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Abstract
Bayesian model updating is widely used in engineering for the identification of unknown parameters of computational mod-
els based on noisy experimental measurements. In practical applications, however, the repeated evaluation of computational
models may be demanding, which renders direct Bayesian inference prohibitive as it relies often on extensive sampling proce-
dures. Surrogate models, particularly Gaussian process regression, are therefore frequently employed due to their capability
to provide both predictions of the model response and a probabilistic characterization of the approximation uncertainty. Nev-
ertheless, the uncertainty introduced by the surrogate model is not always treated consistently within the Bayesian inference
procedure. This contribution proposes a framework for Bayesian model updating that explicitly propagates the predictive
uncertainty induced by Gaussian process surrogates into the likelihood function via analytical marginalization. In addition,
the proposed framework allows the simultaneous identification of the measurement noise characteristics. Moreover, an active
learning strategy is developed in order to adaptively refine the surrogate model while controlling the uncertainty in the
estimation of the model evidence. The resulting formulation provides a unified framework in which surrogate uncertainty,
measurement noise, and adaptive learning are treated in a consistent probabilistic manner within Bayesian inference. The
approach is illustrated by means of a simple dynamical system.
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1 Introduction

Bayesian model updating is widely employed in engineer-
ing for the calibration of computational models and the
identification of unknown parameters based on experimental
measurements (see, e.g., [1–3]). The result of the updat-
ing procedure is the posterior distribution of the unknown
parameters, which combines prior knowledge about the sys-
tem with the information contained in the measurements.
In practice, however, the application of Bayesian updating
requires repeated forward executions of the computational
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model, which may correspond to high-fidelity numerical
simulations such as finite element models [4]. This renders
direct Bayesian updating computationally demanding. Sev-
eral strategies have therefore been proposed to alleviate this
difficulty. A first class of approaches relies on local approx-
imations of the posterior distribution, for instance through
maximum a posteriori estimation combined with a Gaussian
approximation [5]. Such methods are computationally effi-
cient and easy to interpret. However, their applicability may
be limited when the posterior distribution exhibits complex
characteristics, such as strong nonlinearity or multimodality.
A second class of approaches comprises simulation-based
inference techniques, including Markov chain Monte Carlo
methods (see, e.g., [6, 7]), transitional Markov chain Monte
Carlo (see, e.g., [8, 9]), measure changes [10], or Bayesian
updating based on structural reliability methods [11]. These
approaches possess the capability to explore complex pos-
terior distributions, but they may require a large number of
forward model evaluations, often reaching tens of thousands
of simulations. Finally, another widely used strategy consists
in the application of surrogatemodels, inwhich the expensive
computational model is replaced by a computationally inex-
pensive approximation constructed from a limited number
of model evaluations (see, e.g., [12, 13]). In this context, the
main challenges are the efficient construction of the surrogate
model itself and the consistent treatment of the approxima-
tion error introduced by the surrogate representation.

In recent years, surrogate modelling has become closely
connected with developments in machine learning, particu-
larly in the context of data–driven approximation of complex
input–output relationships arising in computational science
and engineering. At the same time, surrogate modelling
remains closely rooted in statistical modelling, typically
operating in regimes characterized by limited and care-
fully designed data sets. From this perspective, probabilistic
machine learning methods offer a natural framework for
the construction of surrogate models. A prominent example
of such approaches is Gaussian process regression (GPR)
[14], which has gained considerable attention in the con-
text of Bayesian updating. GPR possesses several attractive
characteristics for this purpose. In particular, it provides a
highly flexible nonparametric model capable of represent-
ing complex nonlinear relationships between parameters and
model responses, while simultaneously delivering a proba-
bilisticmeasure of prediction uncertainty.Different strategies
have therefore beenproposed for incorporatingGaussian pro-
cess surrogates into Bayesian updating. In some approaches,
the Gaussian process is employed as a direct surrogate of
the computational model in order to replace expensive for-
ward simulations (see, e.g., [15, 16]). Other formulations
employ Gaussian processes to approximate specific com-
ponents of the Bayesian updating formulation, such as the
likelihood function or its logarithm (see, e.g., [17, 18]).

Further developments attempt to explicitly propagate the
epistemic uncertainty associated with the Gaussian process
approximation through the Bayesian inference procedure
(see, e.g., [19–21]), whereas alternative approaches rely on
numerical treatments in which sample paths of the Gaussian
process are simulated (see, e.g., [22]). In addition, several
contributions consider the treatment and identification of the
measurement noise affecting the experimental observations
used in the updating process (see, e.g., [16]). It should be
noted that the above discussion is not intended to provide
an exhaustive survey of the literature, but rather to illustrate
that the integration of Gaussian process surrogates within
Bayesian updating is currently an active area of research.

Despite the considerable progress achieved in the inte-
gration of GPR within Bayesian model updating, several
challenges remain. In particular, some existing approaches
construct surrogate models for the likelihood function or its
logarithm. While such strategies may be effective in cer-
tain situations, the likelihood may exhibit highly nonlinear
and sharply peaked behaviour, which may render its accu-
rate approximation difficult. From this perspective, it may
be preferable to construct surrogate models of the compu-
tational response itself, which typically possesses smoother
characteristics. Furthermore, the presence of measurement
noise in the experimental observations should be explicitly
incorporated into the updating formulation and treated as
part of the identification problem (see, e.g., [5]). Another
important aspect concerns the uncertainty introduced by
the Gaussian process surrogate. In some implementations,
this uncertainty is handled through numerical strategies, for
instance by simulating sample paths of the Gaussian process,
which may increase the computational burden. It is therefore
desirable to develop formulations in which the uncertainty
associatedwith the surrogatemodel can be consistently prop-
agated through the Bayesian updating procedure, ideally in
closed form, thereby avoiding additional simulation steps.
Therefore, this contribution proposes a framework for the
integration of GPRwithin Bayesianmodel updating inwhich
the uncertainty introduced by the surrogate model is explic-
itly taken into account. In the proposed formulation, GPR is
employed to approximate the response of the model, and the
resulting predictive uncertainty is analytically marginalized
into the likelihood function.As a consequence, themodel evi-
dence becomes a random variable induced by the epistemic
uncertainty of the GPR approximation. Analytical expres-
sions are derived for the expected value of the evidence
together with an upper bound of its variance, both obtained
with respect to the surrogate uncertainty introduced by the
GPR. These expressions build upon previous developments
related to the estimation of probability of failure in struc-
tural reliability problems using GPR surrogates [23]. Based
on this characterization of the evidence, an adaptive learning
strategy is introduced to sequentially enrich the training set
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of the surrogate model while controlling the uncertainty in
the estimation of the evidence. In this manner, the proposed
methodology enables an efficient and consistent Bayesian
updating procedure based on GPR, allowing the simultane-
ous identification of both model parameters and parameters
characterizing measurement noise. The GPR surrogate is
exclusively employed to approximate the structural response
of the model, while the parameters governing the measure-
ment noise are identified separately within the Bayesian
framework. The present work therefore constitutes a step
towards a fully probabilistic interpretationofBayesianupdat-
ing with GPR surrogates. It should be noted, however, that
the hyperparameters of the GPR are treated as deterministic
quantities obtained throughmaximum likelihood estimation,
and their uncertainty is not explicitly propagated within the
present formulation.

The rest of this paper is organized as follows. Sections 2
and 3 present the basic aspects and assumptions for Bayesian
model updating and Gaussian process regression consid-
ered in this work, respectively. Then, Section 4 analyzes
how to integrate the prediction uncertainty of the Gaussian
process into Bayesian updating in a consistent way. Prac-
tical implementation of such an approach is discussed in
Section 5. The application of the proposed framework is illus-
trated in Section 6 while the paper closes with conclusions
and outlook in Section 7. It is emphasized that the present
contribution focuses on the methodological integration of
Gaussian process surrogate modelling within a Bayesian
updating framework, together with the probabilistic treat-
ment of surrogate-induced uncertainty. For this reason, the
numerical investigations of Section 6 are conducted using a
synthetic example specifically designed to assess the pro-
posed methodology under controlled conditions, whereas
experimental validation is left as a subject for future research.

2 Bayesianmodel updating under
measurement uncertainty

2.1 Parameter space and forwardmodel

Many practical problems in engineering involve predicting
the behaviour of a physical system by means of a computa-
tional model that represents that system. In this context, the
model is characterized by a set of parameters that describe
physical properties, boundary conditions, or other quantities
governing the system response. Let x ∈ �x ⊆ R

nx denote
the vector of model parameters, where nx is the dimension
of the parameter space and �x is the admissible parameter
domain. Note that�x may incorporate physical, geometrical,
or constitutive constraints on the parameter vector. The cor-
responding model response is denoted by y ∈ R

ny , where ny
is the dimension of the response space. The relation between

parameters and responses is established through a determin-
istic forward model, which can be expressed as

y = f(x), (1)

where f : �x → R
ny denotes themodel mapping. The evalu-

ation of f may involve the execution of a complex numerical
model, for instance a finite element model (see, e.g., [4]),
followed by the extraction of selected response quantities
from the full numerical solution. Therefore, f should not be
understood as the underlying finite element solver itself, but
rather as the complete input–output interface that transforms
the model parameters x into the responses of interest y. The
evaluation of f(x)may be computationally demanding, since
each model call may require the solution of a high-fidelity
numerical problem. As a consequence, repeated evaluations
of the forward model may become prohibitive when a large
number ofmodel calls is required, as it is the case in Bayesian
updating.

2.2 Observationmodel

In practical applications, information about the physical
system is obtained through repeated measurements of the
quantities of interest. Let y( j)

o ∈ R
ny , j = 1, . . . , no, denote

the j-th observation vector, where no is the number of mea-
surements. Each vector y( j)

o contains the measured values
of the response quantities corresponding to the computa-
tionalmodel introduced in the previous subsection.Under the
assumption of additive measurement noise (see, e.g., [24]),
the observations are expressed as

y( j)
o = f(x) + ε( j), j = 1, . . . , no, (2)

where f(x) denotes the deterministic forward model and
ε( j) ∈ R

ny is the measurement error associated with the
j-th observation. The measurement errors are assumed to be
independent realizations of a multivariate Gaussian distribu-
tion with zero mean and covariance matrix �ε(σ ), that is

ε( j) ∼ N (0,�ε(σ )) , (3)

where N (μ,�) denotes the multivariate Gaussian distri-
bution with mean vector μ and covariance matrix �. The
covariance matrix of the measurement noise is defined as

�ε(σ ) = diag(σ 2
1 , . . . , σ 2

ny ), (4)

where σ = [σ1, . . . , σny ]T collects the standard deviations
associated with the response components and takes values
in an admissible set �σ ⊆ R

ny
+ , (·)T denotes transpose, and

diag(·) denotes the diagonal matrix constructed from its vec-
tor argument. The diagonal structure of �ε(σ ) implies that
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the measurement errors are assumed to be statistically inde-
pendent across the different observation channels. Such an
assumption is often reasonable when the measured quanti-
ties are obtained from sensors that do not exhibit significant
cross-correlation. At the same time, different values of σk are
admitted, which allows one to represent distinct noise levels
in the different response components. This is important in
practice, since the measured quantities may correspond to
different physical magnitudes and may therefore possess dif-
ferent levels of experimental uncertainty. Furthermore, the
measurement noise is assumed to possess zero mean. This
assumption reflects the hypothesis that the computational
model is able to reproduce the observed system behaviour
without systematic discrepancy. In other words, no explicit
bias term is introduced in the observation model, and the
discrepancy between measured and predicted responses is
attributed exclusively to random measurement errors.

Conditional on (x, σ ), each observation vector follows

y( j)
o | x, σ ∼ N (f(x),�ε(σ )

)
. (5)

2.3 Bayesian formulation of the inverse problem

The objective of Bayesian updating is to estimate the
unknown model parameters based on the available experi-
mental observations. In the present setting, both the param-
eter vector x and the noise parameters σ are considered
unknown. Therefore, these quantities are treated as random
variables, and prior probability distributions are assigned
to them, denoted by pX(x) and p�(σ ), respectively. These
distributions represent the available knowledge about the
parameters before the observations are taken into account.
In general, such information may originate from previous
experiments, engineering judgment, or physical constraints,
and may therefore possess a certain degree of subjectivity.

Let Do denote the set of observed data, defined as Do ={
y( j)
o

}no
j=1

, that is, the collection of the no observation vectors

introduced in the previous subsection. According to Bayes’
theorem, the posterior probability density of the parameters
(x, σ ) conditional on the observed data Do is given by

p(x, σ | Do) = L(x, σ | Do) pX(x) p�(σ )

c
, (6)

where p(x, σ | Do) denotes the posterior probability density,
L(x, σ | Do) is the likelihood function, and c is the model
evidence. The posterior distribution represents the updated
knowledge about the unknown parameters after the obser-
vational information has been incorporated. In this way, the
prior knowledge about (x, σ ) is combined with the informa-
tion contained in the observed data through the likelihood
function. The likelihood function L(x, σ | Do) is defined
as the joint probability density of observing the data set Do

conditional on the model parameters x and on the noise level
σ , that is, L(x, σ | Do) = p(Do | x, σ ). In the subsequent
developments, the likelihood is interpreted as a function of
the parameters for fixed observations. The mathematical def-
inition of the likelihood follows from the observation model
introduced in the previous subsection. Since the observa-
tion vectors y( j)

o are assumed to be statistically independent
and the measurement errors are Gaussian with diagonal
covariance matrix, the likelihood of the parameters (x, σ )

conditional on the observed dataDo can be written explicitly
as

L(x, σ | Do) =
ny∏

k=1

Ak(σk) ϕ
(
fk(x) | ȳo,k, σ 2

k /no
)

, (7)

where Ak ∈ R is a real scalar, ϕ(· | a, b2) is the Gaussian
probability density function with mean a and variance b2,
ȳo,k is the mean of the observed data for the k-th component,
and fk(x) is the k-th component of the deterministic forward
model f(x). A detailed derivation of this expression, along
with the precise definition of the factor Ak , can be found in
Appendix A.1. Nevertheless, Eq. 7 admits a transparent sta-
tistical interpretation. For each response component k, the
likelihood evaluates how well the model prediction fk(x)
agrees with the empirical mean ȳo,k of the available obser-
vations. The Gaussian probability density function therefore
quantifies the plausibility of the prediction in viewof themea-
surement data. Because the observation vectors are assumed
statistically independent with Gaussian measurement errors
of variance σ 2

k , the likelihood can be expressed in terms
of the sample mean, whose variance equals σ 2

k /no. This
scaling reflects the progressive reduction of effective obser-
vation uncertainty as the number of measurements increases,
so that the likelihood becomes increasingly concentrated
around values of x that produce predictions consistent with
the observed average response.

The constant c appearing in Eq. 6 is the model evidence,
which is defined as

c =
∫

�σ

∫

�x

L(x, σ | Do) pX(x) p�(σ ) dx dσ . (8)

The evidence acts as a normalizing constant that ensures
that the posterior density integrates to unity. In addition, this
quantity plays a central role in Bayesian model class selec-
tion andmodel averaging (see, e.g., [8, 25]). However, model
selection is not considered in the present work, and therefore
the evidence appears here only as a normalization term in
Bayes’ theorem.

Although Eq. 6 provides a formal expression for the pos-
terior distribution, the practical evaluation of this quantity is
usually computationally demanding. In particular, the likeli-
hood function requires the evaluation of the forward model
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f(x), which may involve the execution of a computation-
ally expensive numerical model, such as a high-fidelity finite
element simulation. Consequently, the repeated evaluations
required for posterior analysis may become prohibitive in
practice. This difficulty becomes particularly evident when
statistical quantities of interest are to be computed from the
posterior distribution. For instance, the estimation of poste-
rior expectations or marginal distributions typically require
the evaluation of integrals over the parameter space, which
are commonly approximated using stochastic simulation
methods such as transitional Markov chain Monte Carlo [8].
In such cases, a large number of evaluations of the likelihood
function are required, and therefore the computational cost
of the forward model becomes a critical bottleneck.

3 Gaussian process surrogatemodel

Inmany engineering applications, the evaluation of the deter-
ministic forward model f(x) is computationally demanding.
To alleviate this cost, the model is replaced by a Gaussian
process (GP) surrogate constructed from a set of training
evaluations.

Let

Dt =
{
(xt (i), yt (i))

}nt
i=1

, yt (i) = f(xt (i)) (9)

denote the training data set consisting of nt evaluations of the
forward model. Here, xt (i) ∈ R

nx denotes the input parame-
ters and yt (i) ∈ R

ny the corresponding model response. The
training inputsmay be selected using any appropriate design-
of-experiments strategy, such as Latin hypercube sampling
or other space-filling approaches (see, e.g., [26–28]).

Since themodel response is generally vector-valued, a sep-
arate Gaussian process is constructed for each component of
the response vector. While this strategy considerably simpli-
fies the surrogate construction, it neglects possible statistical
dependencies between the components of the response vec-
tor. Nevertheless, this assumption is retained here for the
sake of simplicity and because the considered response
vectors possess moderate dimension. For high-dimensional
responses, the framework could be extended by incorporat-
ing dimensionality-reduction strategies (see, e.g., [16]) or
multi-output surrogate formulations (see, e.g., [29]) in order
to explicitly account for output dependencies.

Let fk(x) denote the k-th component of the determinis-
tic model response. In the Gaussian process framework, this
function is approximated by a stochastic surrogate Fk(x),
which is modeled as a realization of a Gaussian process, i.e.,

Fk(x) ∼ GP(μk(x | θ), κk(x, x′ | θ)
)
, k = 1, . . . , ny .

(10)

Here, GP(·, ·) denotes a Gaussian-process prior over func-
tions,μk(x | θ) denotes the priormean function, κk(x, x′ | θ)

denotes the prior covariance kernel, and θ are the hyperpa-
rameters of the Gaussian process, which may contain, e.g.,
terms relatedwith themean, variance and correlation lengths.
These hyperparameters are estimated from the training data
set Dt , for instance by maximum likelihood estimation. It is
noted that such an approach neglects the uncertainty asso-
ciated with the estimation of the hyperparameters; a fully
Bayesian treatment could also assign prior distributions to θ

and infer their posterior distribution (see, e.g., [30]), although
at the expense of additional computational complexity. In
the following, the dependence of the mean function μk and
covariance kernel κk on θ is not denoted explicitly to keep
the notation compact.

Conditioning the Gaussian process on the training dataDt

yields the posterior predictive distribution of each response
component

Fk(x) | Dt ∼ GP(μt,k(x), κt,k(x, x′)
)
, k = 1, . . . , ny .

(11)

For the k-th component, the posteriormean and covariance
functions are given by [14]

μt,k(x) = μk(x) + κk(x,Xt )K
−1
k

(
yt,k − μk(Xt )

)
, (12)

κt,k(x, x′) = κk(x, x′) − κk(x,Xt )K
−1
k κk(Xt , x′), (13)

where Xt is a matrix whose rows contain the input train-
ing data xt (i), and Kk denotes the covariance matrix of the
training inputs,

[Kk]i j = κk

(
x(i)
t , x( j)

t

)
, i, j = 1, . . . , nt . (14)

Furthermore, κk(x,Xt ) denotes the vector of covari-
ances between the prediction location x and the training

inputs, and yt,k =
[
y(1)
t,k , . . . , y(nt )

t,k

]T
collects the k-th com-

ponents of the training outputs. Analogously, μk(Xt ) =[
μk

(
x(1)
t

)
, . . . , μk

(
x(nt )
t

)]T
denotes the vector of mean-

function evaluations at the training input locations. In addi-
tion, it is convenient to define the predictive variance as

s2t,k(x) = κt,k(x, x). (15)

Note that the Gaussian process interpolates the training
observations exactly in the noise-free formulation adopted
here (i.e. when the covariance matrixKk does not include an
observation-noise term).Consequently, ifx = xt (i) coincides
with one of the training points, the predictive mean satisfies
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μt,k

(
x(i)
t

)
= y(i)

t,k for k = 1, . . . , ny , and the predictive

variance becomes zero.
Replacing the deterministic model f(x) by the predictive

random vector F(x) = [F1(x), . . . , Fny (x)]T introduces an
additional layer of uncertainty into the inference problem,
which reflects the limited number of model evaluations used
to construct the surrogate model.

4 Bayesian updating with Gaussian process
predictive uncertainty

4.1 Effect of the surrogate model on Bayesian
updating

The introduction of the Gaussian process surrogate in the
forward model has direct consequences for the probabilistic
structure of the Bayesian updating problem. In particular,
once the deterministic model response is replaced by its
surrogate representation F(x), the likelihood function must
be interpreted as a functional with respect to the epistemic
uncertainty associated with the Gaussian process. Accord-
ingly, the likelihood can be written as

L(x, σ | Do,F) = p(Do | x, σ ,F(x)) , (16)

which emphasizes that, for each realization of the surrogate
field F(·), a distinct likelihood function over the parameter
space is obtained. In this way, the likelihood becomes a ran-
dom functional induced by the epistemic uncertainty of the
Gaussian process model. It should be noted that the surrogate
field F(x) appearing in Eq. 16 is understood as the poste-
rior Gaussian process conditioned on the training data setDt

introduced in Section 3. For the sake of notational compact-
ness, this conditioning is not indicated explicitly in Eq. 16.
More precisely, the likelihood functional should be inter-
preted as depending on the random vector F(x) | Dt , whose
probabilistic characterization is given by Eq. 11. Such an
interpretation directly affects the normalization constant of
Bayes’ theorem. In the deterministic formulation presented
previously, the evidence was denoted by the scalar quantity c
in Eq. 8. However, due to the randomness introduced through
the surrogate representation, the evidence now becomes a
random variable, which is denoted in the following by the
uppercase symbol C . It can be expressed as

C =
∫

�σ

∫

�x

L(x, σ | Do,F) pX(x) p�(σ ) dx dσ , (17)

where the dependence of C on the realization of F(·) is
implicit. Consequently, the normalization constant inherits
the epistemic uncertainty of the surrogate model and must
therefore be regarded as a random variable.

By application of Bayes’ theorem, the posterior distribu-
tion of the unknown parameters becomes

p(x, σ | Do,F) = L(x, σ | Do,F) pX(x) p�(σ )

C
. (18)

In view of Eqs. 16 and 17, it follows that the posterior
distribution must be interpreted as a random field over the
parameter space, indexed by the epistemic uncertainty of
the Gaussian process surrogate. In fact, each realization
of F(·) induces a distinct posterior density, which implies
that the Bayesian updating problem acquires an additional
hierarchical level. Although such a formulation is conceptu-
ally consistent, its direct numerical treatment may become
impractical in many applications. The representation and
propagation of the posterior random field typically leads to
considerable computational and methodological difficulties.
Therefore, alternative strategies that enable a tractable treat-
ment of surrogate-induced uncertainty are required. Such
strategies are discussed in the following subsection.

4.2 Posterior formulation based on the expected
likelihood

The formulation introduced in the previous subsection is
probabilistically consistent but leads to a posterior random
field that is difficult to manipulate in practical applications.
In order to obtain a tractable formulation, it is assumed in the
following that the Gaussian process surrogate is sufficiently
accurate so that the expectation of the likelihood with respect
to its epistemic uncertainty provides sufficient accuracy of
the statistical information conveyed by the observations [31,
32]. At this stage, the notion of sufficient accuracy is intro-
duced as a working assumption only. Its precise meaning
and a practical criterion for its assessment will be discussed
explicitly in Section 4.3.

LetEGP[·] denote the expectation operator with respect to
the posterior distribution of theGaussian process conditioned
on the training data Dt . Then, the expectation of the likeli-
hood in Eq. 16 admits the following analytical expression
(see Appendix A.2):

EGP[L(x, σ | Do,F)] =
ny∏

k=1

Ak (σk ) ϕ
(
μt,k (x)

∣
∣ ȳo,k , σ

2
k /no + s2t,k (x)

)
.

(19)

Equation 19 admits a clear probabilistic interpretation. In
particular, the expected likelihood preserves the functional
structure of the deterministic expression given in Eq. 7. The
role of the deterministic model response fk(x) is now sub-
stituted by the posterior predictive mean of the Gaussian
process surrogate, μt,k(x). In this manner, the surrogate pre-
diction enters the likelihood in a form that is analogous to
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the classical formulation, while accounting for the infor-
mation provided by the training data set Dt . At the same
time, the variance associated with the Gaussian probabil-
ity density function is augmented by the predictive variance
of the surrogate model. More precisely, the term σ 2

k /no
arising from the measurement noise is combined with the
epistemic uncertainty s2t,k(x) of the Gaussian process. This
results in an effective broadening of the likelihood contribu-
tion in regions of the parameter space where the surrogate
prediction is uncertain. Conversely, in the limit s2t,k(x) →
0, which corresponds to highly accurate surrogate predic-
tions or to interpolation at training points, the expected
likelihood reduces to the deterministic formulation. There-
fore, Eq. 19 naturally reflects the combined influence of
measurement uncertainty and surrogate-induced epistemic
uncertainty. The likelihood contribution becomes wider in
regionswhere theGaussian process prediction is less reliable,
whereas it approaches the classical expression in regions
where the surrogate model provides confident predictions.

The treatment of the evidence follows an analogous
reasoning. Starting from the random evidence introduced
previously, its expectation with respect to the Gaussian pro-
cess posterior can be written as

EGP[C] = EGP

[∫

�σ

∫

�x

L(x, σ | Do,F
)
pX(x) p�(σ ) dx dσ

]
. (20)

Since the likelihood and prior densities are non-negative
functions, Tonelli’s theorem (see, e.g., [23]) justifies the inter-
change between expectation and integration. Consequently,

EGP[C] =
∫

�σ

∫

�x

EGP
[L(x, σ | Do,F

)]
pX(x) p�(σ ) dx dσ . (21)

In order to obtain a tractable deterministic representation
of the inference problem, the likelihood function is replaced
by its expectation with respect to the posterior distribution
of the Gaussian process surrogate. This leads to the posterior
density

p(x, σ | Do,Dt ) ∝ EGP[L(x, σ | Do,F)] pX(x) p�(σ ).

(22)

It should be emphasized that the expectation of the likeli-
hood is employed here as a tractable closure of the random
posterior field introduced in Eq. 18. The adequacy of this
approximation depends on the level of predictive uncertainty
of the Gaussian process model, which will be quantified in
the following subsection.

In view of Eq. 22, the Bayesian updating problem recov-
ers a deterministic representation in which the epistemic
uncertainty associated with the Gaussian process surrogate
has been integrated out explicitly through the expectation

operator EGP[·]. From a formal standpoint, Eq. 22 consti-
tutes the counterpart of the classical posterior distribution
obtained in the absence of surrogate modelling. However,
it should be emphasized that the resulting posterior den-
sity remains conditioned on both the observation data Do

as well as on the training data set Dt used for the construc-
tion of the Gaussian process surrogate. In this manner, the
information contained in the surrogatemodel enters the infer-
ence procedure in an implicit yet fully probabilistic form. An
important consequence of this formulation is that, once the
expected likelihood has been evaluated, the Bayesian updat-
ing problem assumes again a structure that is analogous to
the standard setting as in Eq. 6. Therefore, posterior infer-
encemaybeperformedbymeans of any suitable strategy.The
remaining issue concerns the verification that the Gaussian
process surrogate provides a sufficiently accurate represen-
tation of the forward model so that the expected likelihood in
Eq. 22 remains representative of the statistical information
conveyed by the observations. The development of a practical
criterion for assessing the adequacy of the surrogate model
is addressed in the following subsection.

4.3 Criterion for surrogate accuracy based on the
variability of the evidence

The introduction of the Gaussian process surrogate renders
the Bayesian evidence a random variable with respect to the
epistemic uncertainty associatedwith the surrogatemodel. In
the present contribution, this property is exploited in order to
define apractical criterion for assessingwhether the surrogate
model is sufficiently accurate for the purposes of Bayesian
updating. Let the coefficient of variation (CoV) of the evi-
dence be defined as

CoV[C] =
√
VarGP[C]
EGP[C] , (23)

whereEGP[C] andVarGP[C] denote the expectation and vari-
ance of the evidence with respect to the Gaussian process
posterior distribution. The surrogate model is regarded as
sufficiently accurate if the quantity in Eq. 23 remains below
a prescribed tolerance. This assumption is motivated by the
observation that, in the limit of vanishing surrogate uncer-
tainty, the variability of the evidence also vanishes.

4.3.1 Exact representation of the variance of the evidence

Starting from the definition of the random evidence in Eq. 17,
its variance can be written as

VarGP[C] = EGP[C2] − (EGP[C])2. (24)
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The termEGP[C] on the right-hand side of the above equa-
tion is already available from Eq. 21. Meanwhile, Eq. 81
in Appendix A.3 provides a closed-form expression for
EGP[C2] with respect to the epistemic uncertainty of the
Gaussian process. Nevertheless, this last expression depends
on the bivariate Gaussian probability distribution, which
must be computed for all pairs of parameter values (x, x′).
Consequently, although an exact semi-analytical represen-
tation of VarGP[C] is available in principle, its practical
numerical evaluation becomes computationally prohibitive.
Indeed, as the associated integrals must be computed by
sampling methods, that would demand evaluating the bivari-
ate Gaussian distribution for all possible combinations of
those samples. This motivates the introduction of a tractable
approximation, which is discussed in the following subsec-
tion.

4.3.2 Upper bound for the variance of the evidence

The variance of the evidence is bounded from above, that is:

VarGP[C] ≤ VarGP[C] (25)

where VarGP[C] denotes the upper bound, which is defined
as:

VarGP[C] =
∫

�σ

∫

�x

VarGP[L(x, σ | Do,F)] pX(x)p�(σ ) dxdσ

(26)

where VarGP[L(x, σ | Do,F)] denotes the variance of the
likelihood with respect to the Gaussian process. Detailed
derivations of Eq. 26 as well as of the latter variance are pre-
sented in Appendix A.4. The advantage of these expressions
is that the epistemic uncertainty introduced by the surrogate
model can be treated in closed form.

4.3.3 Surrogate-accuracy criterion

The Gaussian process surrogate is regarded as sufficiently
accurate for the purposes of Bayesian updating if the upper
bound for the coefficient of variation of the evidence satisfies

CoV[C] =
√
VarGP[C]
EGP[C] ≤ εGP, (27)

where εGP denotes a prescribed tolerance. In practical appli-
cations, typical values of this tolerance may range between
1% and 10%, depending on the required level of reliability
of the posterior inference.

It should be emphasized that the quantityCoV[C] depends
on the training data set Dt used for the construction of the
Gaussian process surrogate. Once an initial surrogate has

been built, the corresponding value of CoV[C] is therefore
determined. In principle, the surrogate uncertainty could be
reduced by a brute-force strategy consisting in generating a
very large number of additional training samples and recom-
puting the surrogate model. However, such an approach may
lead to an unnecessary increase of the computational cost,
since not all regions of the parameter space contribute equally
to the Bayesian updating procedure. A more efficient strat-
egy consists in sequentially enriching the training data set by
selecting new parameter points that most effectively reduce
the surrogate-induced variability of the evidence. In this way,
surrogate accuracy can be improved in a targeted manner,
concentrating computational effort in regions that are rel-
evant for inference. The development of such an adaptive
learning strategy is the subject of the following section.

4.4 Adaptive control of surrogate uncertainty

The adaptive refinement of the Gaussian process surrogate
is guided by the point-wise contribution of the parameter
vector x to the surrogate-induced variability of the evidence.
Since additional training information can only be generated
through evaluations of the forward model at selected param-
eter locations x ∈ �x, whereas the noise parameters σ ∈ �σ

are not controllable, it is convenient to introduce a marginal
measure of variability with respect to σ . To this end, define

ψ(x) =
∫

�σ

VarGP[L(x, σ | Do,F)] p�(σ ) dσ . (28)

Following Eq. 26, the upper bound of the variance of the
evidence can be expressed as

VarGP[C] =
∫

�x

ψ(x) pX(x) dx. (29)

The function ψ(x) therefore represents the expected con-
tribution of the parameter point x to the surrogate-induced
variability of the evidence after marginalization with respect
to the noise parameters. Large values ofψ(x) pX(x) indicate
regions of the parameter space that simultaneously possess
significant prior probability mass and exhibit a strong sensi-
tivity of the likelihood with respect to surrogate uncertainty.
Consequently, enriching the training set in such regions is
expected to reduce the variability of the evidence in an effi-
cient manner [33].

Although the function ψ(x) provides a natural measure
of the local influence of surrogate uncertainty, it should
be noted that large values of VarGP[L(x, σ | Do,F)] may
arise in regions where the likelihood itself is negligible. In
such regions, an improvement of surrogate accuracy is not
expected to significantly affect theBayesian updating results,
since the corresponding parameter configurations contribute
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only marginally to the evidence and to the posterior distribu-
tion. In order to account for this effect, a smooth relevance
weight w is introduced in the form

w(EGP[L(x, σ | Do,F)]) = EGP[L(x, σ | Do,F)]

EGP[L(x, σ | Do,F)] + τ
,

(30)

where τ > 0 is a scaling parameter, whose selection strategy
is discussed in Section 5. It is observed that:

• if EGP[L(x, σ | Do,F)] 
 τ , then w ≈ 1, and the
contribution of surrogate variance is fully retained;

• if EGP[L(x, σ |Do,F)] � τ , then w ≈ EGP[L]/τ , and
the corresponding contribution is strongly attenuated.

In this manner, regions that are negligible with respect
to the evidence are automatically down-weighted, whereas
parameter configurations that are relevant for posterior infer-
ence maintain a dominant influence.

Based on this construction, the acquisition function a(x)
is defined as

a(x) = pX(x)
∫

�σ

VarGP[L(x, σ | Do,F)]w(EGP[L(x, σ | Do,F)]) p�(σ ) dσ .

(31)

The function a(x) quantifies the relevance-weighted con-
tribution of the parameter point x to the variability of the
evidence, taking into account both surrogate uncertainty and
prior probability mass. Therefore, the adaptive enrichment
of the Gaussian process surrogate is achieved by selecting
new training locations corresponding to parameter vectors
that maximize a(x). In this way, the computational effort
is concentrated in regions of the parameter space that are
simultaneously influential for Bayesian inference and insuf-
ficiently resolved by the current surrogate model.

5 Practical implementation

5.1 Overall strategy

The objective of the proposed methodology is the solution
of the Bayesian updating problem introduced in Section 2.
In this context, repeated evaluations of the deterministic for-
ward model may become computationally prohibitive. To
alleviate this difficulty, the forward model is replaced by a
Gaussian process surrogate constructed according to the for-
mulation presented in Section 3. The surrogate model is built
from an initial training data setDt comprising a limited num-
ber of forward model evaluations.

Once the surrogate model has been constructed, it is nec-
essary to verify whether its predictive accuracy is sufficient
for the purposes of Bayesian inference. In the present work,
this verification is performed by assessing the variability of
the model evidence induced by the epistemic uncertainty of
the Gaussian process. In particular, the expected value of
the evidence, obtained by marginalization with respect to the
surrogate uncertainty (see Eq. 21), together with the upper
bound of its variance (see Eq. 26), are employed to evalu-
ate the coefficient of variation criterion defined in Eq. 27. If
this condition is satisfied, the surrogate model is regarded as
sufficiently accurate for the updating procedure. If the sur-
rogate accuracy criterion is not fulfilled, the training data
set is sequentially enriched. New training points are selected
in the parameter space by means of the acquisition function
introduced in Eq. 31, which identifies regions that contribute
most significantly to the surrogate-induced variability of the
evidence. The forward model is evaluated at the selected
locations and the Gaussian process surrogate is subsequently
updated. This adaptive refinement process is repeated until
the convergence condition in Eq. 27 is satisfied.

Once the surrogate model is deemed sufficiently accurate,
Bayesian updating is performed using the posterior formula-
tion given inEq. 22, inwhich the likelihood function has been
analyticallymarginalizedwith respect to the surrogate uncer-
tainty. In this manner, the updating procedure consistently
accounts formeasurement uncertainty, prior information, and
the epistemic uncertainty associated with the surrogate rep-
resentation.

5.2 Monte Carlo estimation and posterior
approximation

The practical application of the proposed framework describ-
ed above requires the numerical evaluation of several mul-
tidimensional integrals arising in the characterization of the
evidence as well as in the subsequent posterior inference. In
the present work, these integrals are approximated by means
of plain Monte Carlo simulation (see, e.g., [34]) based on
sampling from the prior distributions of themodel parameters
and noise variables. For each sample, the relevant integrand
quantities are evaluated using the Gaussian process surrogate
model. Convergence of the quantities with respect to Monte
Carlo sampling is monitored through its coefficient of vari-
ation, which should be below a predefined threshold εMC.
Once the surrogatemodel satisfies the convergence condition
introduced in Eq. 27, the same prior-basedMonte Carlo sam-
ple set is employed for posterior approximation. In particular,
the expected likelihood values evaluated at the prior sam-
ples are used to construct importance weights proportional
to the numerator of the posterior density in Eq. 22. Normal-
ization of these weights provides a discrete approximation
of the posterior distribution supported on the prior sample
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set. Posterior samples may then be obtained by means of
a sampling-importance-resampling procedure [35], enabling
the estimation of marginal distributions, posterior moments,
and credible intervals. The distribution of the importance
weights is monitored in order to assess the quality of the pos-
terior representation, for instance through indicators related
to effective sample size.

It is recognized that prior-based Monte Carlo integration
and posterior approximation described above are generally
not optimal from the viewpoint of simulation, particularly in
situations where the posterior distribution is strongly con-
centrated in regions of low prior probability, a difficulty
that becomes more severe with increasing dimensionality
of the parameter vector being identified (see, e.g., [8]).
However, the present contribution does not aim at apply-
ing advanced simulation schemes for inference. Instead, the
focus is placed on the consistent probabilistic treatment and
control of surrogate-induced uncertainty within Bayesian
updating. From this perspective, the use of prior sampling
provides a simple and robust numerical framework. More-
over, since the Gaussian process surrogate can be evaluated
at negligible computational cost compared with the origi-
nal forward model, very large Monte Carlo sample sizes can
be employed in practice, thereby mitigating the inefficiency
associated with prior-based sampling. The specific imple-
mentation details are described in the following subsection.

5.3 Summary of the adaptive algorithm

The proposed Bayesian updating framework combines prior-
based Monte Carlo integration, Gaussian process surrogate
modelling, and an adaptive enrichment strategy aimed at con-
trolling the epistemic uncertainty induced by the surrogate
representation. The overall procedure can be summarized in
the following sequence of steps.

Step 1: Problem definition. The dimensions nx , ny and no
are specified together with the observed datasetDo, the prior
probability densities pX(x) and p�(σ ), and the deterministic
forward model y = f(x). Tolerance levels εGP and εMC are
prescribed for the control of surrogate-induced uncertainty
and Monte Carlo integration error, respectively. In practical
applications, these tolerances are typically selected in the
range between 1% and 10%, depending on the desired level
of accuracy of the posterior inference.

Step 2: Definition of auxiliary functions. Define the auxil-
iary function ξ1(x, σ )

ξ1(x, σ )=
ny∏

k=1

Ak(σk) ϕ
(
μt,k(x)

∣∣ȳo,k, (σk)2/no + s2t,k(x)
)

,

(32)

which corresponds to evaluating EGP[L(x, σ | Do,F)] as
shown in Eq. 19. In addition, define the auxiliary function
ξ2(x, σ )

ξ2(x, σ ) =
ny∏

k=1

Ak(σk)
2

√
no

4πσ 2
k

ϕ
(
μt,k(x)

∣
∣ ȳo,k , (σk)2 /(2no)+ s2t,k (x)

)
,

(33)

which follows from Eqs. 89 and 91 and allows evaluating
EGP

[L2(x, σ | Do,F)
]
. Finally, define the auxiliary function

ξ3(x, σ )

ξ3(x, σ ) = ξ2(x, σ ) − (ξ1(x, σ ))2, (34)

which follows from Eq. 88 and allows evaluating VarGP
[L(x, σ | Do,F)].

Step 3: Generation of prior sample pools and training
data. Two independent Monte Carlo sample pools are gen-
erated from the prior distributions,

Sx =
{
x(i)
}N

i=1
∼ pX(x), Sσ =

{
σ (i)
}N

i=1
∼ p�(σ ),

(35)

where N denotes the sample size. Since the priors are
assumed independent, the indexed pairs

(
x(i), σ (i)

)
, i =

1, . . . , N constitute independent and identically distributed
samples from the joint prior density pX(x)p�(σ ). These
pairs are employed for the Monte Carlo estimation of the
different integrals appearing in the formulation. In addition,
an auxiliary set of candidate parameter samples

Cx =
{
x( j)
c

}NC

j=1
∼ pX(x) (36)

is generated again according to Monte Carlo sampling. This
set will later be used in the adaptive selection of new train-
ing locations for the Gaussian process surrogate. Finally,
an initial training data set Dt to be used for constructing
the Gaussian process surrogate is generated using a suitable
space-filling design of experiments, as defined in Eq. 9.

Step 4: Construction of the initial surrogate model.Based
on the data set Dt , independent Gaussian process surrogate
models are constructed for each component of the model
response. This yields the posterior predictive mean function
μt,k(x), given in Eq. 12, together with the corresponding
predictive variance s2t,k(x), defined in Eq. 15.
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Step 5: Monte Carlo estimation of the expected value of
the evidence and of the upper bound of its variance. The
evidence is estimated by

ÊGP[C] = 1

N

N∑

i=1

ξ1

(
x(i), σ (i)

)
, (37)

which corresponds to the Monte Carlo approximation of
Eq. 21. Moreover, the upper bound of the variance of the
evidence is estimated as

V̂arGP[C] = 1

N

N∑

i=1

ξ3

(
x(i), σ (i)

)
, (38)

which follows from Eq. 26 together with the pointwise defi-
nition of VarGP[L(x, σ | Do,F)] given in Eq. 88.

Step 6: Control of Monte Carlo integration error. The
coefficient of variation associated with the estimators in
Eqs. 37 and 38 is monitored using their respective sample
coefficients of variation. If any of these coefficients of varia-
tion exceeds the tolerance εMC, the sample pools Sx and Sσ

are enlarged, e.g., by doubling N , and the algorithm returns
to step 5. In case the coefficients of variation are below the
threshold εMC, the algorithm proceeds to step 7.

Step 7: Surrogate convergence assessment. If the condition

̂CoV[C] =
√
V̂arGP[C]
ÊGP[C] ≤ εGP (39)

is satisfied twice in a row, the surrogate model is regarded
as sufficiently accurate for posterior inference and the exe-
cution of the algorithm proceeds to step 10. Otherwise, the
training set is enriched as described in Steps 8-9. Note that
Eq. 39 corresponds to Eq. 27 evaluated with the correspond-
ing estimators.

Step 8:Definition of scaling parameter.The scaling param-
eter τ associated with the acquisition function is selected as:

τ = Qα

({
ξ1

(
x(i), σ (i)

)}N

i=1

)
, (40)

where Qα(·) denotes the α quantile of the argument. Numer-
ical experience indicates that α = 99% is an adequate
value, as this choice attenuates contributions from param-
eter regions possessing negligible likelihood mass.

Step 9: Adaptive selection of new training point. For each
candidate parameter vector x( j)

c in Cx, the followingmodified
version of the acquisition function in Eq. 31 is evaluated:

â
(
x( j)
c

)
= 1

N

N∑

i=1

ξ3

(
x( j)
c , σ (i)

)
w
(
ξ1

(
x( j)
c , σ (i)

))
, j = 1, . . . , NC

(41)

wherew(·) is the relevance weight in Eq. 30. Note that in the
acquisition function in Eq. 41, the prior distribution pX(x)
present in Eq. 31 is omitted. The reason is that the next can-
didate point is selected out of the candidate sample pool Cx
that has been generated via Monte Carlo sampling according
to pX(x). Hence, the effect of the prior is already captured in
that candidate sample pool. Indeed, the next training point is
selected as

xnew = argmax j=1,...,NC
â(x( j)

c ) (42)

and the exact model f is evaluated at that new training point.
Both xnew and f (xnew) are added to the training data set Dt ,
and xnew is removed from Cx and the number of remaining
candidate points is updated as NC ← NC − 1. Then, the
execution of the algorithm returns to step 4.

Step 10: Posterior inference.Once the surrogate andMonte
Carlo convergence criteria are satisfied, posterior inference
is performed on the basis of the expected likelihood values
computed at the prior sample pairs

(
x(i), σ (i)

)
, i = 1, . . . , N .

For that purpose, importance weights are defined as

ω(i) = ξ1
(
x(i), σ (i)

)

∑N
j=1 ξ1

(
x( j), σ ( j)

) . (43)

A set of Np posterior samples is then generated by means
of a sampling–importance–resampling procedure applied to
the weighted population {(x(i), σ (i)

)
, ω(i)}Ni=1. The resulting

resampled pairs

(
x(r), σ (r)), r = 1, . . . , Np,

constitute approximate realizations from the joint posterior
density of the model parameters and the noise standard devi-
ations. Consequently, the same posterior sample set can be
used for the estimation of statistical quantities associated
with both x and σ , including posterior means, standard devi-
ations, credible intervals, or marginal probability densities.
In addition, graphical representations such as histograms or
kernel density estimates may be constructed directly from
the resampled population.

In practice, the number of posterior samples Np is selected
significantly smaller than the prior sample size N , that is,
Np � N , since the posterior sample set is obtained from a
discrete weighted approximation supported on the original
Monte Carlo population. A useful indicator for selecting an
appropriate value of Np is the effective sample size,

Neff = 1
∑N

i=1

(
ω(i)
)2 , (44)
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which quantifies the number of effectively independent sam-
ples contained in the weighted population. In general, Np

should not exceed, in order of magnitude, the value of Neff ,
since otherwise the resampled set may contain an excessive
number of replicated points and may provide a poor repre-
sentation of the posterior distribution.

6 Example

6.1 Description

This example considers the three-degree-of-freedom (DOF)
mass–spring system shown in Fig. 1 (see, e.g., [36]). The
system is intentionally simple, since such a choice allows the
application of brute-force Monte Carlo simulation without
further approximations. In thisway, highly accurate reference
results can be obtained, and the example is therefore well
suited for validation of the proposed methodology.

The nominal masses are m1 = m2 = m3 = 1.0 kg, and
the nominal stiffness values are k1 = k2 = k5 = 1.5 N/m,
k3 = k4 = 1.0 N/m, and k6 = 3.0 N/m. The uncertain
parameter vector is defined as

x = [k1 k2 k5
]�

, (45)

while all remaining parameters are kept fixed at their nominal
values. It is noted that the values of k1, k2, and k5 are specified
here only for definition of the reference model. In the sub-
sequent inverse problem, these quantities are assumed to be
unknown and are to be identified on the basis ofmeasurement
data.

The response vector collects the first three natural frequen-
cies, that is,

g(x) = [g1(x) g2(x) g3(x)
]�

, (46)

where gi (x), i = 1, 2, 3, denotes the i-th natural frequency
of the system. Since natural frequencies are strictly positive
quantities, the surrogate model is not constructed directly
for g(x). Instead, a logarithmic transformation is introduced,

Fig. 1 Three-DOF mass–spring system. The uncertain parameters are
k1, k2, and k5, whereas all remaining parameters are fixed at their nom-
inal values

which leads to

f(x) := log g(x) = [log g1(x) log g2(x) log g3(x)
]�

, (47)

where the logarithm is applied componentwise. In this way,
Gaussian process regression is performed in an uncon-
strained space, while positivity of the predicted natural
frequencies is preserved after back-transformation.

6.2 Generation of synthetic observations

For validation purposes, synthetic observations are generated
by considering the reference parameter vector

x∗ = [1.5 1.5 1.5
]�

N/m, (48)

which corresponds to the nominal values of the uncertain
stiffness coefficients k1, k2, and k5. A total of no = 10 inde-
pendent replicate experiments are considered.

In accordance with the observation model introduced
previously, the synthetic observations are generated in the
transformed response space as

y( j)
o = f(x∗) + ε( j), j = 1, . . . , no, (49)

where ε( j) denotes an independent realization of a Gaussian
random vector with zero mean and covariance matrix

�ε = σ 2I. (50)

Hence, the three components of the measurement error are
assumed to be mutually independent and to possess a com-
mon standard deviation σ . A numerical value of σ ∗ = 0.05
is considered in order to generate the synthetic observations.

It is noted that the additive Gaussian error model is intro-
duced for the logarithm of the natural frequencies, and not
for the natural frequencies themselves. Equivalently, in the
original response space this corresponds to a multiplicative
lognormal noise model. Such a choice is physically mean-
ingful, since themeasured natural frequencies remain strictly
positive and, therefore, nonphysical negative values cannot
arise.

6.3 Prior distributions

Prior information is specified for the unknown stiffness
parameters collected in the vector x as well as for the
observation-noise standard deviation σ . In the absence of
detailed prior knowledge on the stiffness values, indepen-
dent uniform prior distributions are assumed, that is,

xi ∼ U(1 N/m, 3 N/m), i = 1, 2, 3, (51)
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where x1 = k1, x2 = k2, and x3 = k5. Regarding the
observation model, only a single noise standard deviation
is considered, which is denoted by σ . To reflect limited
prior knowledge while ensuring positivity, a truncated half–
Student–t prior with ν = 4 degrees of freedom is adopted,

σ ∼ Half-tν(0, s), ν = 4, σ ≥ σmin, (52)

where s denotes the scale parameter and σmin is a pre-
scribed lower bound. Both quantities s and σmin are selected
on the basis of the available observation data. Let y( j)

o =
[ y( j)

o,1 y( j)
o,2 y( j)

o,3 ]�, j = 1, . . . , no, denote the observation
vectors. An empiricalmeasure of dispersion is first computed
as

σ̂yo =
√√√√ 1

3no − 3

no∑

j=1

3∑

i=1

(
y( j)
o,i − ȳo,i

)2
, (53)

where ȳo,i denotes the sample mean of the i th observation
component.

The scale parameter of the half–Student–t prior is then
defined as

s = σ̂yo . (54)

Similarly, the lower truncation value is chosen as

σmin = cmin σ̂yo , (55)

with 0 < cmin � 1. In this way, the prior for σ remains
weakly informative and adapted to the scale of the observa-
tions through an empirical Bayes step, while unrealistically
small noise levels are excluded. In this example, cmin is
selected as 10−3. The parameter σ is inferred jointly with
the stiffness parameters within the Bayesian updating proce-
dure.

6.4 Surrogate construction

The Gaussian process surrogate of the logarithm of the natu-
ral frequencies is constructed by selecting a prior mean equal
to a constant function,

μk(x) = βk, (56)

where βk is an unknown coefficient. Furthermore, the covari-
ance structure is described by a squared exponential kernel

κk(x, x′) = s2k exp

(
−1

2
(x − x′)��−1

k (x − x′)
)

, (57)

Fig. 2 Evolution of the upper bound of the coefficient of variation of

the evidence ̂CoV[C] and mean value of the evidence ĉ with respect to
iteration number

where s2k denotes the process variance and �k = diag(�2k,1,

. . . , �2k,nx ) contains the squared correlation lengths associ-
ated with each input dimension. The training data set Dt

is initialized with nt = 10 samples generated using Latin
Hypercube sampling with respect to the prior distribution.
Nevertheless, the training data could be initialized with any
appropriate scheme such as, e.g., the Sobol’ or Hammersley
sequence.

6.5 Posterior inference results

For the practical implementation of the proposed approach,
the following variables are chosen:

• The expected value andupper boundof the variance of the
evidence are calculated using sample sets with N = 107.

• A total of NC = 2×105 candidate samples are generated
to identify points for enriching the training data set.

• The convergence tolerances εGP and εMC are set equal to
10%.

The approach proposed in this work is implemented consid-
ering these variables. The results obtained are described in
detail below.

In Fig. 2, it is observed that, at the first iteration (where the
Gaussian process regression has been trained with nt = 10
samples), the upper bound of the coefficient of variation of
the evidence due to the approximation error of the Gaus-
sian process is around 150%. As this value exceeds εGP, the
acquisition function is used to locate a new candidate design
to enrich the training data set Dt . As observed from Fig. 2,
a total of 9 additional candidate designs are included in the
training data set in the subsequent iterations. It is observed
that the upper bound of the coefficient of variation drops
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steadily, indicating that the proposed acquisition function is
capable of identifying candidate samples that indeed help in
improving the quality of the surrogate model. The enrich-
ment process of the surrogate ends when the convergence
criterion is met twice in a row. Regarding the evolution of
the expected value of the evidence E[C] (which is denoted
for simplicity in Fig. 2 as ĉ), it is observed that its numerical
value is fairly stable after the first few iterations.

Once the Gaussian process surrogate meets its conver-
gence criterion, the next step is to generate posterior samples
of the parameter vector x and the noise parameter σ . For
this purpose, a total of Np = 2000 samples are generated.
This number seems appropriate, as the effective sample size
is about Neff ≈ 60 × 103. The results obtained are summa-
rized in Table 1 under the label proposed approach (GPR).
It is observed that the posterior mean for each of the four
parameters being identified is close to the actual value with
which the synthetic data was generated. Nevertheless, the
standard deviations exhibit relatively high values while the
90% credible intervals (CI) are rather wide. Therefore, to
verify the accuracy of the obtained results, posterior sam-
pling is repeated, this time discarding the GPR surrogate
and calculating the natural frequencies exactly. This leads
to the results labeled as brute-force Monte Carlo in Table 1.
It is observed that the results obtained with this reference
approach are almost identical to those obtained with the pro-
posed approach.

In addition to the results presented in Tables 1 and 2
presents themean, standard deviation and 90%credible inter-
vals for posterior natural frequencies of the system. These
frequencies have been generated using the exact model (that
is, solutionof the associated eigenvalue problem) considering
the posterior samples generated with the proposed approach
and brute-force Monte Carlo. As it can be seen from Table 2,
the posterior predictive summaries of the first three natural
frequencies obtained with the proposed approach are in very
close agreement with those delivered by brute-force Monte

Carlo simulation. This indicates that the surrogate-based
updating procedure preserves the predictive uncertainty in
the response space.

To gain additional insight into the Bayesian updating
results obtained with the proposed approach, normalized
histograms and scatter plots of the posterior samples are
depicted in Fig. 3. From the scatter plots, it is observed that
there are strong interactions between the different values of
the stiffnesses. This means that different combinations of
stiffness values can explain the available noisy observations
of the natural frequencies. This explains the relatively large
credible intervals observed in Table 1.

To verify the observations derived from Fig. 3, the follow-
ing experiment is conducted. All variables of the example are
kept fixed except for:

• The number of observations, which is increased to no =
20.

• The parameter σ used to generate the synthetic observa-
tions, which is reduced to σ ∗ = 0.02.

This selection leads to an identification problem with more
information. The results obtained are displayed in Fig. 4.
From this figure, it is evident that the normalized histograms
of the posterior distributions and the scatter plots are now
much narrower. This is a natural consequence of the addi-
tional available information, which allows one to obtain a
more informative posterior distribution.

As an additional investigation, a stress-test analysis is
conducted in order to assess the behaviour of the proposed
methodology under a severely restricted computational bud-
get. For this purpose, the original configuration comprising
no = 10 observations and a reference noise level equal to
σ = 0.05was considered again.However, the total number of
exact model evaluations employed for the construction of the
surrogate model was limited to only six. Two different strate-

Table 1 Posterior summaries of stiffness parameters k1, k2, and k5
(in N/m) and noise level σ obtained using the proposed GPR–based
approach and brute–force Monte Carlo simulation. The table also

reports the total number of forward model evaluations required by each
method as well as the estimator for the expected value of the evidence

Proposed approach (GPR) Brute–force Monte Carlo
Parameter Mean Std. dev. 90% CI Mean Std. dev. 90% CI

k1 1.410 0.276 [1.041,1.924] 1.422 0.276 [1.046,1.924]

k2 1.594 0.324 [1.090,2.145] 1.586 0.319 [1.082,2.128]

k5 1.466 0.179 [1.158,1.754] 1.472 0.177 [1.174,1.753]

σ 0.0584 0.0080 [0.0469,0.0728] 0.0582 0.0079 [0.0469,0.0721]

Model evaluations 19 (10 + 9) 107

ÊGP[C] 4.4 × 1016 4.4 × 1016
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Table 2 Posterior predictive summaries of the first three natural frequencies (in Hz) obtained by propagating posterior samples generated by the
proposed GPR–based Bayesian updating approach and brute–force Monte Carlo simulation through the exact forward model

Proposed approach (GPR) Brute–force Monte Carlo
Frequency Mean Std. dev. 90% CI Mean Std. dev. 90% CI

g1 0.1821 0.0033 [0.1769, 0.1875] 0.1822 0.0033 [0.1769, 0.1876]

g2 0.3612 0.0065 [0.3506, 0.3721] 0.3613 0.0064 [0.3509, 0.3720]

g3 0.4632 0.0057 [0.4542, 0.4727] 0.4636 0.0056 [0.4550, 0.4729]

gies were investigated. First, the proposed adaptive approach
was employed using three initial training samples followed
by three additional samples selected through active learn-
ing. Second, a non-adaptive strategy without active learning
was considered, where six training samples were selected
directly from the prior distribution. The corresponding pos-
terior means and standard deviations are reported in Table 3,
together with their relative errors with respect to the brute-
force Monte Carlo results reported in Table 1. It is observed
that the proposed approach with active learning still pro-
vides posterior means and standard deviations that remain

reasonably close to the reference results obtained with brute-
force Monte Carlo simulation. In particular, the relative
errors associated with the posterior summaries are generally
smaller than those obtained with the corresponding non-
adaptive approach, especially for parameters k1, k5 and σ .
Furthermore, although the upper-bound-based coefficients of
variation associated with the surrogate-induced uncertainty
in the evidence remain relatively large due to the extremely
limited number of exact model evaluations employed in this
stress-test setting, the adaptive strategy yields a substantially
smaller value than the corresponding non-adaptive approach.

Fig. 3 Posterior samples of x = [k1, k2, k5]T N/m and σ . Plots on the diagonal display normalized histograms, plots outside the diagonal display
scatter
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Fig. 4 Posterior samples of x = [k1, k2, k5]T N/m and σ for the case where no = 20 and σ = 0.02. Plots on the diagonal display normalized
histograms, plots outside the diagonal display scatter

This suggests that the active learning strategy improves the
accuracy of the posterior approximation and provides a more
reliable control of the surrogate-induced uncertainty within
the Bayesian updating procedure.

7 Conclusions and outlook

This contribution has examined the incorporation of the epis-
temic uncertainty associatedwithGaussian process surrogate

models into a Bayesian updating framework. The main idea
consists in explicitly accounting for the surrogate-induced
approximation error when performing inference on uncertain
model parameters. To this end, the quality of the Gaussian
process approximation has been controlled bymonitoring the
accuracy of the estimated model evidence, which serves as a
global indicator of the adequacy of the surrogate representa-
tion within the Bayesian setting.

The numerical results suggest that the proposed strategy
constitutes an appropriate and practically viable approach.

Table 3 Posterior summaries
obtained with the proposed
approach and with the
corresponding non-adaptive
GPR approach using the same
number of exact model
evaluations. Relative errors
reported in parentheses are
computed with respect to the
brute-force Monte Carlo
posterior summaries reported in
Table 1

Proposed approach Without active learning
Parameter Mean Std. dev. Mean Std. dev.

k1 1.411 (0.77%) 0.272 (1.45%) 1.369 (3.73%) 0.241 (12.68%)

k2 1.544 (2.65%) 0.329 (3.13%) 1.559 (1.70%) 0.339 (6.27%)

k5 1.465 (0.48%) 0.187 (5.65%) 1.396 (5.16%) 0.218 (23.16%)

σ 0.0581 (0.17%) 0.0079 (0.00%) 0.0583 (0.17%) 0.0080 (1.27%)

Model evaluations 6 (3 + 3) 6

ÊGP[C] 6.9 × 1016 5.7 × 1016

̂CoV[C] 341% 691%
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In the considered example, accurate characterization of the
posterior distributionwas achieved using only a limited num-
ber of training samples for constructing the surrogate model.
These findings support the general message of the present
work, namely that the use of surrogate models in Bayesian
updating inevitably introduces additional uncertainty, which
should be explicitly propagated and controlled within the
inference procedure.

From a methodological perspective, the proposed formu-
lation can be regarded as a step towards a fullyBayesian treat-
ment of surrogate-based inference. However, the approach is
not yet fully Bayesian in all aspects. In the present study, the
hyperparameters of the Gaussian process model have been
determined by means of maximum likelihood estimation.
A more rigorous treatment would require the considera-
tion of prior distributions for these hyperparameters and
their joint inference together with the physical parameters
of interest. Despite this limitation, the resulting framework
remains attractive in practical applications, since the uncer-
tainty associated with the Gaussian process prediction can
be analytically marginalized in the evaluation of posterior
expectations,while conservative upper bounds canbederived
for the variance of the model evidence.

Several directions for future research can be identi-
fied. First, independent Gaussian process models have been
employed for the approximation of the individual response
components. Although this assumption simplifies the surro-
gate construction and remains suitable for response vectors
possessing moderate dimension, it may become inefficient
in situations where the number of response components ny
is large, as it may occur, e.g., for time-dependent response
signals. The development of multi-output or co-Kriging sur-
rogatemodels therefore represents a natural extension,which
may lead to improved predictive performance and a more
consistent representation of the underlying systembehaviour.
Alternatively, dimensionality-reduction strategies based on
principal component analysis could also be incorporated
before surrogate construction, thereby enabling an effi-
cient treatment of high-dimensional response vectors (see,
e.g., [16]). Second, plain Monte Carlo simulation has been
adopted for the estimation of the model evidence as well as
for sampling from the posterior distribution. While the com-
putational cost of evaluating the surrogate model is typically
low, the efficiencyof crudeMonteCarlomethods deteriorates
as the dimension of the model parameter space increases,
particularly due to the concentration of the posterior distri-
bution in localized regions of the parameter space possessing
low prior probability. In view of high-dimensional identifica-
tion problems, the integration of more advanced simulation
techniques, such as transitional Markov chain Monte Carlo
or related sequential sampling strategies, appears to be a

promising research direction (see, e.g., [37–39]). Finally, the
adaptive construction of the surrogate model has been based
on a comparatively simple acquisition strategy relying on
Monte Carlo evaluation of candidate points. Although such
an approach is adequate for problems of moderate dimen-
sionality, its efficiency may also deteriorate with increasing
dimension of the model parameter space, as regions pos-
sessing high acquisition value become progressively more
difficult to identify through random sampling. Future work
should therefore investigate the use of dedicated optimiza-
tion algorithms for the solution of the associated acquisition
problem, with the aim of improving the robustness and scal-
ability of the overall methodology.

It is envisioned that the developments outlined above may
further enhance the applicability of surrogate-basedBayesian
updating in complex engineering systems, where accurate
and computationally efficient treatment of multiple sources
of uncertainty is of primary importance.

Appendix A: Derivation of formulas
associated with likelihood and evidence

A.1 Derivation of likelihood

Under the assumptions listed in Section 2.3, the likelihood is
given by

L(x, σ |Do)=(2π)−
nony
2

( ny∏

k=1

σ
−no
k

)

exp

⎛

⎜
⎝− 1

2

no∑

j=1

ny∑

k=1

(
y( j)
o,k − fk(x)

)2

σ 2
k

⎞

⎟
⎠ ,

(58)

where y( j)
o,k denotes the k-th component of the j-th observa-

tion vector y( j)
o , and fk(x) denotes the k-th component of the

forward model response f(x). It is convenient to rewrite the
likelihood in terms of sufficient statistics of the observation
sample. For each response component k = 1, . . . , ny , let

ȳo,k = 1

no

no∑

j=1

y( j)
o,k , Sk =

no∑

j=1

(
y( j)
o,k − ȳo,k

)2
. (59)

Then, the standard identity

no∑

j=1

(
y( j)
o,k − fk(x)

)2 = Sk + no
(
ȳo,k − fk(x)

)2 (60)
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holds. By substitution of Eq. 60 into Eq. 58, the likelihood
can be factorized with respect to the response components as

L(x, σ |Do)=
ny∏

k=1

(2πσ 2
k )−no/2 exp

(

− Sk
2σ 2

k

)

exp

(

− no
2σ 2

k

(
ȳo,k − fk(x)

)2
)

.

(61)

Since

no
2σ 2

k

(
ȳo,k − fk(x)

)2 =
(
ȳo,k − fk(x)

)2

2(σ 2
k /no)

,

each factor in Eq. 61 can also be expressed in terms of the
one-dimensionalGaussian probability density function intro-
duced, leading to:

L(x, σ | Do) =
ny∏

k=1

Ak(σk) ϕ
(
fk(x) | ȳo,k, σ 2

k /no
)

, (62)

where

Ak(σk) = (2πσ 2
k )−no/2 exp

(

− Sk
2σ 2

k

)√
2πσ 2

k

no
, (63)

and where ϕ(· | a, b2) is the Gaussian probability density
function with mean a and variance b2. Equation 62 shows
that, for each response component, the information contained
in the repeated observations is conveyed through the sample
mean ȳo,k and the sample scatter Sk . In this way, the likeli-
hood becomes proportional to a Gaussian density evaluated
at the model response fk(x), with variance σ 2

k /no. This rep-
resentation is particularly convenient for the purposes of this
work.

A.2 Expectation of the likelihood under the Gaussian
process posterior

This appendix presents the derivation of the expected
likelihood with respect to the Gaussian process posterior
predictive distribution. The starting point is the likelihood
in Eq. 7, namely

L(x, σ | Do) =
ny∏

k=1

Ak(σk) ϕ
(
fk(x)

∣∣ ȳo,k, σ 2
k /no

)
. (64)

Now the exact model fk(x) is replaced by its Gaussian
counterpart Fk(x). Recalling the posterior predictive dis-
tribution of its k-th response component Fk(x) conditional
on the training data Dt is Gaussian, that is, Fk(x) | Dt ∼

N
(
μt,k(x), s2t,k(x)

)
, the expectation of the likelihood with

respect to the Gaussian process posterior is therefore:

EGP[L(x, σ | Do,F)] =
ny∏

k=1

Ak(σk)

∫
ϕ
(
Fk
∣∣ ȳo,k, σ 2

k /no
)

ϕ
(
Fk
∣∣μt,k(x), s2t,k(x)

)
dFk, (65)

where independence of the predictive components has been
used. The remaining integral corresponds to the convolu-
tion of two one-dimensional Gaussian probability density
functions. Using the identity of the Gaussian density and
completing the square with respect to fk , one obtains (see,
e.g., [38, 40])

∫
ϕ
(
Fk
∣∣ ȳo,k, σ 2

k /no
)

ϕ
(
Fk
∣∣μt,k(x), s2t,k(x)

)
dFk

= ϕ
(
μt,k(x)

∣
∣ ȳo,k, σ 2

k /no + s2t,k(x)
)

. (66)

Substitution of the last expression into Eq. 65 finally leads
to

EGP[L(x, σ | Do,F)] =
ny∏

k=1

Ak (σk ) ϕ
(
μt,k (x)

∣
∣ ȳo,k , σ

2
k /no + s2t,k (x)

)
,

(67)

which corresponds to Eq. 19.

A.3 Expectation of the square of the evidence under
the Gaussian process posterior

The expected value of the square of the evidence with respect
to the Gaussian process surrogate is

EGP[C2] = EGP

[∫

�σ

∫

�x
L(x, σ | Do,F) pX(x)p�(σ ) dx dσ

×
∫

�σ

∫

�x
L(x′, σ ′ | Do,F′) pX(x′)p�(σ ′) dx′ dσ ′

]
.

(68)

where F′ = F(x′). Since the integrand is non-negative,
Tonelli’s theorem allows the interchange of expectation and
integration, which yields

EGP[C2] =
∫

�σ

∫

�x

∫

�σ

∫

�x
EGP

[L(x, σ | Do,F)L(x′, σ ′ | Do,F′)
]

× pX(x)p�(σ )pX(x′)p�(σ ′) dx dσ dx′ dσ ′. (69)

From this last equation, the challenge is to compute the
expectation of likelihoods L(x, σ | Do,F) and L(x′, σ ′ |
Do,F′) with respect to the Gaussian process. To solve this
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expectation, it is recalled from Eq. 64 that the likelihood can
be represented as:

L(x, σ | Do,F) =
ny∏

k=1

Lk(x, σk | Do, Fk), (70)

with

Lk(x, σk | Do, Fk) = Ak(σk) ϕ
(
Fk(x)

∣∣ ȳo,k, σ 2
k /no

)
. (71)

Now consider two parameter points x and x′. For each
response component k, the Gaussian process posterior
implies that the random vector

[
Fk(x)

Fk(x′)

] ∣∣
∣∣Dt ∼ N (μt,k,�t,k

)
, (72)

with mean vector

μt,k =
[

μt,k(x)

μt,k(x′)

]

, (73)

and covariance matrix

�t,k =
[

s2t,k(x) κt,k(x, x′)

κt,k(x, x′) s2t,k(x
′)

]

. (74)

Using Eq. 71, the mixed Gaussian process moment of the
k-th likelihood factor can be written as

EGP
[Lk(x, σk | Do, Fk)Lk(x′, σ ′

k | Do, Fk)
]

= Ak(σk) Ak(σ
′
k) EGP

[
ϕ
(
Fk(x) | ȳo,k , σ 2

k /no
)

ϕ
(
Fk(x′) | ȳo,k , σ ′

k
2
/no
)]

.

(75)

For convenience, introduce the auxiliary random vector

Zk =
[
Fk(x)

Fk(x′)

]

. (76)

From Eq. 72, this vector follows a bivariate normal distribu-
tion conditioned on the training data setDt . Furthermore, the
product of the two univariate Gaussian probability densities
appearing in Eq. 75 can be associated with a bivariate normal
density in the vector Zk . Indeed, defining

mk =
[
ȳo,k

ȳo,k

]

, �ε,k =
⎡

⎣
σ 2
k /no 0

0 σ ′
k
2
/no

⎤

⎦ , (77)

it follows directly from the definition of the multivariate nor-
mal density that

ϕ
(
Fk (x) | ȳo,k , σ 2

k /no
)

ϕ
(
Fk (x

′) | ȳo,k , σ ′
k
2
/no
)
=ϕ2

(
Zk | mk , �ε,k

)
,

(78)

where ϕ2
(· | mk,�ε,k

)
is the bivariate Gaussian probability

density function with meanmk and covariance �ε,k . Conse-
quently, the expectation in Eq. 75 can be expressed as the
integral of the product of two bivariate normal densities,
namely

Ak(σk) Ak(σ
′
k)

∫

R2
ϕ2
(
z | mk,�ε,k

)
ϕ2
(
z | μt,k,�t,k

)
dz.

(79)

Using the standard identity for the product-integral of
Gaussian densities, it follows that the mixed Gaussian pro-
cess moment admits the closed-form representation

EGP
[Lk(x, σk | Do, Fk)Lk(x′, σ ′

k | Do, Fk)
]

= Ak(σk) Ak(σ
′
k) ϕ2

([
ȳo,k

ȳo,k

]
∣∣ μt,k, �̃t,k

)

,
(80)

where �̃t,k = �ε,k +�t,k . Hence, the sought expected value
of the square of the evidence with respect to the Gaussian
process is

EGP[C2] =
∫

�σ

∫

�x

∫

�σ

∫

�x

ny∏

k=1

Ak(σk) Ak(σ
′
k) ϕ2

([
ȳo,k

ȳo,k

]
∣∣ μt,k , �̃t,k

)

× pX(x)p�(σ )pX(x′)p�(σ ′) dx dσ dx′ dσ ′. (81)

A.4 Calculation of upper bound of variance of
evidence

In order to derive a tractable surrogate-accuracy indicator, an
upper bound for the variance of the evidence is introduced.
Starting from Eq. 24

VarGP[C] = EGP[C2] − (EGP[C])2, (82)

and substituting Eqs. 69 and 21 yields

VarGP[C] =
∫

�σ

∫

�x

∫

�σ

∫

�x

EGP
[L(x, σ | Do,F)L(x′, σ ′ | Do,F′)

]

× pX(x)p�(σ )pX(x′)p�(σ ′) dx dσ dx′ dσ ′

−
(∫

�σ

∫

�x

EGP
[L(x, σ | Do,F

)]
pX(x) p�(σ ) dx dσ

)2
.

(83)
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This last equation can be simplified to:

VarGP[C] =
∫

�σ

∫

�x

∫

�σ

∫

�x

CovGP
[L(x, σ | Do,F), L(x′, σ ′ | Do,F′)

]

× pX(x)p�(σ )pX(x′)p�(σ ′) dx dσ dx′ dσ ′, (84)

where CovGP[·] denotes the covariance of the argument with
respect to the Gaussian process surrogate. Applying the
Cauchy-Schwarz inequality to bound that covariance from
above yields

VarGP[C] ≤
∫

�σ

∫

�x

∫

�σ

∫

�x

√
VarGP[L(x, σ | Do,F)]

×√VarGP[L(x′, σ ′ | Do,F′)]
× pX(x)p�(σ )pX(x′)p�(σ ′) dx dσ dx′ dσ ′.

(85)

By further manipulation, this expression leads to the bound
(see, e.g., [41])

VarGP[C] ≤
(∫

�σ

∫

�x

√
VarGP[L(x, σ | Do,F)] pX(x)p�(σ ) dx dσ

)2
.

(86)

Equation 86 already provides a meaningful bound, since
it shows that the global variability of the evidence can be
controlled through the point-wise variability of the like-
lihood induced by the surrogate model. In other words,
Eq. 86 constitutes the main theoretical result required for
relating the uncertainty of the evidence with respect to the
Gaussian process surrogate. For practical implementation,
however, it is convenient to introduce a further simplifica-
tion. Indeed, by applying Jensen’s inequality to the concave
function ϕ(u) = √

u with respect to the probability mea-
sure pX(x)p�(σ ) dxdσ , the square of the weighted integral
in Eq. (86) can be bounded from above by the corresponding
weighted integral of VarGP[L(x, σ | Do,F)]. This yields the
upper bound VarGP[C], namely

VarGP[C] ≤ VarGP[C]=
∫

�σ

∫

�x

VarGP
[L(x, σ |Do,F)

]
pX(x)p�(σ ) dxdσ .

(87)

Hence, the problem reduces to the evaluation of the point-
wise Gaussian process variance of the likelihood,

VarGP[L(x, σ | Do,F)] = EGP

[
L2(x, σ | Do,F)

]

− (EGP[L(x, σ | Do,F)])2 . (88)

The expected value of the likelihood appearing in Eq. 88
has already been derived in closed form in Eq. 19. Therefore,
it remains to evaluate the expected value of the square of the
likelihood. Recalling Eq. 70, it is readily observed that,

EGP

[
L2(x, σ | Do,F)

]
=

ny∏

k=1

EGP

[
L 2
k (x, σk | Do, Fk)

]
.

(89)

Now considering the definition of Lk in Eq. 71 and using
the identity for the square of a Gaussian probability den-
sity, which is proportional to another Gaussian density with
halved variance leads to:

L2
k(x, σk |Do, Fk)= Ak(σk)

2

√
no

4πσ 2
k

ϕ

(

Fk(x)
∣∣ ȳo,k,

σ 2
k

2no

)

.

(90)

Taking the expected value of this last Gaussian kernel with
respect to the Gaussian process corresponds to solving the
convolution of two one-dimensional Gaussian probability
density functions (as performed in Eq. 66), which leads to
the sought expression for the expected value of the square of
the likelihood.

EGP
[L2

k (x, σk | Do, Fk)
]= Ak(σk )

2

√
no

4πσ 2
k

ϕ

(

μt,k(x)
∣∣ȳo,k ,

σ 2
k

2no
+ s2t,k(x)

)

.

(91)

Equations 89 and 91, together with Eq. 19, provide a
closed-form representation of the point-wise Gaussian pro-
cess variance of the likelihood in Eq. 88. Substitution into
Eq. 87yields the explicit upper boundVarGP[C] forVarGP[C]
in which the surrogate uncertainty has been analytically
marginalized.
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