the first- and higher-
order statistics (e.g., up to the third central moment). However, in a 
more general setting, it may occur that no previous evaluations of the 
HF and LF models have been conducted and hence, it is necessary to 
select the sample sizes 𝑛 and 𝒎 using a specific procedure. The approach 
considered in this contribution is to determine 𝑛 and 𝒎 by solving 
an optimization problem that involves minimization of the numerical 
costs associated with the estimation of the first three moments of the 
response while ensuring a predefined level of precision. The precision 
is measured in terms of the coefficient of variation 𝛿, which is the 
standard deviation of the estimator divided by its expected value [61]. 
Such coefficient of variation must be below a predefined threshold level 
𝛿𝑡 which can take values such as, e.g. 5% or 10%.

The practical implementation of the approach described in the 
preceding paragraph demands evaluating the mean and a standard 
deviation of an estimator for calculating its coefficient of variation. In 
principle, these quantities can be evaluated by applying Eqs. (22) and 
(25) for the mean, Eqs. (27) and (29) for the variance, and Eqs. (32) and 
(34) for the third moment. However, all of these quantities depend on 
co-moments (see Appendix  A) which must be calculated with samples 
of the response from the HF and LF models. Therefore, the approach 
for estimating the sample sizes (𝑛,𝒎) must be applied iteratively. This 
implies that initial sample set sizes (𝑛(0),𝒎(0)) are defined arbitrarily, 
then the corresponding samples of the HF and LF models are evaluated 
to estimate the co-moments and then, new values for the sample 
set sizes (𝑛(1),𝒎(1)) are determined by optimization. In mathematical 
terms, a sequence of optimization problems needs to be solved. The 
𝑘th (𝑘 ≥ 1) problem has the form: 
(

𝑛(𝑘),𝒎(𝑘)) = argmin
(𝑛,𝒎)

𝑛eq, (37)

subject to the following constraints:

𝑛eq = 𝑛 +
𝐿
∑

𝓁=1

(

𝑛 + 𝑚𝓁
)

𝑓eq,𝓁 , (38)

𝑛 ≥ 𝑛(𝑘−1), (39)

𝒎 ⪰ 𝒎(𝑘−1), (40)

mod (𝑛, 3) = 0, (41)

mod (𝑚𝓁 , 3) = 0, 𝓁 = 1,… , 𝐿, (42)

𝑛 ≤ 𝑛(𝑘−1) + 30, (43)

𝛿CV+S
(

𝑟, 𝒓̃,𝜣𝑛(𝑘−1) ,𝜣𝒎(𝑘−1) , 𝑛,𝒎
)

≤ 𝛿𝑡, (44)
6 
where 𝑛eq represents the number of equivalent simulations; 𝑓eq,𝓁 is 
the ratio between the time of one evaluation of the response us-
ing the 𝓁th LF model and the time of one evaluation of the re-
sponse using the HF model; mod (⋅, ⋅) denotes the modulo operation; 
𝛿CV+S

(

𝑟, 𝒓̃,𝜣𝑛(𝑘−1) ,𝜣𝒎(𝑘−1) , 𝑛,𝒎
) in Eq. (44) is the maximum between 

the coefficients of variation associated with the estimators of the first 
three moments, which is calculated considering sample set sizes (𝑛,𝒎), 
but whose co-moments are evaluated using the sample sets 𝜣𝑛(𝑘−1)  and 
𝜣𝒎(𝑘−1) . Details for evaluating the maximum coefficient of variation in 
Eq. (44) are discussed in Appendix  D. From the optimization problem 
described above, note that Eq. (37) simply corresponds to the numerical 
effort associated with the evaluation of the HF and LF models, which 
is expressed in terms of the number of equivalent simulations 𝑛eq. 
This number 𝑛eq expresses the total numerical cost of running the 
Control Variates approach in terms of the number of HF evaluations. 
In this sense, the ratios 𝑓eq,𝓁 transform the efforts associated with the 
evaluation of each LF model to an equivalent number with respect to 
the HF model, as shown in Eq. (38). The constraints in Eqs. (39) and 
(40) ensure that the optimal values for the sample set sizes (𝑛,𝒎) are 
always equal or larger than the actual number of evaluations already 
carried out. This ensures that previous calculations are always included 
within the analysis. The role of the constraints in Eqs. (41) and (42) 
is ensuring that the sample set sizes (𝑛,𝒎) are always divisible by 
3, such that the Splitting technique can be applied. The constraint 
in Eq. (43) limits the growth of 𝑛 between iterations to at most 30 
samples. This condition is introduced to avoid excessive increases in the 
number of HF evaluations due to inaccurate co-moment estimations, a 
phenomenon that may appear especially in early iterations, when few 
samples are available. The specific value of 30 has been adopted as 
a practical lower bound to ensure a minimally meaningful statistical 
representation within each update, while still keeping the number 
of HF evaluations computationally affordable. Finally, the constraint 
in Eq. (44) ensures that the coefficient of variation associated with 
the estimators of the first three moments remains below the target 
threshold 𝛿𝑡.

The optimization problem in Eqs. (37)–(44) corresponds to integer 
programming and can be solved using any appropriate algorithm. In 
this sense, please recall that while the optimization problem is solved, 
no evaluations of the HF or LF models take place. This is because co-
moments are estimated with the initial sample sets 𝜣𝑛(𝑘−1)  and 𝜣𝒎(𝑘−1) . 
Hence, the solution of the optimization problem does not pose a major 
numerical effort, as both the objective function and constraints are 
explicit functions of 𝑛 and 𝒎. Numerical experience indicates that the 
optimization problem can be also solved considering that 𝑛 and 𝒎 are 
continuous variables and then, ceiling the results to the closest multiple 
of 3 (to apply the Splitting technique). Alternatively, the problem could 
be formulated directly with discrete design variables; however, the 
continuous formulation adopted here has proven sufficiently accurate 
for the purposes of this study.

3.6. Implementation

The practical implementation of the approach involving Control 
Variates with Splitting requires a number of steps, which are summa-
rized in the following.

1. Given a certain physical problem, establish a high-fidelity (HF) 
model that accurately characterizes its behavior. Describe un-
certain input parameters through probability distributions and 
identify the response of interest 𝑟 of the system.

2. Establish one or more low-fidelity (LF) models, 𝑟𝓁 , 𝓁 = 1,… , 𝐿, 
that provide approximate but numerically inexpensive represen-
tations of the system’s response.

3. Select the initial sample set sizes (𝑛(0),𝒎(0)) such that 𝑛(0) and 
each component of 𝒎(0) are multiples of 3. It is recommended 
to select these sizes to be relatively small. Select the target 



C.H. Acevedo et al. Reliability Engineering and System Safety 267 (2026) 111859 
Fig. 1. Flowchart of approach using high- and low-fidelity models.

coefficient of variation 𝛿𝑡 for estimating the first three statistical 
moments. Set 𝑘 = 1.

4. Evaluate the response considering the high-fidelity (HF) model 
for the shared sample set 𝜣𝑛(𝑘−1)  and the responses of all low-
fidelity (LF) models 𝑟𝓁 , 𝓁 = 1,… , 𝐿, for the shared sample sets 
𝜣𝑛(𝑘−1)  and their corresponding independent sample sets 𝜣𝑚(𝑘−1)

𝓁
.

5. Evaluate the constraint associated with the coefficient of varia-
tion in Eq. (44) assuming that 𝑛 = 𝑛(𝑘−1) and 𝒎 = 𝒎(𝑘−1). If the 
constraint is fulfilled, go to step 7. Otherwise, go to step 6.

6. Solve the optimization problem in Eqs. (37)–(44) to determine 
the optimal sample set sizes (𝑛(𝑘),𝒎(𝑘)). Set 𝑘 = 𝑘+ 1 and return 
to step 4.

7. Considering the sample sets 𝜣𝑛(𝑘−1)  and 𝜣𝒎(𝑘−1)  and the cor-
responding evaluations of the response using the HF and LF 
models, evaluate the first three moments (see Eqs. (22), (27), 
and (32)) of the response, as well as the respective variances of 
these estimators (see Eqs. (25), (29), and (34)).

From the above algorithm, note that steps 4 to 6 are applied iter-
atively. The reason is that the optimization problem in Eqs. (37)–(44) 
predicts the optimal sizes for the sample sets (𝑛,𝒎) (see step 6), but 
then, the actual coefficient of variation associated must be verified (see 
step 5). The overall workflow of the proposed approach is summarized 
in Fig.  1.

4. Examples

4.1. General remarks

This Section illustrates the application of the scheme described 
previously for estimating first-, second-, and third-order moments of 
a certain system of interest. Three examples are chosen, where each of 
them serves a different purpose. The example in Section 4.2 involves a 
very simple analytic function. Such an example possesses a closed-form 
solution and it is ideal for conducting numerical tests regarding the bias 
correction capabilities of the Control Variates with Splitting strategy. 
The example in Section 4.3 illustrates the application of the proposed 
approach into a seepage analysis problem involving a medium-sized 
finite element model. This example offers an excellent testbed for 
illustrating numerical gains with the proposed approach. Finally, Sec-
tion 4.4 presents a dynamic and nonlinear example based on the 
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Duffing oscillator. This problem involves a high-dimensional random 
input space and it is considerably more involved than the previous two 
examples. Indeed, this example involves two different low-fidelity mod-
els and hence, showcases the applicability of the framework discussed 
in this work.

4.2. Test example: Analytic function

4.2.1. Description
This example involves the following analytic function: 

𝑟(𝜃) = 𝑒3𝜃 , (45)

where 𝑟 is the response of interest and 𝜃 is an uncertain input parameter 
that follows a uniform distribution, i.e., 𝛩 ∼  [0, 4]. The function in 
Eq. (45) is regarded as the high-fidelity model (HF) in this context.

Given the simplicity of the HF model, its first three moments can be 
calculated in closed form, yielding:
𝜇′
1 = 1.356 × 104, 𝜇2 = 9.198 × 108, 𝜇3 = 7.984 × 1013.

To construct a LF model, the function in Eq. (45) is approximated by 
means of its second-order Taylor expansion about the point 𝜃0 = 2, 
yielding: 

𝑟(𝜃) = 𝑒6

2
(

9𝜃2 − 30𝜃 + 26
)

. (46)

In this example, only one LF model is considered. The objective of this 
test example is solely to analyze the effect of the Splitting strategy on 
the bias of the estimators of the first three moments of the response, 
as discussed in detail in Section 4.2.2. Hence, optimal selection of the 
number of evaluations (𝑛, 𝑚) of the high- and low-fidelity models is 
not further investigated and arbitrary numbers are selected for (𝑛, 𝑚). 
The optimal selection of the number of evaluations of the low- and 
high fidelity models is postponed for the subsequent two examples in 
Sections 4.3 and 4.4.

4.2.2. Bias and the splitting strategy
The objective of this section is to evaluate the effect of the Splitting 

strategy on the bias of the estimators of the first three moments of the 
response 𝑟, defined in Eq. (45). Two approaches are considered:

• Applying the Control Variates (CV) method without Splitting. In 
this case, the estimators are computed using Eq. (16) for the 
mean, and the following expressions for the second and third 
central moments:
𝜇2

CV(𝑟, 𝑟̃; 𝜣𝑛,𝜣𝑚)= 𝜇2(𝑟;𝜣𝑛) − 𝛾∗
[

𝜇2(𝑟;𝜣𝑛) − 𝜇2(𝑟̃;𝜣𝑚)
]

, (47)

𝜇3
CV(𝑟, 𝑟̃; 𝜣𝑛,𝜣𝑚)= 𝜇3(𝑟;𝜣𝑛) − 𝜂∗

[

𝜇3(𝑟;𝜣𝑛) − 𝜇3(𝑟;𝜣𝑚)
]

, (48)

where the control parameters 𝛾∗ and 𝜂∗ are calculated using 
the sets of samples 𝜣𝑛 and 𝜣𝑚. That means that no splitting is 
applied.

• Applying the Control Variates with Splitting (CV+S) method. In 
this case, the estimators for the first three moments are computed 
using Eqs. (22), (27), and (32).

To compare both strategies, the following setup is used. The sample 
sizes 𝑛 and 𝑚 are selected such that 𝑛 ∈ {72, 90, 117, 147, 186, 237, 300}
and 𝑚 = 20𝑛. For each pair (𝑛, 𝑚), the three moments of the response 
𝑟 are estimated using both CV and CV+S. In order to eliminate the 
effect of sampling variability, all estimators are averaged over 106
independent repetitions.

The results are reported in Fig.  2, together with the exact values of 
the moments, which are known in this example.

Fig.  2 shows that the estimators obtained using CV exhibit notice-
able bias for small values of 𝑛, whereas those obtained using CV+S 
are unbiased across all sample sizes, with only small deviations due to 



C.H. Acevedo et al. Reliability Engineering and System Safety 267 (2026) 111859 
      

Fig. 2. Example 1 – Estimates of the first raw moment 𝜇′
1 and the second and third central moments 𝜇2 and 𝜇3 as a function of the number of high-fidelity 

samples 𝑛.
Fig. 3. Example 2 – Schematic representation of dam.
sampling variability. These results confirm that the Splitting strategy is 
effective in removing the bias present in the standard CV approach. In 
fact, they are in full agreement with the theoretical analysis presented 
in Appendix  C, which proves that the CV+S estimators are unbiased. 
This indicates that the proposed CV+S method provides highly accurate 
estimators even for small sample sizes, as it successfully eliminates the 
bias.

4.3. Example: Confined seepage below an impermeable dam

4.3.1. Description
This example involves estimating the first three moments of the 

seepage flow below an impermeable dam. This example is drawn 
from [62] and involves a medium-sized finite element model and few 
random variables. Such model is chosen on purpose to focus on as-
sessing the performance of Control Variates with Splitting. A schematic 
representation of the problem is depicted in Fig.  3.

The dam possesses a cutoff wall and it retains a water column of 
height ℎ, which is an uncertain parameter modeled as a uniform dis-
tribution  [7, 10] [m]. The dam lies over two layers of permeable soil, 
whose horizontal and vertical permeabilities are modeled as lognormal 
random variables with mean and standard deviation as described in 
Table  2. The coefficient of variation associated with each permeability 
is equal to 120%, reflecting the high uncertainty associated with this 
parameter in practical applications [63]. Hence, the total number of 
uncertain input variables in this case is equal to 5 (water column height 
and the vertical and horizontal permeabilities of each of the two soil 
layers).

It is assumed that the seepage phenomenon can be described by the 
Laplace partial differential equation. A finite element model compris-
ing 3413 nodes, 1628 quadratic triangular elements and 𝑛𝑑 = 3128
degrees-of-freedom is built to solve the partial differential equation 
and calculate the seepage flow [1]. Such solution considering finite 
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Table 2
Example 2 – Mean value and standard deviation of permeability in different 
soil layers (CoV = 120%).
 Soil layer Permeability Mean [m/s] Std. deviation [m/s] 
 
Silty sand

horizontal 5.0 × 10−7 6.0 × 10−7  
 vertical 2.0 × 10−7 2.4 × 10−7  
 
Silty gravel

horizontal 5.0 × 10−6 6.0 × 10−6  
 vertical 2.0 × 10−6 2.4 × 10−6  

elements corresponds to the HF model for this example. The boundary 
conditions involve no flow in all boundaries, except for boundary AB, 
where the boundary condition is the water height ℎ, and boundary 
CD, where the water height is zero. The seepage flow 𝑞 is quantified 
considering a unit width of the dam, so its units are [m3/s/m]. To apply 
the framework of Control Variates with Splitting, a single low-fidelity 
(LF) model is constructed. This LF model is built by projecting the 
equations associated with the finite element formulation onto a reduced 
basis using a standard Galerkin procedure [1]. The reduced basis is 
constructed using the nominal solution and its first-order derivatives 
with respect to the uncertain input parameters of the model, evaluated 
at a selected expansion point [64,65]. Numerical experience [65] has 
shown that choosing this expansion point as the expected value of 
the input random variables produces good results. This leads to a 
reduced basis with 𝑛𝑅 = 6 terms, as the basis is constructed with the 
nominal solution of the problem (one term) and the first-order partial 
derivatives (five terms). All the previous terms are calculated for the so-
called nominal solution of the seepage problem, involving the expected 
values of the different input random parameters. Note that 𝑛𝑅 is much 
smaller than the dimension 𝑛𝑑 = 3128 associated with the high-fidelity 
(HF) model, where 𝑛𝑅 corresponds to the dimension of the reduced 
subspace and 𝑛𝑑 to the number of degrees of freedom of the FE model. 
This reduction implies solving a linear system of size 𝑛𝑅 ×𝑛𝑅 instead of 
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Table 3
Example 2 – Selection of the optimal sizes for the sample sets (𝑛, 𝑚) as a function of the target coefficient of variation 𝛿𝑡. Physical units of the moments are 
omitted for conciseness.
 𝑛(0) 𝑚(0) 𝛿𝑡 𝑛opt 𝑚opt 𝑛eq 𝜇′

1 CoV
[

𝜇′
1

]

𝜇2 CoV
[

𝜇2
]

𝜇3 CoV
[

𝜇3
] 

 60 60 0.20 300 17955 466.0 2.0 × 10−6 0.01 1.6 × 10−12 0.06 4.6 × 10−18 0.17  
 300 17955 0.15 300 24555 526.0 2.0 × 10−6 0.01 1.6 × 10−12 0.03 4.5 × 10−18 0.14  
 300 24555 0.10 540 50955 1008.1 2.0 × 10−6 0.01 1.6 × 10−12 0.02 3.8 × 10−18 0.10  
 540 50955 0.05 2622 354312 5866.8 2.0 × 10−6 <0.01 1.5 × 10−12 0.02 3.9 × 10−18 0.05  
Fig. 4. Example 2 – Scatter plot of the seepage flow evaluated with the high-
fidelity model (HF, 𝑟) and the low-fidelity model (LF, 𝑟) using 100 samples.

𝑛𝑑 × 𝑛𝑑 , which explains the much lower computational cost of the LF 
model. Thus, evaluating the LF model is about 110 times faster than 
the HF model. This ratio can be expressed as the equivalent cost factor 
𝑓eq = 1∕110, which is used to compute the equivalent number of high-
fidelity model evaluations. Furthermore, the LF model offers a good 
surrogate for the HF model, as noted from Fig.  4. This figure contains 
pairs of values of the seepage flow calculated considering the high-
fidelity model (denoted as 𝑟) and the low-fidelity model (denoted as 𝑟) 
for 100 samples of the random variables associated with the problem. 
It is observed that these pairs lie very close to a line with an inclination 
of 45◦, indicating that the low-fidelity model is capable of producing 
accurate values of the seepage flow when compared to the high-fidelity 
model.

4.3.2. Results
The approach based on Control Variates with Splitting is applied 

to estimate the first three order moments of the seepage flow. The 
sizes of the initial sample sets are selected as (𝑛(0), 𝑚(0)) = (60, 60) (see 
Sections 3.5 and 3.6). The reason for selecting the specific size of 60 
is ensuring that when the Splitting strategy is applied, each subset of 
samples has at least 20 samples. This allows an appropriate estimation 
of the associated co-moments. Furthermore, the maximum allowable 
coefficient of variation is set as 𝛿𝑡 = 20% (see Eq. (44)). The results 
obtained are depicted in the second row of Table  3. Please note that 
physical units have been omitted for conciseness in that Table; never-
theless, recall that the units of the response of interest are [m3/s/m], 
which represent seepage flow per meter. The results from Table  3 allow 
to draw several important observations. First, it is observed that from 
the three moments being calculated, the third-order moment is the one 
possessing the largest coefficient of variation. Recall that the coefficient 
of variation of a moment (denoted as CoV[⋅] in the Table) represents the 
standard deviation of the estimator divided by its expected value. The 
fact that the largest coefficient of variation is associated with the third-
order moment of the response makes sense from a practical viewpoint, 
as usually high-order moments are more challenging to estimate than 
their low-order counterparts. Regarding the number of evaluation of 
the high- and low-fidelity models, it is observed that from the initial 
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sample size (𝑛(0), 𝑚(0)) = (60, 60), the optimal number of evaluations 
to evaluate the sought moments is (𝑛opt, 𝑚opt) = (300, 17 955). Thus, 
the number of evaluations of the LF model grows much more than 
that of the HF model. This was expected, as the LF model offers a 
good approximation with respect to the HF model while being faster 
to evaluate.

In a next step, the estimation of the first three order moments of the 
seepage flow is investigated by considering successively smaller target 
coefficient of variations 𝛿𝑡. Specifically, the values of 15%, 10% and 5% 
are considered. The initial number of evaluations of the low- and high-
fidelity models for each case is taken as the optimal one associated with 
the previous target value of the coefficient of variation investigated. 
That is, when determining the sought moments with a target coefficient 
of variation of 15%, the initial number of evaluations is taken as 
the optimal number found when evaluating the moments for a target 
coefficient of variation of 20%. The results obtained are shown in Table 
3 in the third, fourth and fifth rows. It is observed that the smaller 
the target coefficient of variation, the larger the number of equivalent 
simulations 𝑛eq becomes. This is an expected result, as higher levels 
of precision usually go hand-in-hand with larger numerical efforts. 
Furthermore, the coefficient of variation associated with the third-
order moment always remains the highest among the three analyzed 
moments.

As a last step and to validate the results of Table  3, the estimates 
of the moments produced with the more stringent target value of the 
coefficient of variation (that is, 𝛿𝑡 = 5%) are compared against those 
produced using Monte Carlo simulation with the HF model only. These 
results are shown in Table  4, where it is noted that 50000 simulations 
of the HF model are required to match the target coefficient of variation 
of 5%. When comparing the results in Tables  3 and 4, it is observed that 
there is an excellent match of the first three moments of the seepage 
flow calculated with Control Variates with Splitting (CV+S) and Monte 
Carlo simulation (MCS). While MCS requires 𝑛MCS = 50 000 high-fidelity 
simulations to meet the precision target 𝛿𝑡 = 0.05, CV+S achieves the 
same precision with only 𝑛 = 2 622 and 𝑚 = 354 312, corresponding 
to 𝑛eq = 5 866.8 equivalent simulations. This implies that CV+S is 
approximately 8.5 times faster than MCS for the same level of precision.

As a final comment, it is important to note that from the point 
of view of the results obtained, the seepage flow is a strongly non-
Gaussian random variable. From the obtained moments, the skewness 
(which is equal to the third moment over the cube of the standard 
deviation) is above 2. This reveals that the right tail of the seepage 
flow is (significantly) heavier than the left.

4.4. Application example: Nonlinear dynamic system (Duffing oscillator)

4.4.1. Description
This example involves a nonlinear Duffing oscillator with one de-

gree of freedom, subject to stochastic excitation. This is a classical 
benchmark for performing uncertainty quantification [66–69]. Its gov-
erning equation is: 

𝑚𝑢̈(𝜽, 𝑡) + 𝑐𝑢̇(𝜽, 𝑡) + 𝑘𝑢(𝜽, 𝑡) + 𝑘 𝑢3(𝜽, 𝑡) = 𝑝(𝜽, 𝑡), (49)
3
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Table 4
Example 2 – Reference values from Monte Carlo simulation for a target coefficient of variation 𝛿𝑡 = 0.05. Physical units of the moments are omitted for conciseness.
 𝛿𝑡 𝑛MCS 𝑚MCS 𝑛eq 𝜇′

1 CoV
[

𝜇′
1

]

𝜇2 CoV
[

𝜇2
]

𝜇3 CoV
[

𝜇3
] 

 0.05 50000 0 50000.0 2.0 × 10−6 <0.01 1.5 × 10−12 0.01 3.8 × 10−18 0.05  
 
(a) External force realization 𝑝(𝜽, 𝑡)

  
(b) Response realization 𝑢(𝜽, 𝑡)

 

Fig. 5. Example 3 – One realization of the stochastic force 𝑝(𝜽, 𝑡) and the corresponding system response 𝑢(𝜽, 𝑡) in the Duffing oscillator.
where 𝑢(𝜽, 𝑡) is the displacement at time 𝑡, 𝑚 = 6 × 104 kg is the mass, 
𝑐 = 2𝜁

√

𝑘𝑚 is the damping coefficient with damping ratio 𝜁 = 0.05, 
𝑘 = 5 × 106 N/m is the linear stiffness, and 𝑘3 = 0.4𝑘 = 2 × 106

N/m3 is the cubic stiffness. The initial conditions are zero displacement 
and velocity: 𝑢(𝜽, 0) = 𝑢̇(𝜽, 0) = 0. The external excitation 𝑝(𝜽, 𝑡) is a 
stochastic force modeled as a finite sum of sinusoidal components with 
random phase: 

𝑝(𝜽, 𝑡) = −𝑚
𝑛
∑

𝑖=1

√

4𝑆𝛥𝜔 cos(𝜔𝑖𝑡 + 𝜃𝑖), (50)

where 𝑛 = 300 is the number of input random variables, 𝑆 = 0.03 m2/s3
is the white noise intensity, and 𝛥𝜔 = 𝜔max∕𝑛 with 𝜔max = 15 rad/s. 
The random variables 𝜃𝑖 ∼  [0, 2𝜋] represent uniformly distributed 
random phase angles, and the frequencies are defined as 𝜔𝑖 = 𝛥𝜔 ⋅ 𝑖. 
This configuration results in a high-dimensional input space, with 300 
independent random variables. The simulation time is 𝑇 = 120 s. Two 
low-fidelity (LF) models are considered in addition to the high-fidelity 
(HF) model:

• The high-fidelity model (HF), with time step 𝛥𝑡HF = 0.01412 s and 
𝑛HF𝑡 = 8 501 time steps.

• The low-fidelity model LF1, with time step 𝛥𝑡LF1 = 0.10 s and 
𝑛LF1𝑡 = 1 201 time steps.

• The low-fidelity model LF2, with time step 𝛥𝑡LF2 = 0.16 s and 
𝑛LF2𝑡 = 751 time steps.

The quantity of interest is the maximum absolute displacement over 
the simulation horizon, defined as: 

𝑟(𝜽) = max
𝑡∈[0,𝑇 ]

|𝑢(𝜽, 𝑡)|, (51)

where | ⋅ | denotes absolute value. This response is evaluated using the 
HF model and the two LF models, yielding the outputs 𝑟, 𝑟1, and 𝑟̃2, 
respectively. To provide a quantitative idea of how the stochastic input 
loading and dynamic time response look like, Fig.  5(a) shows a selected 
realization of the loading while its corresponding response is shown in 
Fig.  5(b). The response of interest 𝑟 is marked with a circle in the plot on 
the right and it corresponds to the maximum value of the displacement 
(in absolute value).
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To apply Control Variates with Splitting (CV+S), it is important to 
assess how close the HF response 𝑟 and the LF responses 𝑟𝓁 , 𝓁 = 1, 2, 
are. Fig.  6 presents scatter plots comparing 𝑟 with each LF response for 
100 random input realizations.

Figs.  6(a) and (b) show that both LF models have a reasonable 
agreement with the HF model, but this agreement is stronger for LF1. 
However, the relative cost of LF1 corresponds to a speed-up of 44.4 
with respect to the HF model, i.e. 𝑓eq,1 = 1∕44.4, while LF2 has a larger 
speed-up of 102.4, i.e. 𝑓eq,2 = 1∕102.4. Therefore, LF1 provides higher 
accuracy, whereas LF2 offers superior computational efficiency.

4.4.2. Results
The estimates for the first three moments of the maximum dis-

placement of the Duffing oscillator are presented in this section. As in 
the previous example, the initial sample sizes are set to (𝑛(0),𝒎(0)) =
(

60,
[

60 60
]⊤),  and the target coefficient of variation is set as 𝛿𝑡 =

20%. The estimates obtained for the first three moments along with the 
corresponding coefficients of variation are reported in the second row 
of Table  5. As in the previous example, physical units of the moments 
are omitted, but it should be reminded that the maximum displacement 
is measured in [m]. The results obtained show that the third order 
moment possesses the highest coefficient of variation. Moreover, the 
optimal number of evaluations of the HF model increases modestly in 
comparison with its initial value (that is, from 𝑛(0) = 60 to 𝑛opt = 75), 
while the LF models are evaluated a large number of times (𝑚opt1 =
498, 𝑚opt2 = 3 423). Hence, Control Variates with Splitting leverages 
significantly the LF models.

Following the strategy considered in the previous example, the 
target coefficient of variation used for estimating the first three order 
moments is reduced from 20% to 5% in intervals of 5%. Again, the 
optimal sample sizes associated with one target coefficient of variation 
are used as the initial sample size for estimating the sought moments 
for the next smallest target coefficient of variation. The results obtained 
are shown in the third, fourth and fifth rows of Table  5. It is observed 
again that the smaller the target coefficient of variation, the larger 
the number of equivalent simulations required. For all cases studied, 
Control Variates with Splitting is capable of leveraging the LF models.

In addition, the results obtained with Control Variates with Split-
ting (CV+S) are compared against those obtained with Monte Carlo 
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(a) HF vs LF1

  
(b) HF vs LF2

 

Fig. 6. Example 3 – Scatter plots of the maximum displacement evaluated with the high-fidelity model (HF, 𝑟) and the low-fidelity models (LF1, LF2) using 100 
samples.
Table 5
Example 3 – Selection of the optimal sizes for the sample sets (𝑛,𝒎) as a function of the target coefficient of variation 𝛿𝑡. Physical units of the moments are 
omitted for conciseness.
 𝑛(0) 𝑚(0)

1 𝑚(0)
2 𝛿𝑡 𝑛opt 𝑚opt

1 𝑚opt
2 𝑛eq 𝜇′

1 CoV
[

𝜇′
1

]

𝜇2 CoV
[

𝜇2
]

𝜇3 CoV
[

𝜇3
] 

 60 60 60 0.20 75 498 3423 122.1 1.2 × 10−1 <0.01 1.4 × 10−4 0.06 1.4 × 10−6 0.20  
 75 498 3423 0.15 105 2148 3834 194.2 1.2 × 10−1 <0.01 1.4 × 10−4 0.04 1.4 × 10−6 0.15  
 105 2148 3834 0.10 129 8166 3834 354.5 1.2 × 10−1 <0.01 1.3 × 10−4 0.03 1.3 × 10−6 0.09  
 129 8166 3834 0.05 1359 40008 13530 2436.1 1.2 × 10−1 <0.01 1.4 × 10−4 0.02 1.3 × 10−6 0.05  
Table 6
Example 3 – Reference values from Monte Carlo simulation for a target coefficient of variation 𝛿𝑡 = 0.05. Physical units of the moments are omitted for conciseness.
 𝛿𝑡 𝑛MCS 𝑚MCS 𝑛eq 𝜇′

1 CoV
[

𝜇′
1

]

𝜇2 CoV
[

𝜇2
]

𝜇3 CoV
[

𝜇3
] 

 0.05 15000 0 15000.0 1.2 × 10−1 <0.01 1.4 × 10−4 0.01 1.3 × 10−6 0.05  
simulation (MCS) for estimating the sought moments of the response 
for a target coefficient of variation of 5%. The results obtained for 
MCS are shown in Table  6. Comparing both approaches highlights 
the efficiency gains enabled by CV+S. To achieve the same precision 
target 𝛿𝑡 = 0.05, MCS requires 15000 high-fidelity simulations, whereas 
CV+S attains the same level of precision using only 1359 high-fidelity 
samples, together with 𝑚opt

1 = 40 008 and 𝑚opt
2 = 13 530 low-fidelity 

samples, yielding a total equivalent cost of 𝑛eq = 2 436.1. This translates 
into a speed-up factor of roughly 6.2, demonstrating the advantage of 
CV+S.

To investigate the influence of the number of low-fidelity models, 
an additional study was conducted considering only the model LF1. The 
corresponding results are reported in Table  7 and compared with those 
obtained when both LF1 and LF2 are used (Table  5). They show that 
adding a second LF model systematically reduces the equivalent cost 
required to reach a given target precision. The efficiency gain ranges 
from about 6% to 38%, but it does not increase monotonically with the 
target CoV. A closer inspection of the optimal sample sizes in Table  5 
reveals that the role of each LF model evolves with the target precision: 
for larger tolerances (𝛿𝑡 = 0.20), the estimator heavily exploits the 
cheaper but less correlated model LF2, while for smaller tolerances, 
the contribution of LF2 decreases and the more correlated model LF1
becomes dominant. This behavior suggests that the marginal benefit of 
including multiple LF models depends on both their correlation with 
the HF model and their relative computational costs, and that the 
11 
balance between these two aspects is automatically captured by the 
optimization of the sample sizes within the CV+S framework.

Finally, by analyzing the results obtained in this example, it is noted 
that the maximum displacement is moderately non-Gaussian, as its 
skewness is approximately 0.8. As in the previous example, this can 
play a significant role for practical design. For example, a Gaussian 
approximation could lead to, e.g. non-conservative reliability estimates.

As an additional remark, it should be noted that the Duffing oscil-
lator possesses a single-degree-of-freedom. Nevertheless, the proposed 
estimator can cope with models involving a large number of degrees-
of-freedom. For example, the high-fidelity model may correspond to a 
fine discretization (with many degrees of freedom), while one or more 
low-fidelity models could be coarser meshes. The numerical cost of 
the estimator depends mainly on the cost of solving the high-fidelity 
model and the correlation with the low-fidelity models. The total cost 
scales linearly with the sample sizes (see Eq. (38)). Although splitting 
introduces a further partition of the sample sets to remove bias, this 
only adds a constant overhead, so the linear scaling is preserved. If 
the low-fidelity models are much cheaper and very correlated with the 
high-fidelity one, the use of control variates with splitting is very useful 
in large-scale problems. Finally, the extension of the proposed estimator 
to these more complex structural models with multiple degrees of 
freedom remains an open topic for future investigation.
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Table 7
Example 3 – Selection of the optimal sizes for the sample sets (𝑛, 𝑚1) as a function of the target coefficient of variation 𝛿𝑡 when only the low-fidelity model LF1
is used. Physical units of the moments are omitted for conciseness.
 𝑛(0) 𝑚(0)

1 𝛿𝑡 𝑛opt 𝑚opt
1 𝑛eq 𝜇′

1 CoV
[

𝜇′
1

]

𝜇2 CoV
[

𝜇2
]

𝜇3 CoV
[

𝜇3
] 

 60 60 0.20 72 2778 136.2 1.2 × 10−1 <0.01 1.4 × 10−4 0.04 1.3 × 10−6 0.20  
 72 2778 0.15 102 5082 218.8 1.2 × 10−1 <0.01 1.4 × 10−4 0.04 1.3 × 10−6 0.15  
 102 5082 0.10 309 11514 575.3 1.2 × 10−1 <0.01 1.4 × 10−4 0.03 1.1 × 10−6 0.10  
 309 11514 0.05 1545 44799 2588.8 1.2 × 10−1 <0.01 1.4 × 10−4 0.02 1.3 × 10−6 0.05  
5. Conclusions

This paper has explored the application of Control Variates with 
Splitting for estimating the first three statistical moments (mean, vari-
ance, and third central moment) of the response of systems whose 
outputs are uncertain. The scheme combines high- and low-fidelity 
simulations. By leveraging the ability of the low-fidelity models to 
approximate the high-fidelity one, the approach reduces the numeri-
cal cost required to reach a prescribed level of estimation precision. 
The latter assertion holds when compared to standard Monte Carlo 
simulation that relies solely on the high-fidelity model.

There are two main contributions of this work. First, explicit ex-
pressions are provided for the estimators of the first three moments of 
the response as well as for the variances of these estimators. Calculating 
these three moments together is extremely relevant, as they may reveal 
the degree of non-Gaussianity of the response of a system. This play 
a major role for decision-making, as using a Gaussian approximation 
based on second-order moments alone may lead to non-conservative 
reliability estimates. Second, the application of the Splitting technique 
ensures that the resulting estimators are unbiased, even when the same 
samples are used to compute both the estimators and the control pa-
rameters. This is a significant advantage, as the Splitting approach does 
not entail additional evaluations of the low- or high-fidelity models.

The approach combining Control Variates with Splitting has been 
successfully demonstrated in linear static and nonlinear dynamic sys-
tems. The latter example is particularly relevant, as it involves a 
high-dimensional random input space that would be challenging to ad-
dress with, e.g. traditional surrogate models. In addition, it is important 
to note that the expressions derived for Control Variates with Splitting 
in this work are applicable irrespective of the type of underlying physi-
cal model. Hence, the approach discussed in this work is applicable to a 
wide range of problems. In this sense, the most important requirement 
is that one or more low-fidelity models approximate the high-fidelity 
one sufficiently well. This holds independent of how the low-fidelity 
models are constructed.

The approach investigated in this work focuses on scalar responses 
only, with a potential future research path consisting of extending its 
applicability toward vector-valued responses. In addition, extending the 
proposed estimator to more complex structural models with multiple 
degrees of freedom remains an open topic for future investigation.
12 
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Appendix A. Estimation of central co-moments

The expressions for estimating the mean, variance, and third central moment (and the variance of these estimators) with Control Variates depend 
on central moments and co-moments. For a single model response 𝑦, the central moment of order 𝑝 is defined as: 
𝜇𝑝(𝑦) ∶= E

[

(𝑦 − E[𝑦])𝑝
]

, (A.1)

where E[⋅] denotes expected value of the argument. For two model responses 𝑦𝑎 and 𝑦𝑏, the bivariate central co-moment of order (𝑝, 𝑞) is defined 
as: 
𝜇𝑝,𝑞(𝑦𝑎, 𝑦𝑏) ∶= E

[

(𝑦𝑎 − E[𝑦𝑎])𝑝 (𝑦𝑏 − E[𝑦𝑏])𝑞
]

. (A.2)

These quantities are estimated using Monte Carlo simulation by means of a sample set 𝜣𝑔 = {𝜽𝑔,𝑖}
𝑔
𝑖=1 that contains 𝑔 samples of the random 

variable vector 𝜣. The specific expressions for the different co-moment estimators employed in this work have been deduced using the software
mathStatica [70] and are listed below. These expression have been validated numerically to confirm their unbiasedness. To define these expressions, 
we introduce the associated power sums, defined for one model response as 

𝑠𝑝(𝑦;𝜣𝑔) ∶=
𝑔
∑

𝑖=1

(

𝑦(𝜽𝑔,𝑖)
)𝑝, (A.3)

and for two model responses as 

𝑠𝑝,𝑞(𝑦𝑎, 𝑦𝑏;𝜣𝑔) ∶=
𝑔
∑

𝑖=1

(

𝑦𝑎(𝜽𝑔,𝑖)
)𝑝 (𝑦𝑏(𝜽𝑔,𝑖)

)𝑞 . (A.4)

 For compactness, in the following we omit the explicit dependence of the power sums 𝑠𝑝 and 𝑠𝑝,𝑞 on the models and sample sets. It is understood 
that each 𝑠𝑝 and 𝑠𝑝,𝑞 is computed using the models and the group of samples associated with the corresponding central moment or co-moment 
under evaluation. 
Notation. We define the estimation of any central co-moment of order (𝑝, 𝑞) as a function 𝑝,𝑞 of the auxiliary quantities 𝑠𝑖,𝑗 :
𝜇𝑝,𝑞 = 𝑝,𝑞(𝑠𝑖,𝑗 ).

To express the reflected form compactly, we use the superscript (𝗌𝗒𝗆):

𝜇𝑝,𝑞
(𝗌𝗒𝗆) ∶= 𝑝,𝑞

(

𝑠(𝗌𝗒𝗆)
𝑖,𝑗

)

, 𝑠(𝗌𝗒𝗆)
𝑖,𝑗 ∶= 𝑠𝑗,𝑖.

𝜇1,1 =
𝑔𝑠1,1 − 𝑠0,1𝑠1,0

(𝑔 − 1)𝑔
(A.5)

𝜇2,2 =
1

(𝑔 − 3)(𝑔 − 2)(𝑔 − 1)𝑔
((

−2𝑔2 + 4𝑔 − 6
)

𝑠2,1𝑠0,1 +
(

−2𝑔2 + 4𝑔 − 6
)

𝑠1,0𝑠1,2+
(

𝑔3 − 2𝑔2 + 3𝑔
)

𝑠2,2 + 𝑔𝑠2,0𝑠
2
0,1 + 4𝑔𝑠1,0𝑠1,1𝑠0,1 + 𝑔𝑠0,2𝑠

2
1,0+

(6 − 4𝑔)𝑠21,1 + (3 − 2𝑔)𝑠0,2𝑠2,0 − 3𝑠21,0𝑠
2
0,1

)

(A.6)

𝜇4 =
1

(𝑔 − 3)(𝑔 − 2)(𝑔 − 1)𝑔
((

−4𝑔2 + 8𝑔 − 12
)

𝑠3𝑠1 +
(

𝑔3 − 2𝑔2 + 3𝑔
)

𝑠4+

6𝑔𝑠2𝑠21 + (9 − 6𝑔)𝑠22 − 3𝑠41
)

(A.7)

The squared co-moments 𝜇2
1,1, 𝜇2

2 , and the co-moment product 𝜇2,0𝜇0,2 are estimated with the following expressions [70].

𝜇2
1,1 =

1
(𝑔 − 3)(𝑔 − 2)(𝑔 − 1)𝑔

(

(

𝑔2 − 3𝑔 + 2
)

𝑠21,1 +
(

𝑔 − 𝑔2
)

𝑠2,2+

(2 − 2𝑔)𝑠1,0𝑠1,1𝑠0,1 + (2𝑔 − 2)𝑠2,1𝑠0,1 + (2𝑔 − 2)𝑠1,0𝑠1,2+

𝑠21,0𝑠
2
0,1 − 𝑠2,0𝑠

2
0,1 − 𝑠0,2𝑠

2
1,0 + 𝑠0,2𝑠2,0

)

(A.8)

𝜇2
2 =

(

𝑔2 − 3𝑔 + 3
)

𝑠22 +
(

𝑔 − 𝑔2
)

𝑠4 − 2𝑔𝑠2𝑠21 + (4𝑔 − 4)𝑠3𝑠1 + 𝑠41
(𝑔 − 3)(𝑔 − 2)(𝑔 − 1)𝑔

(A.9)

𝜇2,0𝜇0,2 =
1

(𝑔 − 3)(𝑔 − 2)(𝑔 − 1)𝑔
((

𝑔2 − 3𝑔 + 1
)

𝑠0,2𝑠2,0 +
(

𝑔 − 𝑔2
)

𝑠2,2+

(2 − 𝑔)𝑠2,0𝑠20,1 + (2𝑔 − 2)𝑠2,1𝑠0,1 + (2 − 𝑔)𝑠0,2𝑠21,0+

(2𝑔 − 2)𝑠1,0𝑠1,2 + 𝑠21,0𝑠
2
0,1 − 4𝑠1,0𝑠1,1𝑠0,1 + 2𝑠21,1

)

(A.10)

The following provides the expressions for the central co-moments required for the estimation of the third-order moment and its coefficient of 
variation.

𝜇3 =
2 𝑠31 − 3𝑔 𝑠1 𝑠2 + 𝑔2 𝑠3

(𝑔 − 2)(𝑔 − 1)𝑔
(A.11)

𝜇6 =
1

(𝑔−5)(𝑔−4)(𝑔−3)(𝑔−2)(𝑔−1)𝑔
[

−5 𝑠61 + 15𝑔 𝑠41𝑠2 − 45(2𝑔−5) 𝑠21𝑠
2
2

+15(3𝑔−10) 𝑠32 − 20(𝑔2−6𝑔+15) 𝑠31𝑠3 + 60(𝑔2−4𝑔+5) 𝑠1𝑠2𝑠3
−40(𝑔2−6𝑔+10) 𝑠2 + 15(𝑔3−8𝑔2+23𝑔−10) 𝑠2𝑠
3 1 4

13 



C.H. Acevedo et al. Reliability Engineering and System Safety 267 (2026) 111859 
−15(𝑔3−8𝑔2+29𝑔−40) 𝑠2𝑠4 − 6(𝑔4−9𝑔3+31𝑔2−39𝑔+40) 𝑠1𝑠5

+𝑔(𝑔4−9𝑔3+31𝑔2−39𝑔+40) 𝑠6
]

(A.12)

𝜇3,3 =
1

(𝑔−5)(𝑔−4)(𝑔−3)(𝑔−2)(𝑔−1)𝑔
[

−5 𝑠30,1 𝑠
3
1,0 + 3𝑔 𝑠0,1 𝑠0,2 𝑠31,0 − (𝑔2−6𝑔+15) 𝑠0,3 𝑠31,0

+ 9𝑔 𝑠20,1 𝑠
2
1,0 𝑠1,1 − 9(2𝑔−5) 𝑠0,2 𝑠21,0 𝑠1,1 − 18(2𝑔−5) 𝑠0,1 𝑠1,0 𝑠21,1 + 6(3𝑔−10) 𝑠31,1

− 9(𝑔2−6𝑔+15) 𝑠0,1 𝑠21,0 𝑠1,2 + 18(𝑔2−4𝑔+5) 𝑠1,0 𝑠1,1 𝑠1,2 + 3(𝑔3−8𝑔2+23𝑔−10) 𝑠21,0 𝑠1,3
+ 3𝑔 𝑠30,1 𝑠1,0 𝑠2,0 − 9(2𝑔−5) 𝑠0,1 𝑠0,2 𝑠1,0 𝑠2,0 + 3(𝑔2−4𝑔+5) 𝑠0,3 𝑠1,0 𝑠2,0
− 9(2𝑔−5) 𝑠20,1 𝑠1,1 𝑠2,0 + 9(3𝑔−10) 𝑠0,2 𝑠1,1 𝑠2,0 + 9(𝑔2−4𝑔+5) 𝑠0,1 𝑠1,2 𝑠2,0
− 3(𝑔3−8𝑔2+29𝑔−40) 𝑠1,3 𝑠2,0 − 9(𝑔2−6𝑔+15) 𝑠20,1 𝑠1,0 𝑠2,1 + 9(𝑔2−4𝑔+5) 𝑠0,2 𝑠1,0 𝑠2,1
+ 18(𝑔2−4𝑔+5) 𝑠0,1 𝑠1,1 𝑠2,1 − 36(𝑔2−6𝑔+10) 𝑠1,2 𝑠2,1 + 9(𝑔3−8𝑔2+23𝑔−10) 𝑠0,1 𝑠1,0 𝑠2,2
− 9(𝑔3−8𝑔2+29𝑔−40) 𝑠1,1 𝑠2,2 − 3(𝑔4−9𝑔3+31𝑔2−39𝑔+40) 𝑠1,0 𝑠2,3
− (𝑔2−6𝑔+15) 𝑠30,1 𝑠3,0 + 3(𝑔2−4𝑔+5) 𝑠0,1 𝑠0,2 𝑠3,0 − 4(𝑔2−6𝑔+10) 𝑠0,3 𝑠3,0
+ 3(𝑔3−8𝑔2+23𝑔−10) 𝑠20,1 𝑠3,1 − 3(𝑔3−8𝑔2+29𝑔−40) 𝑠0,2 𝑠3,1

− 3(𝑔4−9𝑔3+31𝑔2−39𝑔+40) 𝑠0,1 𝑠3,2 + 𝑔(𝑔4−9𝑔3+31𝑔2−39𝑔+40) 𝑠3,3
]

(A.13)

𝜇2
3 = 1

(𝑔−5)(𝑔−4)(𝑔−3)(𝑔−2)(𝑔−1)𝑔
[

4 𝑠61 − 12𝑔 𝑠41𝑠2 + 9𝑔(𝑔−1) 𝑠21𝑠
2
2

+(45𝑔−60−9𝑔2) 𝑠32 + (12𝑔 + 4𝑔2) 𝑠31𝑠3 + (120−90𝑔 + 24𝑔2−6𝑔3) 𝑠1𝑠2𝑠3
+(25𝑔2−8𝑔3+𝑔4−10𝑔−40) 𝑠23 + (−60 + 45𝑔−21𝑔2) 𝑠21𝑠4
+(60−15𝑔−15𝑔2 + 6𝑔3) 𝑠2𝑠4 + (−24 + 30𝑔−12𝑔2 + 6𝑔3) 𝑠1𝑠5

+(4𝑔−5𝑔2 + 2𝑔3−𝑔4) 𝑠6
]

(A.14)

𝜇3
2 = 1

(𝑔−5)(𝑔−4)(𝑔−3)(𝑔−2)(𝑔−1)𝑔
[

−𝑠61 + 3𝑔 𝑠41𝑠2 + (9𝑔−15−3𝑔2) 𝑠21𝑠
2
2

+(29𝑔−30−9𝑔2+𝑔3) 𝑠32 + (20−12𝑔) 𝑠31𝑠3 + (60−48𝑔+12𝑔2) 𝑠1𝑠2𝑠3
+(30𝑔−40−6𝑔2) 𝑠23 + (9𝑔+3𝑔2−30) 𝑠21𝑠4 + (60−60𝑔+21𝑔2−3𝑔3) 𝑠2𝑠4

+(36𝑔−24−12𝑔2) 𝑠1𝑠5 + (4𝑔−6𝑔2+2𝑔3) 𝑠6
]

(A.15)

𝜇3
1,1 =

1
(𝑔−5)(𝑔−4)(𝑔−3)(𝑔−2)(𝑔−1)𝑔

[

−𝑠30,1𝑠
3
1,0 + 3 𝑠0,1𝑠0,2𝑠31,0−2 𝑠0,3𝑠

3
1,0

+ (3𝑔−6) 𝑠20,1𝑠
2
1,0𝑠1,1 + (6−3𝑔) 𝑠0,2𝑠21,0𝑠1,1

+ (15𝑔−18−3𝑔2) 𝑠0,1𝑠1,0𝑠21,1 + (26𝑔−24−9𝑔2+𝑔3) 𝑠31,1
+ (12−6𝑔) 𝑠0,1𝑠21,0𝑠1,2 + (36−30𝑔+6𝑔2) 𝑠1,0𝑠1,1𝑠1,2
+ (−12+6𝑔) 𝑠21,0𝑠1,3 + 3 𝑠30,1𝑠1,0𝑠2,0−9 𝑠0,1𝑠0,2𝑠1,0𝑠2,0 + 6 𝑠0,3𝑠1,0𝑠2,0
+ (6−3𝑔) 𝑠20,1𝑠1,1𝑠2,0 + (−6+3𝑔) 𝑠0,2𝑠1,1𝑠2,0 + (−12+6𝑔) 𝑠0,1𝑠1,2𝑠2,0 + (12−6𝑔) 𝑠1,3𝑠2,0
+ (12−6𝑔) 𝑠20,1𝑠1,0𝑠2,1 + (−12+6𝑔) 𝑠0,2𝑠1,0𝑠2,1 + (36−30𝑔+6𝑔2) 𝑠0,1𝑠1,1𝑠2,1
+ (−36+30𝑔−6𝑔2) 𝑠1,2𝑠2,1 + (−6−3𝑔+3𝑔2) 𝑠0,1𝑠1,0𝑠2,2 + (36−48𝑔+21𝑔2−3𝑔3) 𝑠1,1𝑠2,2
+ (−12+18𝑔−6𝑔2) 𝑠1,0𝑠2,3−2 𝑠30,1𝑠3,0 + 6 𝑠0,1𝑠0,2𝑠3,0−4 𝑠0,3𝑠3,0
+ (−12+6𝑔) 𝑠20,1𝑠3,1 + (12−6𝑔) 𝑠0,2𝑠3,1 + (−12+18𝑔−6𝑔2) 𝑠0,1𝑠3,2

+ (4𝑔−6𝑔2+2𝑔3) 𝑠3,3
]

(A.16)

𝜇2𝜇4 =
1

(𝑔−5)(𝑔−4)(𝑔−3)(𝑔−2)(𝑔−1)𝑔
[

3 𝑠61 − 9𝑔 𝑠41𝑠2 + 6𝑔2 𝑠21𝑠
2
2 − 15 𝑠21𝑠

2
2

+(27𝑔−30−6𝑔2) 𝑠32 + (20 + 4𝑔2) 𝑠31𝑠3 + (60−44𝑔+12𝑔2−4𝑔3) 𝑠1𝑠2𝑠3
+(80𝑔−80−28𝑔2+4𝑔3) 𝑠23 + (7𝑔−30−6𝑔2−𝑔3) 𝑠21𝑠4
+(120−135𝑔+53𝑔2−9𝑔3+𝑔4) 𝑠2𝑠4 + (66𝑔−48−24𝑔2+6𝑔3) 𝑠1𝑠5

+(8𝑔−11𝑔2+4𝑔3−𝑔4) 𝑠6
]

(A.17)

̂𝜇0,2𝜇1,1𝜇2,0 =
1

(𝑔−5)(𝑔−4)(𝑔−3)(𝑔−2)(𝑔−1)𝑔
[

−𝑠30,1𝑠
3
1,0 + (𝑔−2) 𝑠0,1 𝑠0,2 𝑠31,0

+ (3−𝑔) 𝑠0,3 𝑠31,0 + (4+𝑔) 𝑠20,1 𝑠
2
1,0 𝑠1,1 + (−9+5𝑔−𝑔2) 𝑠0,2 𝑠21,0 𝑠1,1

+ (2−4𝑔) 𝑠0,1 𝑠1,0 𝑠21,1 + (−4+2𝑔) 𝑠31,1 + (7−5𝑔) 𝑠0,1 𝑠21,0 𝑠1,2
+ (6−4𝑔+2𝑔2) 𝑠1,0 𝑠1,1 𝑠1,2 + (−2−𝑔+𝑔2) 𝑠21,0 𝑠1,3 + (𝑔−2) 𝑠30,1𝑠1,0𝑠2,0
+ (1+3𝑔−𝑔2) 𝑠0,1 𝑠0,2 𝑠1,0 𝑠2,0 + (1−4𝑔+𝑔2) 𝑠0,3 𝑠1,0 𝑠2,0
+ (−9+5𝑔−𝑔2) 𝑠20,1 𝑠1,1 𝑠2,0 + (−26+27𝑔−9𝑔2+𝑔3) 𝑠0,2 𝑠1,1 𝑠2,0
+ (23−16𝑔+3𝑔2) 𝑠0,1 𝑠1,2 𝑠2,0 + (12−16𝑔+7𝑔2−𝑔3) 𝑠1,3 𝑠2,0
14 
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+ (7−5𝑔) 𝑠20,1 𝑠1,0 𝑠2,1 + (23−16𝑔+3𝑔2) 𝑠0,2 𝑠1,0 𝑠2,1
+ (6−4𝑔+2𝑔2) 𝑠0,1 𝑠1,1 𝑠2,1 + (−36+25𝑔−5𝑔2) 𝑠1,2 𝑠2,1
+ (−26+11𝑔+𝑔2) 𝑠0,1 𝑠1,0 𝑠2,2 + (36−28𝑔+7𝑔2−𝑔3) 𝑠1,1 𝑠2,2
+ (−12+18𝑔−6𝑔2) 𝑠1,0 𝑠2,3 + (3−𝑔) 𝑠30,1 𝑠3,0 + (1−4𝑔+𝑔2) 𝑠0,1 𝑠0,2 𝑠3,0
+ (−4+5𝑔−𝑔2) 𝑠0,3 𝑠3,0 + (−2−𝑔+𝑔2) 𝑠20,1 𝑠3,1 + (12−16𝑔+7𝑔2−𝑔3) 𝑠0,2 𝑠3,1

+ (−12+18𝑔−6𝑔2) 𝑠0,1 𝑠3,2 + (4𝑔−6𝑔2+2𝑔3) 𝑠3,3
]

(A.18)

𝜇1,3𝜇2,0 =
1

(𝑔−5)(𝑔−4)(𝑔−3)(𝑔−2)(𝑔−1)𝑔
[

3 𝑠30,1𝑠
3
1,0 + (6−3𝑔) 𝑠0,1 𝑠0,2 𝑠31,0

+ (11−6𝑔+𝑔2) 𝑠0,3 𝑠31,0 + (−12−3𝑔) 𝑠20,1 𝑠
2
1,0 𝑠1,1 + (−33+12𝑔) 𝑠0,2 𝑠21,0 𝑠1,1

+ (−6+12𝑔) 𝑠0,1 𝑠1,0 𝑠21,1 + (12−6𝑔) 𝑠31,1 + (39−12𝑔+3𝑔2) 𝑠0,1 𝑠21,0 𝑠1,2
+ (−18+12𝑔−6𝑔2) 𝑠1,0 𝑠1,1 𝑠1,2 + (6−17𝑔+6𝑔2−𝑔3) 𝑠21,0 𝑠1,3
+ (6−3𝑔) 𝑠30,1𝑠1,0𝑠2,0 + (−3−9𝑔+3𝑔2) 𝑠0,1 𝑠0,2 𝑠1,0 𝑠2,0
+ (−3−8𝑔+6𝑔2−𝑔3) 𝑠0,3 𝑠1,0 𝑠2,0 + (27−15𝑔+3𝑔2) 𝑠20,1 𝑠1,1 𝑠2,0
+ (−42+33𝑔−6𝑔2) 𝑠0,2 𝑠1,1 𝑠2,0 + (51−66𝑔+24𝑔2−3𝑔3) 𝑠0,1 𝑠1,2 𝑠2,0
+ (24−39𝑔+29𝑔2−9𝑔3+𝑔4) 𝑠1,3 𝑠2,0 + (−21+15𝑔) 𝑠20,1 𝑠1,0 𝑠2,1
+ (51−6𝑔−3𝑔2) 𝑠0,2 𝑠1,0 𝑠2,1 + (−18+12𝑔−6𝑔2) 𝑠0,1 𝑠1,1 𝑠2,1
+ (−72+66𝑔−21𝑔2+3𝑔3) 𝑠1,2 𝑠2,1 + (−42+21𝑔−9𝑔2) 𝑠0,1 𝑠1,0 𝑠2,2
+ (72−57𝑔+15𝑔2) 𝑠1,1 𝑠2,2 + (−24+33𝑔−12𝑔2+3𝑔3) 𝑠1,0 𝑠2,3
+ (−9+3𝑔) 𝑠30,1 𝑠3,0 + (−3+12𝑔−3𝑔2) 𝑠0,1 𝑠0,2 𝑠3,0
+ (−8+14𝑔−7𝑔2+𝑔3) 𝑠0,3 𝑠3,0 + (6+3𝑔−3𝑔2) 𝑠20,1 𝑠3,1
+ (24−39𝑔+9𝑔2) 𝑠0,2 𝑠3,1 + (−24+33𝑔−12𝑔2+3𝑔3) 𝑠0,1 𝑠3,2

+ (8𝑔−11𝑔2+4𝑔3−𝑔4) 𝑠3,3
]

(A.19)

𝜇0,2𝜇3,1 =𝜇1,3𝜇2,0
(𝗌𝗒𝗆) (A.20)

𝜇1,2𝜇2,1 =
1

(𝑔 − 5)(𝑔 − 4)(𝑔 − 3)(𝑔 − 2)(𝑔 − 1)𝑔
[

4𝑠30,1𝑠
3
1,0 + (−2 − 2𝑔)𝑠0,1𝑠0,2𝑠31,0 + (−2 + 2𝑔)𝑠0,3𝑠31,0

+ (4 − 8𝑔)𝑠20,1𝑠
2
1,0𝑠1,1 + (6 − 4𝑔 + 2𝑔2)𝑠0,2𝑠21,0𝑠1,1

+ (−8 − 4𝑔 + 4𝑔2)𝑠0,1𝑠1,0𝑠21,1 + (−24 + 20𝑔 − 4𝑔2)𝑠31,1
+ (2 + 4𝑔 + 2𝑔2)𝑠0,1𝑠21,0𝑠1,2 + (36 − 26𝑔 + 8𝑔2 − 2𝑔3)𝑠1,0𝑠1,1𝑠1,2
+ (−12 + 8𝑔 − 4𝑔2)𝑠21,0𝑠1,3 + (−2 − 2𝑔)𝑠30,1𝑠1,0𝑠2,0
+ (−4 + 3𝑔 + 𝑔2)𝑠0,1𝑠0,2𝑠1,0𝑠2,0 + (6 − 𝑔 − 𝑔2)𝑠0,3𝑠1,0𝑠2,0
+ (6 − 4𝑔 + 2𝑔2)𝑠20,1𝑠1,1𝑠2,0 + (−36 + 25𝑔 − 5𝑔2)𝑠0,2𝑠1,1𝑠2,0
+ (18 − 18𝑔 + 5𝑔2 − 𝑔3)𝑠0,1𝑠1,2𝑠2,0 + (12 − 3𝑔 − 2𝑔2 + 𝑔3)𝑠1,3𝑠2,0
+ (2 + 4𝑔 + 2𝑔2)𝑠20,1𝑠1,0𝑠2,1 + (18 − 18𝑔 + 5𝑔2 − 𝑔3)𝑠0,2𝑠1,0𝑠2,1
+ (36 − 26𝑔 + 8𝑔2 − 2𝑔3)𝑠0,1𝑠1,1𝑠2,1 + (−36 − 9𝑔 + 24𝑔2 − 8𝑔3 + 𝑔4)𝑠1,2𝑠2,1
+ (−36 + 29𝑔 − 13𝑔2)𝑠0,1𝑠1,0𝑠2,2 + (36 − 9𝑔 − 11𝑔2 + 4𝑔3)𝑠1,1𝑠2,2
+ (−12 + 15𝑔 − 6𝑔2 + 3𝑔3)𝑠1,0𝑠2,3 + (−2 + 2𝑔)𝑠30,1𝑠3,0
+ (6 − 𝑔 − 𝑔2)𝑠0,1𝑠0,2𝑠3,0 + (−4 − 𝑔 + 𝑔2)𝑠0,3𝑠3,0
+ (−12 + 8𝑔 − 4𝑔2)𝑠20,1𝑠3,1 + (12 − 3𝑔 − 2𝑔2 + 𝑔3)𝑠0,2𝑠3,1

+ (−12 + 15𝑔 − 6𝑔2 + 3𝑔3)𝑠0,1𝑠3,2 + (4𝑔 − 5𝑔2 + 2𝑔3 − 𝑔4)𝑠3,3
]

(A.21)

𝜇1,1𝜇2,2 =
1

(𝑔 − 5)(𝑔 − 4)(𝑔 − 3)(𝑔 − 2)(𝑔 − 1)𝑔

[

3𝑠30,1𝑠
3
1,0 + (−4 − 𝑔)𝑠0,1𝑠0,2𝑠31,0

+ (1 + 𝑔)𝑠0,3𝑠31,0 + (8 − 7𝑔)𝑠20,1𝑠
2
1,0𝑠1,1 + (−3 + 𝑔 + 𝑔2)𝑠0,2𝑠21,0𝑠1,1

+ (−6 − 8𝑔 + 4𝑔2)𝑠0,1𝑠1,0𝑠21,1 + (−28 + 22𝑔 − 4𝑔2)𝑠31,1 + (9 − 𝑔 + 2𝑔2)𝑠0,1𝑠21,0𝑠1,2
+ (42 − 30𝑔 + 10𝑔2 − 2𝑔3)𝑠1,0𝑠1,1𝑠1,2 + (−14 + 7𝑔 − 3𝑔2)𝑠21,0𝑠1,3 + (−4 − 𝑔)𝑠30,1𝑠1,0𝑠2,0
+ (−3 + 6𝑔)𝑠0,1𝑠0,2𝑠1,0𝑠2,0 + (7 − 5𝑔)𝑠0,3𝑠1,0𝑠2,0 + (−3 + 𝑔 + 𝑔2)𝑠20,1𝑠1,1𝑠2,0
+ (−2 + 5𝑔 − 2𝑔2)𝑠0,2𝑠1,1𝑠2,0 + (−19 + 13𝑔 − 4𝑔2)𝑠0,1𝑠1,2𝑠2,0 + (24 − 19𝑔 + 5𝑔2)𝑠1,3𝑠2,0
+ (9 − 𝑔 + 2𝑔2)𝑠20,1𝑠1,0𝑠2,1 + (−19 + 13𝑔 − 4𝑔2)𝑠0,2𝑠1,0𝑠2,1 + (42 − 30𝑔 + 10𝑔2 − 2𝑔3)𝑠0,1𝑠1,1𝑠2,1
+ (−72 + 76𝑔 − 28𝑔2 + 4𝑔3)𝑠1,2𝑠2,1 + (−2 − 7𝑔 − 𝑔3)𝑠0,1𝑠1,0𝑠2,2
+ (72 − 97𝑔 + 43𝑔2 − 9𝑔3 + 𝑔4)𝑠1,1𝑠2,2 + (−24 + 33𝑔 − 12𝑔2 + 3𝑔3)𝑠1,0𝑠2,3+

+ (1 + 𝑔)𝑠30,1𝑠3,0 + (7 − 5𝑔)𝑠0,1𝑠0,2𝑠3,0 + (−8 + 4𝑔)𝑠0,3𝑠3,0
15 
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+ (−14 + 7𝑔 − 3𝑔2)𝑠20,1𝑠3,1 + (24 − 19𝑔 + 5𝑔2)𝑠0,2𝑠3,1 + (−24 + 33𝑔 − 12𝑔2 + 3𝑔3)𝑠0,1𝑠3,2

+(8𝑔 − 11𝑔2 + 4𝑔3 − 𝑔4)𝑠3,3
]

(A.22)

𝜇0,3𝜇3,0 =
1

(−5 + 𝑔)(−4 + 𝑔)(−3 + 𝑔)(−2 + 𝑔)(−1 + 𝑔)𝑔
[

4 𝑠30,1 𝑠
3
1,0 + (18 − 6𝑔) 𝑠0,1 𝑠0,2 𝑠31,0 + (18 − 12𝑔 + 2𝑔2) 𝑠0,3 𝑠31,0

− 36 𝑠20,1 𝑠
2
1,0 𝑠1,1 + (−54 + 18𝑔) 𝑠0,2 𝑠21,0 𝑠1,1 + 72 𝑠0,1 𝑠1,0 𝑠21,1

− 24 𝑠31,1 + (−18 + 18𝑔) 𝑠0,1 𝑠21,0 𝑠1,2 + (36 − 36𝑔) 𝑠1,0 𝑠1,1 𝑠1,2
+ (−12 + 18𝑔 − 6𝑔2) 𝑠21,0 𝑠1,3 + (18 − 6𝑔) 𝑠30,1 𝑠1,0 𝑠2,0
+ (36 − 45𝑔 + 9𝑔2) 𝑠0,1 𝑠0,2 𝑠1,0 𝑠2,0 + (6 − 36𝑔 + 21𝑔2 − 3𝑔3) 𝑠0,3 𝑠1,0 𝑠2,0
+ (−54 + 18𝑔) 𝑠20,1 𝑠1,1 𝑠2,0 + (−36 + 45𝑔 − 9𝑔2) 𝑠0,2 𝑠1,1 𝑠2,0
+ (18 + 27𝑔 − 9𝑔2) 𝑠0,1 𝑠1,2 𝑠2,0 + (12 − 3𝑔 − 12𝑔2 + 3𝑔3) 𝑠1,3 𝑠2,0
+ (−18 + 18𝑔) 𝑠20,1 𝑠1,0 𝑠2,1 + (18 + 27𝑔 − 9𝑔2) 𝑠0,2 𝑠1,0 𝑠2,1
+ (36 − 36𝑔) 𝑠0,1 𝑠1,1 𝑠2,1 + (−36 − 9𝑔 + 9𝑔2) 𝑠1,2 𝑠2,1
+ (−36 + 9𝑔 − 9𝑔2) 𝑠0,1 𝑠1,0 𝑠2,2 + (36 − 9𝑔 + 9𝑔2) 𝑠1,1 𝑠2,2
+ (−12 + 15𝑔 − 6𝑔2 + 3𝑔3) 𝑠1,0 𝑠2,3 + (18 − 12𝑔 + 2𝑔2) 𝑠30,1 𝑠3,0
+ (6 − 36𝑔 + 21𝑔2 − 3𝑔3) 𝑠0,1 𝑠0,2 𝑠3,0 + (−4 − 𝑔 + 16𝑔2 − 8𝑔3 + 𝑔4) 𝑠0,3 𝑠3,0
+ (−12 + 18𝑔 − 6𝑔2) 𝑠20,1 𝑠3,1 + (12 − 3𝑔 − 12𝑔2 + 3𝑔3) 𝑠0,2 𝑠3,1

+ (−12 + 15𝑔 − 6𝑔2 + 3𝑔3) 𝑠0,1 𝑠3,2 + (4𝑔 − 5𝑔2 + 2𝑔3 − 𝑔4) 𝑠3,3 ] (A.23)

Appendix B. Variance and covariance terms used in the Control Variates estimators

This appendix provides the explicit definitions of the variance and covariance terms appearing in the quadratic forms of the Control Variates 
estimators introduced in Sections 3.2–3.4. Throughout this appendix, ̂𝜎2[⋅] denotes the sample variance of an estimator, Ĉov[⋅, ⋅] denotes the sample 
covariance between two estimators, and 𝑔 denotes the sample size, which can be either 𝑛 or 𝑚𝓁 , 𝓁 = 1,… , 𝐿.

It is important to note that the definitions presented in this appendix correspond to the case of Control Variates without Splitting, where the 
sample sets are used as a whole (i.e., without subdivision). When the Splitting scheme is applied, the same definitions remain valid but must be 
interpreted at the subset level, that is, evaluated with 𝜣𝑛∗ ,𝑗 and 𝜣𝑚∗

𝓁
,𝑗 for 𝑗 = 1, 2, 3 and 𝓁 = 1,… , 𝐿. 

B.1. Mean estimator

The first set of terms, denoted by 𝐴1–𝐴4, correspond to the variance and covariance components appearing in the quadratic form of the Control 
Variates estimator of the mean. Their definitions are provided below: 

𝐴1
(

𝑟;𝜣𝑛
)

∶= 𝜎2
[

𝜇′
1
(

𝑟;𝜣𝑛
)

]

, (B.1)

𝐴2
(

𝑟, 𝒓̃;𝜣𝑛
)

=

⎛

⎜

⎜

⎜

⎜

⎝

𝐴2,(1)
𝐴2,(2)
⋮

𝐴2,(𝐿)

⎞

⎟

⎟

⎟

⎟

⎠

,

𝐴2,(𝓁)
(

𝑟, 𝒓̃;𝜣𝑛
)

∶= Ĉov
[

𝜇′
1
(

𝑟;𝜣𝑛
)

, 𝜇′
1
(

𝑟𝓁 ;𝜣𝑛
)

]

, 𝓁 = 1,… , 𝐿, (B.2)

𝐴3(𝒓̃;𝜣𝑛) =

⎛

⎜

⎜

⎜

⎜

⎝

𝐴3,(1,1) 𝐴3,(1,2) ⋯ 𝐴3,(1,𝐿)
𝐴3,(2,1) 𝐴3,(2,2) ⋯ 𝐴3,(2,𝐿)

⋮ ⋮ ⋱ ⋮
𝐴3,(𝐿,1) 𝐴3,(𝐿,2) ⋯ 𝐴3,(𝐿,𝐿)

⎞

⎟

⎟

⎟

⎟

⎠

,

𝐴3,(𝓁1 ,𝓁2)(𝒓̃;𝜣𝑛) ∶=

⎧

⎪

⎨

⎪

⎩

Ĉov
[

𝜇′
1(𝑟̃𝓁1 ;𝜣𝑛), 𝜇′

1(𝑟𝓁2 ;𝜣𝑛)
]

, 𝓁1 ≠ 𝓁2,

𝜎2
[

𝜇′
1(𝑟𝓁1 ;𝜣𝑛)

]

, 𝓁1 = 𝓁2,
𝓁1,𝓁2 = 1,… , 𝐿, (B.3)

𝐴4(𝒓̃;𝜣𝒎) =

⎛

⎜

⎜

⎜

⎜

⎝

𝐴4,(1) 0 ⋯ 0
0 𝐴4,(2) ⋯ 0
⋮ ⋮ ⋱ ⋮
0 0 ⋯ 𝐴4,(𝐿)

⎞

⎟

⎟

⎟

⎟

⎠

,

𝐴4,(𝓁)(𝒓̃;𝜣𝑚𝓁
) ∶= 𝜎2

[

𝜇′
1(𝑟𝓁 ;𝜣𝑚𝓁

)
]

, 𝓁 = 1,… , 𝐿. (B.4)
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The variances and covariances appearing in the definitions of 𝐴1–𝐴4 (see Eqs. (B.1)–(B.4)) are computed using the following explicit formulas 
for the variance of the first-order moment estimator of a single model response 𝑦, and for the covariance between the first-order moment estimators 
of two model responses 𝑦𝑎 and 𝑦𝑏:

𝜎2
[

𝜇′
1
(

𝑦;𝜣𝑔
)

]

=
𝜇2

(

𝑦;𝜣𝑔
)

𝑔
, (B.5)

Ĉov
[

𝜇′
1(𝑦𝑎;𝜣𝑔), 𝜇′

1(𝑦𝑏;𝜣𝑔)
]

=
𝜇1,1(𝑦𝑎, 𝑦𝑏;𝜣𝑔)

𝑔
. (B.6)

Formulas for calculating the moments and co-moments appearing in Eqs. (B.5) and (B.6) are provided in Appendix  A.

B.2. Variance estimator

The terms 𝐵1–𝐵4 define the variance and covariance components appearing in the quadratic form of the Control Variates estimator of the 
variance. Their definitions are given below: 

𝐵1
(

𝑟;𝜣𝑛
)

∶= 𝜎2
[

𝜇2
(

𝑟;𝜣𝑛
)]

, (B.7)

𝐵2
(

𝑟, 𝒓̃;𝜣𝑛
)

=

⎛

⎜

⎜

⎜

⎜

⎝

𝐵2,(1)
𝐵2,(2)
⋮

𝐵2,(𝐿)

⎞

⎟

⎟

⎟

⎟

⎠

,

𝐵2,(𝓁)
(

𝑟, 𝒓̃;𝜣𝑛
)

∶= Ĉov
[

𝜇2
(

𝑟;𝜣𝑛
)

, 𝜇2
(

𝑟𝓁 ;𝜣𝑛
)]

, 𝓁 = 1,… , 𝐿, (B.8)

𝐵3(𝒓̃;𝜣𝑛) =

⎛

⎜

⎜

⎜

⎜

⎝

𝐵3,(1,1) 𝐵3,(1,2) ⋯ 𝐵3,(1,𝐿)
𝐵3,(2,1) 𝐵3,(2,2) ⋯ 𝐵3,(2,𝐿)

⋮ ⋮ ⋱ ⋮
𝐵3,(𝐿,1) 𝐵3,(𝐿,2) ⋯ 𝐵3,(𝐿,𝐿)

⎞

⎟

⎟

⎟

⎟

⎠

,

𝐵3,(𝓁1 ,𝓁2)(𝒓̃;𝜣𝑛) ∶=

⎧

⎪

⎨

⎪

⎩

Ĉov
[

𝜇2(𝑟𝓁1 ;𝜣𝑛), 𝜇2(𝑟𝓁2 ;𝜣𝑛)
]

, 𝓁1 ≠ 𝓁2,

𝜎2
[

𝜇2(𝑟𝓁1 ;𝜣𝑛)
]

, 𝓁1 = 𝓁2,
𝓁1,𝓁2 = 1,… , 𝐿, (B.9)

𝐵4(𝒓̃;𝜣𝒎) =

⎛

⎜

⎜

⎜

⎜

⎝

𝐵4,(1) 0 ⋯ 0
0 𝐵4,(2) ⋯ 0
⋮ ⋮ ⋱ ⋮
0 0 ⋯ 𝐵4,(𝐿)

⎞

⎟

⎟

⎟

⎟

⎠

,

𝐵4,(𝓁)(𝒓̃;𝜣𝑚𝓁
) ∶= 𝜎2

[

𝜇2(𝑟𝓁 ;𝜣𝑚𝓁
)
]

, 𝓁 = 1,… , 𝐿. (B.10)

The variances and covariances appearing in the definitions of 𝐵1–𝐵4 (Eqs. (B.7)–(B.10)) are computed using the following explicit formulas for 
the variance of a second-order moment estimator of a single model response 𝑦, and for the covariance between the second-order moment estimators 
of two model responses 𝑦𝑎 and 𝑦𝑏: 

𝜎2
[

𝜇2
(

𝑦;𝜣𝑔
)]

=
𝜇4

(

𝑦;𝜣𝑔
)

𝑔
−

(𝑔 − 3)
(𝑔 − 1)𝑔

𝜇2
2
(

𝑦;𝜣𝑔
)

, (B.11)

Ĉov
[

𝜇2(𝑦𝑎;𝜣𝑔), 𝜇2(𝑦𝑏;𝜣𝑔)
]

= 2
(𝑔 − 1)𝑔

𝜇2
1,1(𝑦𝑎, 𝑦𝑏;𝜣𝑔) +

1
𝑔
𝜇2,2(𝑦𝑎, 𝑦𝑏;𝜣𝑔)

− 1
𝑔
𝜇2,0𝜇0,2(𝑦𝑎, 𝑦𝑏;𝜣𝑔). (B.12)

Formulas for calculating the moments, co-moments, and their squared and product terms appearing in Eqs. (B.11) and (B.12) can be found in 
Appendix  A.

B.3. Third-order moment estimator

The terms 𝐶1–𝐶4 define the variance and covariance components appearing in the quadratic form of the Control Variates estimator of the third 
central moment. Their definitions are given below: 
𝐶1

(

𝑟;𝜣𝑛
)

∶= 𝜎2
[

𝜇3
(

𝑟;𝜣𝑛
)]

, (B.13)

𝐶2
(

𝑟, 𝒓̃;𝜣𝑛
)

=

⎛

⎜

⎜

⎜

⎜

⎝

𝐶2,(1)
𝐶2,(2)
⋮

𝐶2,(𝐿)

⎞

⎟

⎟

⎟

⎟

⎠

,

( ) ̂[ ( ) ( )]

(B.14)
𝐶2,(𝓁) 𝑟, 𝒓̃;𝜣𝑛 ∶= Cov 𝜇3 𝑟;𝜣𝑛 , 𝜇3 𝑟𝓁 ;𝜣𝑛 , 𝓁 = 1,… , 𝐿,
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𝐶3(𝒓̃;𝜣𝑛)=

⎛

⎜

⎜

⎜

⎜

⎝

𝐶3,(1,1) 𝐶3,(1,2) ⋯ 𝐶3,(1,𝐿)
𝐶3,(2,1) 𝐶3,(2,2) ⋯ 𝐶3,(2,𝐿)

⋮ ⋮ ⋱ ⋮
𝐶3,(𝐿,1) 𝐶3,(𝐿,2) ⋯ 𝐶3,(𝐿,𝐿)

⎞

⎟

⎟

⎟

⎟

⎠

,

𝐶3,(𝓁1 ,𝓁2)(𝒓̃;𝜣𝑛)∶=

⎧

⎪

⎨

⎪

⎩

Ĉov
[

𝜇3(𝑟𝓁1 ;𝜣𝑛), 𝜇3(𝑟𝓁2 ;𝜣𝑛)
]

, 𝓁1 ≠ 𝓁2,

𝜎2
[

𝜇3(𝑟̃𝓁1 ;𝜣𝑛)
]

, 𝓁1 = 𝓁2,
𝓁1,𝓁2 = 1,… , 𝐿,

(B.15)

𝐶4(𝒓̃;𝜣𝒎)=

⎛

⎜

⎜

⎜

⎜

⎝

𝐶4,(1) 0 ⋯ 0
0 𝐶4,(2) ⋯ 0
⋮ ⋮ ⋱ ⋮
0 0 ⋯ 𝐶4,(𝐿)

⎞

⎟

⎟

⎟

⎟

⎠

,

𝐶4,(𝓁)(𝒓̃;𝜣𝑚𝓁
)∶= 𝜎2

[

𝜇3(𝑟̃𝓁 ;𝜣𝑚𝓁
)
]

, 𝓁 = 1,… , 𝐿.

(B.16)

The variances and covariances appearing in the definitions of 𝐶1–𝐶4 (Eqs. (B.13)–(B.16)) are computed using the following explicit formulas for 
the variance of a third-order moment estimator of a single model response 𝑦, and for the covariance between the third-order moment estimators 
of two model responses 𝑦𝑎 and 𝑦𝑏: 

𝜎2
[

𝜇3
(

𝑦;𝜣𝑔
)]

=
3
(

20 − 12 𝑔 + 3𝑔2
)

(𝑔 − 2)(𝑔 − 1)𝑔
𝜇3
2(𝑦;𝜣𝑔) −

(𝑔 − 10)
(𝑔 − 1)𝑔

𝜇2
3(𝑦;𝜣𝑔)

−
3(2𝑔 − 5)
(𝑔 − 1)𝑔

𝜇2𝜇4(𝑦;𝜣𝑔) +
1
𝑔
𝜇6(𝑦;𝜣𝑔), (B.17)

Ĉov
[

𝜇3
(

𝑦𝑎;𝜣𝑔
)

, 𝜇3
(

𝑦𝑏;𝜣𝑔
)]

= 24
(𝑔 − 2)(𝑔 − 1)𝑔

𝜇 3
1,1

(

𝑦𝑎, 𝑦𝑏;𝜣𝑔
)

+
9 (𝑔 − 2)
(𝑔 − 1)𝑔

̂𝜇0,2 𝜇1,1 𝜇2,0
(

𝑦𝑎, 𝑦𝑏;𝜣𝑔
)

−3
𝑔

̂𝜇1,3 𝜇2,0
(

𝑦𝑎, 𝑦𝑏;𝜣𝑔
)

+ 9
(𝑔 − 1)𝑔

̂𝜇1,2 𝜇2,1
(

𝑦𝑎, 𝑦𝑏;𝜣𝑔
)

+ 9
(𝑔 − 1)𝑔

̂𝜇1,1 𝜇2,2
(

𝑦𝑎, 𝑦𝑏;𝜣𝑔
)

−1
𝑔

̂𝜇0,3 𝜇3,0
(

𝑦𝑎, 𝑦𝑏;𝜣𝑔
)

−3
𝑔

̂𝜇0,2 𝜇3,1
(

𝑦𝑎, 𝑦𝑏;𝜣𝑔
)

+ 1
𝑔
𝜇3,3

(

𝑦𝑎, 𝑦𝑏;𝜣𝑔
)

. (B.18)

Formulas for calculating the moments, co-moments, and their squared, cubed, and product terms appearing in Eqs. (B.17) and (B.18) can be 
found in Appendix  A.

Appendix C. Origin of bias in Control Variates and its elimination by splitting

Let 𝜇 denote any statistical moment of the response, and 𝛽 the associated control parameter. The following derivation shows why the Control 
Variates (CV) estimator without Splitting is biased, and how this bias is eliminated by the Splitting technique.

Bias of CV without splitting

𝜇 CV= 𝜇(𝑟;𝜣𝑛) − 𝜷∗⊤
(

𝝁̂(𝒓̃;𝜣𝑛) − 𝝁̂(𝒓̃;𝜣𝒎)
)

(C.1)

The bias of this estimator is defined as: 
Bias

[

𝜇 CV]= E
[

𝜇 CV] − 𝜇(𝑟) (C.2)

Substituting the definition of 𝜇 CV: 

Bias
[

𝜇 CV] = E
[

𝜇(𝑟;𝜣𝑛)
]

− E
[

𝜷∗⊤ 𝝁̂(𝒓̃;𝜣𝑛)
]

+ E
[

𝜷∗⊤ 𝝁̂(𝒓̃;𝜣𝒎)
]

− 𝜇(𝑟) (C.3)

Using the identity E[𝒙⊤1 𝒙2] = E[𝒙1]⊤E[𝒙2] + tr(Cov(𝒙1,𝒙2)), where tr(⋅) denotes the trace operator:

Bias
[

𝜇 CV]= 𝜇(𝑟) − E
[

𝜷∗
]⊤

𝜇(𝒓̃) − tr
(

Cov
(

𝜷∗, 𝝁̂(𝒓̃;𝜣𝑛)
))

+E
[

𝜷∗
]⊤

𝜇(𝒓̃) + tr
(

Cov
(

𝜷∗, 𝝁̂(𝒓̃;𝜣𝒎)
))

− 𝜇(𝑟) (C.4)

Simplifying the mean terms yields: 

Bias
[

𝜇 CV]= − tr
(

Cov
(

𝜷∗, 𝝁̂(𝒓̃;𝜣𝑛)
))

+ tr
(

Cov
(

𝜷∗, 𝝁̂(𝒓̃;𝜣𝒎)
))

(C.5)
18 
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Let the vectors be written explicitly as:
𝜷∗ =

[

𝛽∗(𝑟, 𝑟̃1;𝜣𝑛,𝜣𝑚1
), … , 𝛽∗(𝑟, 𝑟̃𝐿;𝜣𝑛,𝜣𝑚𝐿

)
]⊤ (C.6)

𝝁̂(𝒓̃;𝜣𝑛) =
[

𝜇(𝑟1;𝜣𝑛), … , 𝜇(𝑟𝐿;𝜣𝑛)
]⊤ (C.7)

𝝁̂(𝒓̃;𝜣𝒎) =
[

𝜇(𝑟1;𝜣𝑚1
), … , 𝜇(𝑟𝐿;𝜣𝑚𝐿

)
]⊤ (C.8)

Then, the bias expression can be rewritten as:

Bias
[

𝜇 CV]= −
𝐿
∑

𝑖=1
Cov

(

𝛽∗(𝑟, 𝑟̃𝑖;𝜣𝑛,𝜣𝑚𝑖
), 𝜇(𝑟𝑖;𝜣𝑛)

)

+
𝐿
∑

𝑖=1
Cov

(

𝛽∗(𝑟, 𝑟̃𝑖;𝜣𝑛,𝜣𝑚𝑖
), 𝜇(𝑟𝑖;𝜣𝑚𝑖

)
)

(C.9)

The bias expression in (C.9) can be rearranged into a more compact form: 

Bias
[

𝜇 CV]=
𝐿
∑

𝑖=1
Cov

(

𝛽∗(𝑟, 𝑟̃𝑖;𝜣𝑛,𝜣𝑚𝑖
), 𝜇(𝑟𝑖;𝜣𝑚𝑖

) − 𝜇(𝑟𝑖;𝜣𝑛)
)

(C.10)

Eq. (C.10) shows that the bias can vanish if the covariance terms are equal to zero. Two situations in which the covariance of two quantities 
vanishes are the following: (i) when at least one of them is constant, or (ii) when they are computed from disjoint sample sets.

Analyzing situation (i), it can be observed that the first quantity 𝛽∗, and the second one 
(

𝜇(𝑟𝑖;𝜣𝑚𝑖
) − 𝜇(𝑟𝑖;𝜣𝑛)

)

 are random variables, not 
constants. Even though the second quantity is a difference with zero mean, it fluctuates around zero, and covariance measures precisely the joint 
fluctuations around the means. Therefore, situation (i) does not apply.

Analyzing situation (ii), it can be seen that the estimators share the same sample sets, and are therefore correlated. Thus, situation (ii) does not 
apply either.

Consequently, the covariance terms are not zero, which implies that the Control Variates estimator is biased: 
Bias

[

𝜇 CV] ≠ 0 (C.11)

One way to force situation (i) is to make that the estimators converge to constants by letting 𝑛, 𝑚 → ∞. This corresponds to the definition of a 
biased but consistent estimator, which is precisely the case of the traditional Control Variates method. However, forcing convergence in this way 
is not practically feasible.

Another alternative is to force situation (ii) by computing the quantities from disjoint sample sets, which makes them uncorrelated and forces 
the covariance terms to vanish. This is precisely the idea behind the Splitting technique.

Bias of CV with splitting

𝜇 CV+S= 1
3

3
∑

𝑗=1

[

𝜇(𝑟;𝜣𝑛∗ ,𝑗 ) − 𝜷∗⊤
𝜏(𝑗)

(

𝝁̂(𝒓̃;𝜣𝑛∗ ,𝑗 ) − 𝝁̂(𝒓̃;𝜣𝒎∗ ,𝑗 )
)

]

(C.12)

The bias of this estimator is: 
Bias

[

𝜇 CV+S]= E
[

𝜇 CV+S] − 𝜇(𝑟) (C.13)

Applying the same identity used before, each expectation of a product 𝜷∗⊤
𝜏(𝑗)𝝁̂(⋅) is decomposed into mean terms and a trace of covariance. After 

simplification, the bias reads: 

Bias
[

𝜇 CV+S]= −1
3

3
∑

𝑗=1
tr
(

Cov
(

𝜷∗
𝜏(𝑗), 𝝁̂(𝒓̃;𝜣𝑛∗ ,𝑗 )

)

)

+1
3

3
∑

𝑗=1
tr
(

Cov
(

𝜷∗
𝜏(𝑗), 𝝁̂(𝒓̃;𝜣𝒎∗ ,𝑗 )

)

)

(C.14)

Writing explicitly the vectors for each subset 𝑗:
𝜷∗

𝜏(𝑗)=
[

𝛽∗(𝑟, 𝑟̃1;𝜣𝑛∗ ,𝜏(𝑗),𝜣𝑚∗
1 ,𝜏(𝑗)

), … , 𝛽∗(𝑟, 𝑟̃𝐿;𝜣𝑛∗ ,𝜏(𝑗),𝜣𝑚∗
𝐿 ,𝜏(𝑗)

)
]⊤ (C.15)

𝝁̂(𝒓̃;𝜣𝑛∗ ,𝑗 )=
[

𝜇(𝑟̃1;𝜣𝑛∗ ,𝑗 ), … , 𝜇(𝑟𝐿;𝜣𝑛∗ ,𝑗 )
]⊤ (C.16)

𝝁̂(𝒓̃;𝜣𝒎∗ ,𝑗 )=
[

𝜇(𝑟̃1;𝜣𝑚∗
1 ,𝑗
), … , 𝜇(𝑟̃𝐿;𝜣𝑚∗

𝐿 ,𝑗
)
]⊤ (C.17)

Each trace in Eq. (C.14) becomes a sum of covariances of the 𝑖th components:

Bias
[

𝜇 CV+S]= −1
3

3
∑

𝑗=1

𝐿
∑

𝑖=1
Cov

(

𝛽∗(𝑟, 𝑟̃𝑖;𝜣𝑛∗ ,𝜏(𝑗),𝜣𝑚∗
𝑖 ,𝜏(𝑗)

), 𝜇(𝑟𝑖;𝜣𝑛∗ ,𝑗 )
)

+1
3

3
∑

𝑗=1

𝐿
∑

𝑖=1
Cov

(

𝛽∗(𝑟, 𝑟̃𝑖;𝜣𝑛∗ ,𝜏(𝑗),𝜣𝑚∗
𝑖 ,𝜏(𝑗)

), 𝜇(𝑟𝑖;𝜣𝑚∗
𝑖 ,𝑗
)
)

(C.18)

Since the sample sets 𝜣𝑛∗ ,𝜏(𝑗) and 𝜣𝑚∗
𝑖 ,𝜏(𝑗)

 used for 𝛽∗ are independent from the sample sets used for the estimators 𝜇(𝑟̃𝑖;𝜣𝑛∗ ,𝑗 ) and 𝜇(𝑟̃𝑖;𝜣𝑚∗
𝑖 ,𝑗
), 

all covariance terms are zero. Therefore, the Control Variates estimator with Splitting is unbiased: 
Bias

[

𝜇 CV+S] = 0 (C.19)
19 
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Appendix D. Calculation of maximum coefficient of variation of estimators

The maximum coefficient of variation among the estimators of the first three moments of the response is defined as: 

𝛿CV+S
(

𝑟, 𝒓̃,𝜣𝑛(𝑘−1) ,𝜣𝒎(𝑘−1) , 𝑛,𝒎
)

= max

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

√

𝜎2
[

𝜇′
1

CV+S(
𝑟, 𝒓̃,𝜣𝑛(𝑘−1) ,𝜣𝒎(𝑘−1) , 𝑛,𝒎

)

]

|

|

|

𝜇′
1

CV+S(
𝑟, 𝒓̃,𝜣𝑛(𝑘−1) ,𝜣𝒎(𝑘−1) , 𝑛,𝒎

)

|

|

|

,

√

𝜎2
[

𝜇2
CV+S(𝑟, 𝒓̃,𝜣𝑛(𝑘−1) ,𝜣𝒎(𝑘−1) , 𝑛,𝒎

)

]

|

|

|

𝜇2
CV+S(𝑟, 𝒓̃,𝜣𝑛(𝑘−1) ,𝜣𝒎(𝑘−1) , 𝑛,𝒎

)

|

|

|
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√
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[

𝜇3
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)

]

|

|

|

𝜇3
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|
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. (D.1)

In this equation, 𝜇′
1

CV+S
(⋅) and 𝜎2

[

𝜇′
1

CV+S
(⋅)
]

 are the estimators of the mean of the response and its variance, respectively. Likewise, 𝜇2CV+S(⋅)

and 𝜎2
[

𝜇2
CV+S(⋅)

]

 are the estimators of the variance of the response and its variance, respectively. Finally, 𝜇3CV+S(⋅) and 𝜎2
[

𝜇3
CV+S(⋅)

]

 are the 
estimators of the third central moment of the response and its variance. All six estimators are evaluated considering sample set sizes (𝑛,𝒎), but the 
corresponding co-moments are computed using the sample sets (𝜣𝑛(𝑘−1) ,𝜣𝒎(𝑘−1) ) from the previous iteration.
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