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Abstract

Efficient estimation of response moment functions under hybrid aleatory and epistemic uncertainties
remains challenging because it requires multidimensional integration and repeated evaluations of
complex system responses. This paper proposes an adaptive single-loop reweighted numerical
integration (adaptive SLRNI) approach for evaluating the response mean and standard deviation
functions, as well as their bounds, within the framework of the direct probability integral method. The
original SLRNI approach relies on complex Voronoi partitioning and empirically specified numbers of
representative points. To overcome these limitations, an adaptive probability-equalized k-nearest-
neighbor (APEK) point-selection strategy is devised to generate uniformly distributed representative
points with balanced probability weights. An adaptive batch-enrichment mechanism incrementally adds
points according to a prescribed precision criterion, which eliminates empirical parameter selection and
allows parallel computation. Moreover, the generalized probability density integral equations (PDIEs)
are introduced to describe the probabilistic mapping between hybrid uncertain inputs and system
responses. The response moment functions are derived from the PDIEs and then reformulated through
a generalized reweighting scheme using a complete auxiliary density. By combining the APEK point-

selection strategy with the single-loop reweighting scheme, the proposed adaptive SLRNI enables
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accurate computation of moment functions and their bounds without nested sampling. The approach is
non-intrusive and applicable to nonlinear multiphysics coupled dynamic systems. Four examples,
including a mathematical problem, a cantilever tube, a 120-bar truss and an offshore wind turbine tower,
are presented to demonstrate the accuracy, efficiency, and versatility of the proposed approach.

Keywords: Hybrid uncertainties; Response moment functions; Adaptive single-loop reweighted

numerical integration; APEK point-selection strategy; Parallel computation

1. Introduction

Uncertainties in engineering structural systems arise from various sources, including geometric
parameters, material properties, and environmental loads. These uncertainties are commonly
categorized into two types [1,2]: aleatory uncertainty, which results from inherent randomness, and
epistemic uncertainty, which stems from limited data or incomplete knowledge. In practice, these two
types of uncertainty rarely occur in isolation and more often coexist and interact [3]. Therefore, rigorous
quantification of both aleatory and epistemic uncertainties is essential for reliable performance
assessment and safety evaluation of structural systems [4].

Several imprecise probability models have been developed to represent hybrid uncertainties, such as
evidence theory [5-8], fuzzy possibility models [9-12], and probability boxes (p-boxes) [13-16].
Among these, p-boxes have attracted considerable attention because of their structural simplicity and
their ability to explicitly distinguish between aleatory and epistemic uncertainties. In general, p-boxes
are classified into distribution-free p-boxes [17] and parametric p-boxes [13]. The present study focuses
on the parametric p-box representations. Under parametric p-boxes, the statistical moments of structural
responses become functions of interval-valued distribution parameters rather than fixed quantities. For
real-world engineering problems, closed-form expressions of these moment functions are often
unavailable. Moreover, their numerical computation can be computationally intensive, as it requires
multidimensional numerical integration even for a single realization of distribution parameters.

Nevertheless, response moment functions play a fundamental role in structural uncertainty
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quantification because they characterize the probabilistic behavior of structural systems and provide
essential information for reliability assessment and decision-making.

For analyzing response moments of systems under parametric p-boxes, existing methods can
generally be divided into double-loop and single-loop approaches. Double-loop approaches include
sampling-based nested methods, in which the outer loop performs sampling while the inner loop
conducts response simulations. Representative approaches include the double-loop Monte Carlo
simulation (DLMCS) [18], the interval Monte Carlo method [19] and the vertex-based DLMCS [20,21].
However, these methods can become computationally prohibitive for complex structural models.
Another class of double-loop approaches consists of the optimization-integration nested methods, where
interval parameters are treated as design variables in the outer loop and numerical integration is
performed in the inner loop. Representative techniques include the optimized parameter sampling [20],
the optimized univariate dimension-reduction method (OUDRM) [22] and the optimized sparse grid
numerical integration method (OSGNI) [23,24]. Although more efficient than sampling-based nested
methods, these approaches rely on gradient-based optimizers and may suffer from convergence to local
optima. To mitigate this issue, global optimization techniques, such as genetic algorithms [25] and
Bayesian global optimization [26], have been introduced. Nevertheless, these methods mainly provide
the bounds of response statistics and cannot provide complete response moment functions.

To alleviate the computational burden associated with nested strategies, single-loop approaches have
been proposed. Representative methods include the extended MCS [27], the non-intrusive imprecise
stochastic simulation (NISS) [28] and the polynomial chaos expansion (PCE)-based methods [29,30].
The extended MCS and NISS eliminate nested simulations but still rely on repeated probabilistic
sampling, which may remain computationally expensive for high-dimensional problems. PCE-based
methods have been extended to parametric p-box propagation through augmented stochastic spaces or
conditional surrogate constructions. Such dimensional augmentation leads to a rapid growth of
polynomial basis terms as the combined uncertainty dimension increases, thereby giving rise to the

curse of dimensionality. Recent advances in surrogate-based active learning methods, such as the non-
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intrusive imprecise probabilistic integration (NIPI) [31], the collaborative and adaptive Bayesian
optimization (CABO) [32] and the parallel Bayesian quadrature optimization (PBQO) [33], have further
improved computational efficiency through adaptive sampling strategies. Nevertheless, surrogate
construction typically assumes a certain level of smoothness in the response surface, which may reduce
accuracy for strongly nonlinear or non-smooth structural responses.

Most existing single-loop or optimization-integration nested approaches are primarily designed to
compute the bounds of response statistics, rather than calculating the complete response moment
functions over the epistemic parameter domain. Accordingly, the evaluation of complete response
moment functions under parametric p-boxes remains computationally demanding, especially for
complex finite element (FE) models and nonlinear dynamic structures with moderate to high levels of
overall uncertainty. Therefore, developing accurate and efficient algorithms that avoid nested
constructions and dimensional enlargement remains a crucial open challenge.

Recently, the direct probability integral method (DPIM) [34,35] has been proposed as a unified
framework for stochastic uncertainty quantification, with several subsequent developments reported in
[36—39]. Inspired by DPIM, a single-loop reweighted numerical integration (SLRNI) approach [40] was
previously developed for reliability analysis under parametric p-boxes. Although it can be extended to
moment evaluation, the original SLRNI employs a generalized F-discrepancy (GF)-based point-
selection strategy [41] to generate representative points and their assigned probabilities for numerical
integration. However, this procedure requires Voronoi partitioning and a large number of Monte Carlo
samples for probability assignment, while the number of representative points must also be specified in
advance.

To address these limitations, a novel adaptive probability-equalized k-nearest-neighbor (APEK)
point-selection strategy is proposed. By integrating the suggested reweighting scheme with this point-
selection strategy, an adaptive SLRNI approach is developed to evaluate the response mean and standard
deviation functions under parametric p-boxes within a single-loop computational framework. The

proposed approach enables the direct reconstruction of response moment functions over the epistemic
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parameter domain. The main contributions of this work are summarized as follows:

(1) Generalized probability density integral equations (PDIEs) are formulated to characterize the
probabilistic mapping between hybrid aleatory-epistemic uncertain inputs and structural responses.
Based on these formulations, rigorous theoretical expressions for response moment functions under
parametric p-boxes are derived.

(2) By introducing a complete auxiliary density function, the moment functions are reformulated into
a numerically tractable form. On this basis, a reweighting-based single-loop computational framework
is established to evaluate the response mean and standard deviation functions without dimensional
augmentation or nested simulation.

(3) A novel APEK point-selection strategy is proposed to improve the efficiency and stability of
numerical integration. The assigned probabilities are estimated using local k-nearest-neighbor volumes,
and the representative point set is adaptively enriched according to a prescribed accuracy criterion.

Unlike surrogate-based approaches such as PCE constructed in augmented stochastic spaces, the
proposed framework reformulates response moment functions through a reweighting mechanism in the
original uncertainty space. This formulation avoids dimensional augmentation while preserving a
strictly single-loop computational form.

The remainder of this paper is organized as follows. Section 2 formulates the problem considered in
this study and introduces the generalized PDIEs for quantifying hybrid aleatory and epistemic
uncertainties. Section 3 presents the theoretical basis and implementation procedure of the adaptive
SLRNI approach. Section 4 presents several representative examples to validate the performance of the

proposed approach. Section 5 provides concluding remarks and outlines directions for future research.

2. Preliminaries
This section presents a unified theoretical foundation based on the generalized PDIEs for hybrid
uncertainty quantification. Section 2.1 formulates the hybrid aleatory-epistemic uncertainty model, and

Section 2.2 derives the associated response moment functions via PDIEs.
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2.1 Hybrid aleatory-epistemic uncertainty model

For a static structural system under parametric p-boxes, the response of interest Z is defined as:
Z=9(X1]0), 0D, (1)

where X =(X,, X,,..., X, ) is an n-dimensional input random vector whose components X; are assumed
to be mutually independent; g (-) denotes the structural response function that maps random vector X to

the response Z. Aleatory uncertainty is associated with the inherent randomness of X, and the probability
distribution type of each X; is assumed to be known. Epistemic uncertainties arise from incomplete
knowledge of the distribution parameters (e.g., the mean and standard deviation) of the input variables

X. Epistemic uncertainties are collected in an interval vector @, whose admissible domain D, is defined

as:
D, =[4'1x---x[6.]. ()

where each component 8 = [HIL o ] is defined over an interval with lower and upper bounds 8" and 6" ;

m is the number of interval parameters; here, the symbol ‘x’ denotes the Cartesian product. Thus, the
joint probability density function (PDF) of X conditional on a given @ is denoted by px(x|@).
For a dynamic structural system under such parametric p-boxes, the dynamic response function can

be expressed as:
Z(t)=g(X[6,1), 0D,

where Z(#) denotes the structural response at time # for a given realization of the input uncertainties. The
extreme-value response within a given time interval (0, 7] is often of particular interest, since it
significantly influences system performance and first-passage reliability. The extreme-value response

Zext 18 defined as:
Zext=9m(X|0)=trérg(§$<]{g(X|0,t)},aeD(,, 3)

where ., () represents the extreme-value operator that maps the dynamic response over the time

interval (0, 7] to the maximum value Zex:.

This study investigates the moment functions of the response of interest and the extreme-value



152

153

154

155

156

157

158

159

160

161

162

163

164

165

166

167

168

169

170

171

172

173

174

response for static and dynamic structural systems, as defined in Eqs. (1) and (3), respectively. In the

present formulation, the interval parameters are assumed to be mutually independent.

2.2 Formulation of response moment functions via generalized PDIE

Within the framework of the DPIM [34,35], PDIEs are established to characterize the propagation of
pure random uncertainty. In Ref. [42], recent theoretical developments of PDIEs are presented via the
probability conservation at the differential element and Dirac delta function.

In this section, the generalized PDIEs are formulated to describe the relationship between PDFs of
hybrid uncertain inputs and PDFs of structural responses. Explicit expressions for response moment

functions are subsequently derived based on the generalized PDIEs.
For a static structural system subjected to parametric p-boxes, the PDF p, (Z|0) of response at the
given epistemic parameters @ can be expressed as:
P, (210)= [ 5[2-9(x)] px(x|0)dx. ©
where §(-) is the Dirac delta function; Qx denotes the admissible domain (support) of the input random

variables.

The i-th raw moment function m;i(@) of response Z is defined as:

m(0) =E[g'(x|0)]= ], 7'p,(2|0)dz. )

Substituting Eq. (4) into Eq. (5) yields:

m©=], [ z—g(x)zpx(x|0)dxdz__[X{J.QZ&[z—g(x)]z‘dz}px(x|0)dx. ©)

By utilizing the sifting property of the Dirac delta function, mi(@) can be rewritten as:

m(©0)=[, 9'()px(x0)dx. ()

From Eq. (7), the response mean and variance functions can be obtained as:

#(0)=my(0) = [ 9()px (x|0)dx, ®)

and
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2
c(0)=m,(0)~(m,(0))" = [ 9*(X)Px (x| 0)dx - (0)". ©)
For a dynamic structural system under hybrid uncertainties, the generalized PDIE can be formulated

as:
P (z0.0)= [ 8[2()-g(x.0)] Py (x|O)dx, (10)
where p, (Z| 0,t) denotes the instantaneous PDF of dynamic response at 6.

The generalized PDIEs in Eqgs. (4) and (10) characterize the propagation of the PDFs of the input
variables to the output response PDFs for static and dynamic structural systems, respectively.
In this study, the extreme-value response for dynamic structural systems is of particular interest. Its

PDF can be expressed as:

Pr., (Zeal0) = J, 8[2e = 9o ()] P (x| O)dx. (11)

ext

The mean and variance functions of the extreme-value response are obtained from Eq. (11), yielding:

Hoa(0) = 9o (X) P (X[0)X. (12)

and

05 (0)= [ 92 (0P (X)X ~ 115, (0. (13)
The lower and upper bounds of the moment functions are determined through the following
optimization problems.

Bounds on the mean:

L _ H L _ H
/u - gelll:’n ,u(H) /uext - ge]lan /uext (0)
y ! , y ’ ) (14)
H = gl%z( lu(a) Hexe = gl%i( Hext (0)
Bounds on the standard deviation:
o= gelip? o () oL, = ggg)r;l 0. (0)
(15)

U > U ’
g = glgz( o(0) Oext = glgi( T (0)
Once the response moment functions are obtained, their bounds can be evaluated through

optimization over the epistemic parameter domain. However, direct evaluation of these moment
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functions is computationally demanding, as it involves repeated response simulations and high-
dimensional numerical integration. The present work aims to estimate response moment functions and

their bounds through an adaptive single-loop reweighted computational framework.

3. The proposed adaptive SLRNI approach
Section 3.1 outlines the proposed SLRNI framework. Section 3.2 reformulates the response moment
functions using an auxiliary density. Section 3.3 introduces the adaptive point-selection strategy and its

integration with the reweighting scheme. Section 3.4 summarizes the implementation procedure.

3.1. Overview of the adaptive SLRNI

The basic response moment formulas (8)—(13) involve multidimensional integrals that couple
random variables and interval parameters. Direct evaluation is computationally demanding, especially
for complex structural models. To address this difficulty, a complete auxiliary density is first introduced
to reformulate moment functions into the reweighted integral forms. The proposed approach combines
the reweighted formulations with an adaptive probability-equalized point-selection strategy to evaluate
the response mean and standard deviation functions. Once the moment functions are obtained, their
bounds are determined through optimization over the epistemic parameter space without additional

model evaluations.

3.2. Auxiliary density-based response moment functions

Following the idea introduced in [40], a complete auxiliary density function is adopted to reformulate
the response moment functions.

For a static structural system, the response mean function in Eq. (8) can be reformulated as:

)= ], S P00, (16)

where #(X) denotes the complete auxiliary density [40], which is defined as:

#9= [, p(x|0)do.
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where 4 is a normalization constant that ensures #(X) is a valid PDF satisfying #(X) > 0 for X € Q, and

IQ #(x)dx =1. Here, @(X) represents a normalized PDF obtained by integrating the conditional PDF

px(x|@) over the interval parameter space. The auxiliary density shares the same support as the target
distribution and remains strictly positive wherever the target density is nonzero. For numerical
robustness, a small positive lower bound is imposed during the evaluation of the auxiliary density.

Similarly, the response variance function (9) can be rewritten as:

#(x) #(X)

For a dynamic structural system, the response mean and variance functions become:

02(0):'[9 g(X)2 px(X|0)¢(X)dX—|:IQ g(X)px(X|0)¢(X)dX:| ] (17)

[ 9ea(X) Py (X]6)
TMONIN oo Poadx, (18)
and
2 _ gext(X)2 pX (X|0),A/ _ gext(x) pX(Xlo) ’
Oext (0) N .[QX ¢(X) ‘/’\X)dx |:J.Q>< ¢(X) ¢(X)de| : (19)

These reformulated expressions form the basis for the adaptive numerical integration procedure
developed in the following section. For simplicity, the model response is uniformly denoted by z,

representing either the static response or the extreme-value response of dynamic systems.

3.3. APEK point-selection strategy

The APEK point-selection strategy is developed to generate representative points and their assigned
probabilities for numerical integration of response moments in the reweighted computation described
in Section 3.4. The key idea is to discretize the probability space induced by the auxiliary density using
statistically representative samples. The procedure starts from an initial Sobol point set and iteratively
enriches the representative points until convergence is achieved. The overall procedure consists of the
following five steps, which are illustrated in Fig. 1.

Step (1) Probability equalization under auxiliary density.

Start. The strategy begins with an initial Sobol sample setU® ={u}, <[0,1]" of size No at iteration

10
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¢=0. Sobol sequences are used because of their low-discrepancy and space-filling sampling properties.
A two-stage probability equalization procedure is then performed to obtain the uniformly distributed

representative points. First, each dimension #; is mapped to the physical space by the inverse cumulative
distribution function (CDF) CI)}1 of the auxiliary density:
X, =®u;),j=1,2,....n,
where the superscript ‘1’ denotes the first transformation and the superscript ‘0’ corresponds to the
current iteration index £ = 0. Rank-based probability equalization is subsequently applied:
U; = (rank(X;) —0.5) /N, .

Next, U, is mapped again with the inverse CDF CD}lz
©® —d i
X;’ =0 (U;)
to obtain the initial probability-equalized representative points x© . Structural responses 2 = g(X(O))
(responses of interest or extreme-value responses) are evaluated at these points.
Adaptive enrichment

At each iteration £ (€ =1, 2, ...), the representative point set is enriched by appending a Sobol batch

of size Ngrow: U ={u )}IN: o < [0,1]". Only the newly added batch undergoes the two-stage probability

new

0

equalization to produce the additional representative points X,

and their model response evaluations

Z,SL\)N = g(Xrggv) . The representative points and corresponding response evaluations are then updated

through row-wise concatenation:

? new ? Tnew

X(/) — [X(ffl) . X(‘/) ] , Z(//) — [Z(ffl) . Z(f) ] .
Because enrichment is performed in batches, structural response evaluations can be estimated in

parallel, which further improves the computational efficiency of the proposed method.

Steps (2)—(5) are then applied to the updated representative point set x“. In these steps, the points
contained in the set X' are swept using index ¢, ¢ =1, 2, ...,N,, N, =N, +IN,_, denotes the total

grow

number of representative points at iteration £.

11
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Step (2) Normalization using analytical envelope. The representative point set is normalized into
the unit interval: X; = (X; —&;)/ (b; —a,;) €[0,1]", so that all coordinates lic on a consistent metric scale.
This ensures that subsequent k-nearest-neighbor local volume computations are well-conditioned.

The analytical envelope [aj, b;] is constructed for geometric comparability across dimensions and to

handle boundary effects. Three typical cases are considered:

(i) precise distributions with known finite bound (such as a precise uniform):[a;,b,]=[A;, B;];

(i1) precise unbounded distributions characterized by mean and standard deviation (like precise

normal): [a;,b;]1=[; —Ko;, 4; + Ko;]; K is the envelope multiplier parameter, and is chosen between

J' 1
6 and 8 (integer values).

(ii1) imprecise distributions with interval-valued parameters or strictly positive support (like
imprecise lognormal/gamma): [a;,b;]=[max{0, ,u}‘ - KO'JV}, ,u;J + KO';J ].

Step (3) k-nearest-neighbor local volume calculation. To determine the local region represented by

each representative point x,, the k-nearest-neighbor radius 7, is computed under the Chebyshev (L)

metric, inspired by standard k-nearest-neighbor density estimation techniques [43,44]. The metric L is

adopted because it matches the hyper-rectangular epistemic domain and enables stable axis-aligned

neighborhood construction. For each point )N(q €[0,1]", 7, is defined as the distance to its k-th nearest
neighbor %, under the L. metric:

=155, @)
Specifically, the distance of each )N(q to every other point is evaluated and sorted, and the k-th smallest

distance is taken as r,. The value of 7, differs from point to point because it adapts automatically to the
local point density. This means that dense regions yield smaller radii and sparse regions yield larger
ones. A small value of k€{6, 7, 8} is adopted in accordance with empirical guidelines for k-nearest-

neighbor density estimation [43,44], which helps control estimator variance in higher dimensions.

The radius 74 defines a hypercube neighborhood centered at >~(q whose volume is given by:

12
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v, =ll[max(0, min(X; +r,,1) —max(X, —rq,O)), 1)
j=1

Although neighborhood-basejd estimators can be sensitive to dimensionality, the probability-
equalized representative points exhibit approximately uniform distributions that reduce the effective
intrinsic  dimensionality. In practice, the method remains robust for moderate dimensions
(approximately up to 15 uncertain variables) in hybrid uncertainty problems.

Step (4) Assigned probabilities computation. Each representative point x, receives a deterministic
weight proportional to its local volume. The weight is then normalized to produce the assigned
probabilities Py:

qulsq/;ﬁk’ P, =V, 4%,). 22)

where ¢(X,) is the auxiliary joint density at each point X, €[0,1]". Hence, the assigned probability P,
reflects the local occupied k-nearest-neighbor volume at X, .

Step (5) Standard deviation computation at the test set

M
k=1~

Selecting a batch of fixed Sobol points @ = {@k} & e D, as the test point set, the standard

deviation 6" at @* is calculated through Eq. (26):

6 = \/qu ©)(z,-2") . A=Y w07, (23)
q q
which is used in the stopping criterion. After the first enrichment iteration, the algorithm evaluates the
stopping criterion to determine whether further enrichment is required.
Stopping criterion.

The relative change of standard deviation between two successive iterations is estimated:

G — 6.(4—1)‘
D7 =maxX, oy —pr— (L., norm) (24)
6
The iterative enrichment process terminates when:
DI <3, (25)

where S (f <0.02) is the given threshold. Once this condition is satisfied, the algorithm terminates and

13
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o Py 2 q _» where N =N, +1 Ngrow- Otherwise, the procedure returns to step (1) for further

outputs: {X,, P
enrichment. The maximum threshold value of 0.02 is selected to balance accuracy and computational
efficiency. Smaller values of f improve accuracy but require more representative points and more
computations, while larger values (f > 0.02) reduce computation time but may slightly decrease
accuracy. Numerical validation indicates that the method remains stable within this range.

The convergence criterion is evaluated on a fixed Sobol set @ to ensure consistent low-discrepancy

coverage of the epistemic parameter space. Since the response moments are monitored over the entire

interval domain, the criterion reflects global functional convergence rather than local pointwise errors.

(Start with N, Sobol po'mts)
v

Step (1) (£ = 0)

Y

Step (1) (£ > 0) Step (2-5)
. Twostage ’ probablhty - equahzatmn on O [ 3D 40 + Normalization using analytical envelope
new batch to obtain added points x&, i I:x Noew | |—pf o k-nearest-neighbor local volume calculation
T ! * Assigned probability computation
'+ Evaluate response 2, = 2(¥;0,) 2= [z(f it ! » Compute standard deviation at test set
_______________________________ e
Added Sobol Ny batch No

DI<p ((>0)

Yes

COutput{xq, Pz N=N +{Nng

Fig. 1 Specific procedure of the proposed adaptive point-selection strategy.

Remark 1. Four types of relative changes of response moments are examined on the Sobol test set:

A0 _ A (e-) EXORIPYC)
RN ] 1 \
uo_ D = —
D) = v kZ; [z""l" , = kZ A(H)‘ (L, norm)
[l((") —fl(H)‘ & — 6_(«—1)‘
Dofj =MaX; oy DOZ =MmaX, .y (I—w norm)

‘[I(H) ‘ ’ 5D ‘ '

The evolutions of these quantities with respect to the number of representative points are illustrated

in Fig. 2 (Example | in Section 4). The results show that the convergence behavior is primarily governed

14
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by the relative change of the standard deviation D¢, which is selected as the stopping indicator.

(@ . ' ' ' (b)

LI relative change
L. relative change

-3
107 L L L L L L L L
250 300 350 400 450 500 250 300 350 400 450 500

Number of points N Number of points N

Fig. 2 Four different statistical magnitudes of moments at Sobol test set varying with simple size N.

Remark 2. To assess the quality of representative point generation and probability assignment, the
results of the APEK point-selection strategy are illustrated in Fig. 3. Fig. 3(a) shows that the

representative points are uniformly distributed over the support domain without noticeable clustering

N
or boundary bias. The Gini index = 1—2 qu is employed to measure the evenness of the assigned
i=1

probabilities [45]. A value close to zero indicates a more balanced probability distribution. As shown in
Fig. 3(b), Gini index = 0.214 confirms a well-balanced probability assignment. The cumulative
probability mass of the largest 1% and 5% assigned probabilities are 2.1% and 9.0%, respectively. These
small values indicate that no small subset of representative points dominates the probability mass, which
ensures numerical stability. Overall, these diagnostics demonstrate that the proposed APEK strategy

generates a well-conditioned representative set suitable for accurate reweighted numerical integration.

(a) (b)
M nbictiiinin® <107 , Gini index = 0214, top1% = 2.1%, top5% = 9.0%
107 T v T T
45
35 4
3 35 =
2 Z
2.5 ; 2
= N 25 = 10 .
2 £
i ] 3\
=y L1
1.5 1.5 =, 1
o :
1
1
= 0.5
0.5 1o ‘ ‘ !
0s 1 15 2 25 3 35 4 0 100 200 300 400 500
Xl Number of points N

Fig. 3 (a) Spatial distribution of representative points and (b) assigned probabilities on a logarithmic scale.
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3.4. Evaluation of response moment functions and their bounds

(1) Response moment function

Given the representative points x, and weights P, obtained from APEK point-selection strategy and
the response evaluations z,, the response moment functions at any interval parameter  are computed
via single-loop reweighted estimation based on Egs. (16)—(19).

The estimated mean and standard deviation functions of response are calculated by:

N N
a0)=> w,©0)2,,  5(0) =J2wq 0)22 - i°(0) . (26)
g=1 q=1
in which wy(0) denotes the reweighted assigned probabilities:
P f(x.| @) N
(2] =#, o) =1, 27
WCI( ) ¢(Xq) ;Wq( ) ( )

where f (x4 | €) and ¢(x,) denote the target joint PDF and the auxiliary probability density at x,
respectively.

The extreme-value response moments for a dynamic structural system are also calculated by Egs.
(26) and (27), where z, denotes the extreme-value response at points x;.

(2) Response moment bounds

The mean and standard deviation bounds are obtained by solving the optimization problems in Eq.
(14) and Eq. (15) over the domain of #. Since the optimization objectives directly employ the
reweighted formulas in Eq. (26), the computation of moment bounds requires no additional structural
response evaluations. The starfish optimization algorithm [46] is employed for its strong global search
ability and low sensitivity to design parameters.

Overall, the proposed framework transforms the estimation of response moments and their bounds
under parametric p-boxes into a single-loop reweighted estimation. It is fully non-intrusive because it
operates solely on probabilistic descriptions of uncertain inputs and treats the structural model as a
black-box, without requiring explicit expressions or gradient information of the response function. With
its non-intrusive nature and parallel capability, the proposed method exhibits strong competitiveness for

complex engineering structures and is further validated in Section 4.
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3.5. Implementation procedure

The procedure of the adaptive SLRNI method is summarized below and illustrated in Fig. 4.

Step 1: Initialization

Define the response function g and specify all uncertain inputs X. For each imprecise random variable,
define the distribution family and the bounds of the intervals 6. Set the algorithm parameters:

e the initial size No = 28= 256 provides a low-discrepancy starting set;

*  the batch size Ngow€{24,32} takes integer values; the maximum size Nmax =4000 provides a
safe upper limit;

* the envelope multiplier KE{6, 7, 8} and the k-nearest-neighbor order k€ {6, 7, 8} guarantee
robust and well-conditioned neighborhood construction; the sensitivity of the hyperparameters
K and k is examined in Appendix A, where the results confirm the robustness of the proposed

method within the recommended parameter range;
e the number of Sobol test points M is selected in the integer interval {64,96}.

Overall, these parameter choices offer a reliable balance between accuracy and computational
efficiency.

Step 2: Construct the complete auxiliary density ¢(x)
For each input dimension, integrate the target family over its parameter interval to obtain the marginal

PDF ¢j of the auxiliary density function. Multiply all marginals to form the joint density ¢(x) :

KO =ddr b, & =/1ijj% £(x,10,)d0,, forj=12,...n
Step 3: Perform APEK point-selection strategy
Step 3.1 Generate Ny Sobol points in the unit cube. Perform a two-stage probability equalization
process to obtain the representative points x” , and compute the structural response at these points z(* .

At iteration ¢, the added Sobol batch performs the two-stage probability equalization transformation to

obtain the new points erew . Evaluate the response at these new points: Zr(;ew . The representative point set

and response evaluations are updated as: X' =[x‘™; x%) Tand 2 = [Z(H) ; Zrﬁgv] :

Step 3.2 Compute per dimension analytical envelope [a;, b;] based on the distribution family and

parameter bounds. Normalize all coordinates to the unit interval: X; = (X; —&;)/ (b, —a,) €[0,1]".
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Step 3.3 In the normalized space )N(q €[0,1]", compute each point’s k-nearest-neighbor radius 7, using
Eq. (20). Then compute the local volume ¥V, of the neighborhood through Eq. (21).
Step 3.4 Evaluate the auxiliary density at )N(q and calculate the assigned probabilities via Eq. (22).

Step 3.5 Compute the stopping indicator between two iterations using Eq. (24). If this indicator
satisfies the target precision condition defined in Eq. (25), terminate the procedure and output the final
data:{x,,R,,Z,

where N =N, +IN Otherwise, the procedure returns to Steps 3.1-3.4.

N
g=1° grow *
Step 4: Response moment functions by reweighted evaluation

Calculate reweighted assigned probabilities W, (@) by Eq. (27) and estimate response mean and

standard deviation functions via Egs. (26).
Step 5: Response moment bounds via optimization
Compute the lower and upper bounds of response moments by solving the optimization problems

defined in Egs. (14) and (15). The starfish optimization algorithm [46] is employed in this study.

T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T |
I
Start :
; o
. PeprimdmRr Input parameters
Specify response function, variable types, intervals. +

Set parameters for APEK point-selection strategy.
)
Step 2 Construct auxiliary density

Step 3.1 Obtain representative points x, by a two-
stage probability equalization on Sobel points

v
Step 3.2 Normalize x to unit via per dimension
analytical envelope ¥ = (x, —a,)/(b, —a,)[0.1]"

Obtain joint auxiliary density by integrating the target
family over its parameter interval

I
Step 3 Perform APEK point selection strategy

Step 3.3 Compute each point’s k&-NN radius 7,
and its neighborhood hypercube volume 7,
I *

Generate representative points x,, assigned probability

P,, and response evaluation at points z,.

- Step 3.4 Calculate the assigned probabilities by

I-NN volume times auxiliary density
¥

Step 3.5 Compute stop indicator between two
consecutive iterations D

Step 4 Reweighted evaluation of response moments

Calculate reweighted assigned probability.
Estimate the response moment functions.

* |

Add new

Step 5 Response moment bounds
Sobol batch

Fig. 4 Flowchart of the proposed adaptive SLRNI for estimating response moment functions and their bounds.
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Remark 3. If all distribution parameters are crisp values, the hybrid uncertainty model reduces to a
classic probability model. The proposed adaptive SLRNI framework is applicable to systems involving
imprecise random variables, mixed imprecise-precise random uncertainties, and also to purely

stochastic systems.

4. Examples

Four examples are presented to assess the accuracy, computational efficiency, and robustness of the
proposed method. The first example is a mathematical benchmark problem, followed by a cantilever
tube structure. The last two examples involve more complex structural systems: a 120-bar truss and a

nonlinear offshore wind turbine tower.

Example 1: A test mathematical function

The response function of a mathematical problem is expressed as:
5
Y=g(X)=> X’
i=1

where Xi~ N (6, 6[2, 2.5],(92 6[0.4, 0.45]), 61 and 6 are the mean and standard deviation of input

random variable X;, respectively.

The mean and standard deviation of the output response Y, together with their relative errors with
respect to the analytical solutions, are illustrated in Fig. 5 and Fig. 6. Note that the response moments
with respect to interval parameters are calculated by fixing the other intervals at their midpoint values
in all examples of this study. The relative errors between the proposed method and the exact solutions
remain small (below 2%). Table 1 compares the bounds of response moments obtained using the
proposed method, MCS-BGO (MCS combined with Bayesian global optimization), OSGNI [23] and
OUDRM [22]. Although OSGNI and OUDRM improve computational efficiency compared with
standard MCS, they only provide the bounds of response moments. In contrast, the proposed method
accurately captures the full variation of the response moment functions over the interval parameter

domain and provides more detailed statistical information than existing approaches.
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437 Fig. 5 (a) Mean £ and (b) standard deviation & of ¥ by adaptive SLRNI and their errors relative to exact results.
438 Table 1 Mean and standard deviation bounds of output responses by several methods.
Methods at i Ncail 6" éY Ncan
Exact result 20.80 32.26 — 3.61 5.07 —
MCS-BGO 20.80 32.03 20x10° 3.62 5.04 23x10°
OSGNI 20.80 32.26 3763 3.61 5.07 3763
OUDRM 20.80 32.26 1643 3.61 5.07 1643
Proposed method 20.79 32.14 480 3.66 5.08 480
439 Note: Nean refers to the number of response function evaluations required.
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444 Fig. 6 Surfaces of response mean and standard deviation using the proposed method: (a) and (c), and their errors
445 relative to exact results: (b) and (d).
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Fig. 7 illustrates the evolution of the representative points during the point-selection iterations. The

markers with different colors correspond to the initial Sobol batch of No =256 and the subsequent seven

adaptive successive batches x), (1 =1,...,7). As the iteration proceeds, the algorithm automatically

inserts more points in the high-probability region around the mean of X;, which explains the good
accuracy obtained with a relatively small total number of model evaluations. The distribution of

representative points gradually becomes more uniform as the representative set is enriched.

05! : : -
0.5 1 1.5 2 25 3 3.5 4

Fig. 7 Adaptive iterations of representative points in the input subspace (X1, X2) with No = 256 and Ngrow = 32.

Example 2: A cantilever tube

To further verify the accuracy of the proposed method for structural application, a cantilever tube
modified from Refs. [18,21] is analyzed, as illustrated in Fig. 8. The structure involves eight random
variables, as listed in Table 2. The geometrical parameters are L1 = 115.75 mm and L2 = 56.75 mm.

The response of interest is the maximum von Mises stress of the tube, defined as:

, 2 2
Omax =4/ Ox +3sz > (28)

in which 0, and 7, denote the normal stress and shear stress, respectively, given by:

_P+Flsingol+Fzsin(p2+Md . _Td
" A 217 % 417

where A, M and [ are the cross-sectional area, bending moment, and moment of inertia, provided by:

o (29)

T 2 _ _ T 4 4
A:Z[dz_(d_mc) |, M=FLcosg+FL,cosgp,, I_a[d —(d-2t,)"]. (30)
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Fig. 8 A cantilever tube.

Table 2 Distribution types and parameters of input uncertain variables for cantilever tube.

Variables Distribution types Parameter y! Parameter y?
P(N) Uniform 10000 10100

T(N *m) Uniform 80 85

p1(°) Normal 5 0.5

02(°) Normal 10 1.0

Fi(N) Lognormal 61€[2950, 3000] 6,€[295, 300]
F,(N) Lognormal 63€[2950, 3000] 04€[295, 300]
t. (mm) Lognormal 6s€[5.0, 5.5] 0s€[0.4, 0.6]
d (mm) Lognormal 6:€[40, 45] 6:€[5.0, 6.0]

Note: y' and y? represent the mean and standard deviation of random variables for Normal and Lognormal distribution

types, while they correspond to the minimum and maximum values for Uniform distribution in this paper.

The mean and standard deviation of the von Mises stress and their errors with respect to the MCS
benchmark are presented in Fig. 9 and Fig. 10. The moment functions with respect to interval parameters
are obtained by fixing the other intervals at their midpoint values. Table 3 summarizes the moment
bounds estimated by MCS, Quasi-MCS-BGO (Quasi-MCS combined with Bayesian global
optimization), OSGNI, OUDRM and the proposed method. The proposed method achieves
approximately one order-of-magnitude improvement in numerical efficiency compared with the
benchmark methods. The proposed method possesses strong potential as a practical and powerful tool
for engineering uncertainty quantification. Two additional engineering examples are presented next to
further validate the effectiveness of the proposed method. Notably, Fig. 9 shows the Quasi-MCS results
with Ncan = 10 yield satisfactory results. Considering the high computational cost of the following two

complex examples, the Quasi-MCS results are adopted as the reference solutions for subsequent
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488 Fig. 10 Mean and standard deviation by proposed method (Ncan= 572): (a) and (c), and their errors relative to MCS

489 reference with Ncan = 100x10%: (b) and (d).

490 Table 3 Mean and standard deviation bounds of von Mises stress obtained by several methods.
Methods A" (MPa) 4° (MPa) Nean &' (MPa) 6" (MPa) Neai
MCS-BGO 105.37 154.60 14x108 27.77 55.63 16x10°
Quasi-MCS-BGO  105.48 154.26 18x10* 27.66 55.63 27x104
OSGNI 105.44 154.41 11592 27.52 55.83 10304
OUDRM 105.42 154.32 3528 27.27 54.96 3136
Proposed method 105.32 154.38 572 27.68 56.53 572

23



491

492

493

494

495

496

497

498

499

500
501

502

503

504

505

506

Example 3: Spatial truss FE structure
As shown in Fig. 11, a 120-bar spatial truss structure subjected to thirteen vertical concentrated loads
is considered [47]. The truss structure is modeled as a three-dimensional FE model using the software

framework OpenSees (https://opensees.berkeley.edu). The FE model consists of 49 nodes and 120

elements. All elements are assumed to have the same cross-sectional area 4 and Young’s modulus E.
Thirteen static vertical concentrated loads Po, P, ..., P12 (kN) are applied to nodes 0—12 (integer values).
The distribution types and parameters of input uncertain variables are displayed in Table 4.

The response of interest is the vertical displacement of node. The corresponding response function is:

g:Vl(E!A’ Po’Pl""Plz)- (1)

‘ /691.4 cm
e
1250 cm

1589 cm |
1

Fig. 11 Top and side views for a 120-bar space truss structure.

As shown in Fig. 12, Fig. 13 and Table 5, the estimated moments of the vertical displacement at node
0, as well as their bounds, are in close agreement with the Quasi-MCS benchmark. This case study
verifies the accuracy and efficiency of the proposed method for complex FE structures through
comparison with several existing approaches. From Table 5, the number of representative points

required by the proposed approach increases as the stopping indicator f decreases from 0.01 to 0.008 in
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the iterative criterion, resulting in improved accuracy.

Table 4 Distribution information of input uncertainty variables for truss structure.

Random variable Distribution Parameter y! Parameter ?
E (GPa) Gamma 180 200

A (mm?) Uniform 1600 1800
Pi12.45,7810,11) (KN) Lognormal 250 25

Py (kN) Lognormal 6,€[240, 280] 6-,€[24, 28]
P3(kN) Lognormal 6:€[240, 280] 04€[24, 28]
Ps (kN) Lognormal 0s€[240, 280] Os€[24, 28]
Py (kN) Lognormal 6-€[240, 280] 0z€[24, 28]
P> (kKN) Lognormal 69€[240, 280] 010€[24, 28]

Note: y' and y? represent the mean and standard deviation of random variables for Gamma distribution type.
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Fig. 12 (a) Means and (b) standard deviations of vertical displacements using the proposed method and errors
relative to Quasi-MCS reference.
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Fig. 13 3D surfaces of displacement (a) mean and (b) standard deviation by the proposed method with Ncan= 1243.

In terms of model evaluations, Quasi-MCS requires 1.8x10° and 1.9x10° FE model calls for

estimating the mean and standard deviation, respectively, whereas the proposed approach requires only
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1.24x103 evaluations for both quantities. This corresponds to nearly two orders of magnitude reduction
(= 99.3% fewer model calls). Different Quasi-MCS sample sizes are used for the mean and standard
deviation because their optimization objectives correspond to different functions over the interval
parameter domain, which exhibit different convergence behaviors. The OSGNI and OUDRM do not
provide complete moment functions and require 20244 and 7644 model evaluations, while the proposed
method reduces the computational cost by approximately 94% and 84% relative to these two methods.
These results demonstrate the efficiency and robustness of the proposed approach for hybrid-uncertainty

analysis of complex structural systems.

Table 5 Mean and standard deviation bounds of vertical displacements obtained by several methods.

Methods A" (mm) 4” (mm) Ncan 6" (mm) 6Y (mm) Ncan
Quasi-MCS-BGO ~ 75.14 80.88 18x10* 9.02 9.85 19x10*
OSGNI 75.19 80.80 20244 8.61 9.24 20244
OUDRM 75.21 80.81 7644 8.85 9.52 7644
Proposed method 76 43 79.58 1243 8.80 9.98 1243
(B =0.01)

I&fgfgggf)neth"d 76.40 79.71 1744 8.80 9.84 1744

Example 4: Offshore wind turbine tower

As shown in Fig. 14, the monopile offshore wind turbine tower is idealized as a three degree-of-
freedom (DOF) lateral shear-type nonlinear system supported by an elastic soil spring at the mudline
[48]. The turbine is subjected to wind and wave loads at the top and lowest DOFs, respectively. The
tower height is H = 90 m with equal story height & = H/3 = 30 m; rotor radius is R = 63 m; elastic
modulus is £ = 210 GPa; baseline bending rigidity is Elp = 3.0x10'N-m?. Six imprecise random

variables and six precise random inputs are considered for the tower, as listed in Table 6.
The generalized displacements u(t) = [u1 (t),u,(t),u, (t)]T correspond to heights z = {h, 2k, 3h} along the

tower. The response of interest is the peak displacement at the top, which is calculated by using the

implicit Newmark integration scheme combined with Newton-Raphson iterations. The time domain is
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tE€[0, 180] with a constant time step of At =0.01s.
The nonlinear equation of motion governing the structural response is given by:
Mi(t) + Cu(t) + Ku(t) + f (ut)) =F (), (32)
where M, C and K are mass, stiffness, and damping matrices; f,, (u(t)) represents the nonlinear restoring

force; F (t) denotes the environmental excitation. The detailed descriptions of these components are

provided in the Appendix B.

= Monopile

-——Blade
. |‘
dl _Hub
- L; ___—Nacelle Wind load
M1 1,
| h=H/3
Wind ~ 3
I‘ mdz
| H
h=H/3
el Wave load
Tower - L = Mean sea level 1
h=H/3
X ,
- % Sea bed level

Fig. 14 Configuration of the monopile offshore wind turbine tower and its equivalent simplified structural mode.

Table 6 Distribution information of input uncertainty variables.

Uncertain variables Distribution types Parameter 7' Parameter y?
kv Normal (truncated to [0, +0)) 1.0 0.1

H (m) Lognormal 3.0 0.6
I Uniform 0.08 0.14

v, Uniform 0.90 1.10

1, Normal (truncated to [0, o))  0.15 0.03

Ppair (kg/m?) Normal (truncated to [0, +o0))  1.225 0.05

ksoit (<108 N/m) Gamma 61€[1.2,2.2] 6,€[0.2, 0.6]

¢ Gamma 6:€[0.015, 0.030] 64€[0.005, 0.010]
Cr Lognormal 6s€[0.80, 0.92] 0s€[0.06, 0.10]
Mnac (X105kg) Gamma 6:€[3.2, 3.8] 63€[0.3, 0.5]
Miow (X105kg) Gamma 69€[1.9, 2.5] 610€[0.2, 0.4]
ps (kg/m?) Gamma 011€[7800, 8050] 012€[100, 200]

Note: the definitions of all symbols are provided in the Appendix.
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To verify the accuracy of the proposed method for nonlinear dynamic problems, its results are
compared with the benchmark solutions obtained using Quasi-MCS, as shown in Fig. 15, Fig. 16 and
Table 7. The proposed adaptive SLRNI method provides accurate and efficient evaluation of the
response statistics for the nonlinear dynamic system. In contrast, OSGNI and OUDRM exhibit
noticeable deviations, partly due to their reliance on gradient-based optimization and linearized
integration schemes, as listed in Table 7. For nonlinear and time-dependent responses, these approaches
are susceptible to local convergence and numerical errors associated with low-order polynomial
approximations, which may lead to biased statistical estimates.

The adaptive SLRNI performs single-loop reweighted integration and eliminates the need for nested
optimization or sparse-grid discretization. This improves numerical stability, convergence behavior, and
computational efficiency, making the approach suitable for nonlinear and dynamic systems with strong

coupling effects.
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Fig. 15 Mean and standard deviation curves of peak displacement at top and errors relative to Quasi-MCS reference.
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Fig. 16 Moment surfaces of peak displacements by proposed approach (Ncan= 1472): (a) mean; (b) standard deviation.

28



566 Table 7 Mean and standard deviation bounds of peak displacements by several methods.

Method s, (m) L, () Ncan G (m) e (m) Ncan
Quasi-MCS-BGO  0.664 1.018 31x10% 0.157 0.332 27x10%
OSGNI 0.537 0.965 39964 0.000 0.287 48500
OUDRM 0.683 1.384 18463 0.201 0.270 5994
Proposed method 0.666 0.980 1472 0.155 0.324 1472

567 5. Conclusions

568 To estimate response moment functions and their bounds for structures under parametric p-boxes,
569 this study proposes an adaptive single-loop reweighted numerical integration (adaptive SLRNI)
570  approach. Expressions for the response moments are derived from the generalized probability density
571  integral equations (PDIEs) and reformulated through a reweighting strategy based on a complete
572  auxiliary density. The resulting reweighted formulation is combined with an adaptive probability-
573  equalized k-nearest-neighbor (APEK) point-selection technique to evaluate response moment functions
574  and their bounds in a single-loop computational framework. The proposed framework is non-intrusive
575 and applicable to black-box models and complex engineering systems. Four representative examples,
576  including a mathematical problem, a cantilever tube, a 120-bar truss, and a nonlinear offshore wind
577  turbine tower, are investigated to assess the performance of the proposed approach. The primary
578  findings are summarized as follows.

579 (1) The proposed method provides accurate estimates of response moment functions and their bounds
580  under hybrid uncertainties. For general structural systems, the errors in the estimated moments remain
581  within approximately 2%, whereas those for finite element and nonlinear dynamic systems remain
582  within about 6%. By contrast, some gradient-based approaches may converge to local optima for
583  nonlinear structures, thereby leading to noticeable estimation errors.

584 (2) The proposed approach substantially reduces the number of structural model evaluations
585  compared with existing methods. The adaptive SLRNI reduces model evaluations by approximately 99%
586  compared with Quasi-MCS, and by roughly 80% and 90% relative to OSGNI and OUDRM, respectively.

587 This improvement in efficiency, while maintaining comparable accuracy, demonstrates the

29



588

589

590

591

592

593

594

595

596

597

598

599

600

601

602

603

604

605

606

607

608

609

610

611

computational advantage of the proposed approach.

(3) The adaptive SLRNI incorporates an adaptive enrichment strategy and supports parallel
computation. The APEK point-selection strategy generates uniformly distributed representative points
with balanced probability weights. It enables accurate reweighted integration and allows incremental
enrichment based on a prescribed convergence criterion.

Overall, the adaptive SLRNI is developed within the basis of the direct probability integral method,
which provides a flexible and effective framework for hybrid aleatory-epistemic uncertainty
quantification in advanced computational mechanics. The proposed approach is primarily intended for
problems involving a moderate number of random and interval variables, since the performance of both
the auxiliary density function and the APEK strategy may deteriorate in very high-dimensional settings.
Future work will focus on developing more efficient adaptive point-selection strategies and
incorporating surrogate modeling or active learning techniques to improve scalability. Additional
research directions include extensions to reliability analysis, sensitivity analysis, reliability-based
design optimization, and the quantification of instantaneous response probability density functions for
dynamic systems under hybrid uncertainties. Extensions to dependent epistemic variables described by

general convex constraint sets also constitute a promising direction for future research.
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Appendix A. Sensitivity of hyperparameters K and &

To examine the robustness of the proposed method with respect to the envelope multiplier K and
number of nearest neighbors £, a sensitivity study is conducted for Example 1. The parameters are varied
within the recommended integer range K, k €{6,7,8}, and the resulting moment bounds and model

evaluations are reported in Table Al.

Table A1 Sensitivity analysis of hyperparameters K and k for the proposed method (Example 1).

AL ~U AL AU

K k yii yii G I} Ncai
6 8 20.79 32.14 3.66 5.08 480
6 7 20.84 32.15 3.62 5.13 542
6 6 20.84 32.17 3.64 5.09 542
7 6 20.84 32.17 3.64 5.09 542
8 6 20.84 32.17 3.64 5.09 542
8 7 20.84 32.15 3.62 5.13 542
8 8 20.80 32.14 3.66 5.08 480

The results indicate negligible variations in the estimated mean and standard deviation bounds across
the tested parameter combinations. The differences are mainly reflected in the number of model

evaluations, confirming that the recommended range provides stable and reliable performance.

Appendix B. Mass, stiffness, damping and loads for wind turbine tower

(1) Mass
The total tower steel mass miow 1s evenly lumped to the three stories and nacelle mass m, . is added at
the top DOF. The mass matrix is given by:
M =diag(m;, m,,m;), m=m, = mgw , m, =%+mm.
(2) Stiffness
The linear stiffness is scaled to match the target fundamental frequency f,* = 0.3 Hz:

K=n K, n=02r f1)? / a)fp , where K), starts from a tridiagonal prototype with story stiffness kstory and

the soil spring ksoi at the base:
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ksoiI + kstory _kstory 0
K p = _kstory 2 kstory _kstory .
0 - kstory kstory

(3) Damping
The damping uses Rayleigh form C = auM +xK. The coefficients {,,,f | are determined by
matching the epistemically uncertain modal damping ratio ¢ at the 1st and 3rd modes with natural

frequencies{w,,w,}:

1 o,
20, 2 oy 4

1 o |:ﬂK :| ) {é’} .
2w, 2

(4) Nonlinear duffing restoring at the top DOF is adopted:
fW=[00au], a20(N/m),

where a, = rK,, /u% and set 7 = 0.2, urer= 0.30 m.

(5) Environmental loads

> Wind load at hub (DOF 3): F,(t) .

The instantaneous aerodynamic thrust is modeled as mean plus turbulent fluctuation:

FS (t) = Tmean[1+ Iu ur (t) ] ) Tmean = %CT Pair Aotvnfean ’

where T, is mean thrust; |, is turbulence intensity; U, (t) is zero-mean, unit-standard-deviation
stochastic fluctuation obtained by low-pass filtering white noise; Cr is thrust coefficient; p,;, is air
density; A, = 7R? is rotor swept area; Vinean = 10 m/s is reference mean wind speed.

> Wave load at the lowest DOF (DOF 1): F;(t)

Wave load is represented by a lateral Morison-type force by a narrowband random process

synthesized as a sum of random-phase sinusoids:

Ny
:—A(Hs,\PW) ZSin(Z?ffkt+(Dk), fk - N(fp!(yfp)z)’ (I)k ~U[O’ 27Z-]’

h k=1

R (1)

where H{ is the significant wave height and ¥, is an amplitude factor; N, = 20 is the number of
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synthesized harmonics; f; and @, are frequency and phase, which are normally and uniformly

distributed, respectively; f, is wave frequency for narrowband synthesis. y = 0.2 is the spectral

bandwidth parameter.
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