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 A B S T R A C T

Evaluating the first-passage probabilities of stochastic dynamical systems is often required 
for assessing the safety and performance of modern engineered systems. However, despite 
significant progress, this task remains rather challenging both analytically and numerically. To 
address the challenge, this work presents a novel method—proper orthogonal decomposition 
(POD) and Gaussian process regression (GPR) based approximate Bayesian active learning 
(ABAL), referred to as POD–GPR–ABAL. First, POD is employed to obtain an optimal low-
rank representation of the stochastic dynamical response of interest using a compact set of 
basis functions and coefficients, and the POD coefficients are subsequently approximated by 
independent GPRs. Second, the integral of the first-passage probability is interpreted as a 
Bayesian inference problem by leveraging the Bayesian formulation of the combined POD–
GPR model. Further, an approximate Bayesian inference scheme is developed, which avoids 
the computational intractability of the exact Bayesian inference. In this context, the mean of 
an approximate posterior first-passage probability is derived, which can be used a Bayesian 
estimator for the first-passage probability. In addition, we derive an upper bound on the 
standard deviation of the approximate posterior first-passage probability, which provides a 
uncertainty measure for the estimator. Third, based on the posterior statistics, a new stopping 
criterion is proposed to determine when the active learning process should terminate and a 
novel learning function is also developed to identify the best next evaluation point when the 
stopping criterion is not satisfied. Three numerical examples are presented to demonstrate 
the effectiveness of the proposed POD–GPR–ABAL method for evaluating the first-passage 
probabilities in stochastic dynamical systems. The results indicate that the proposed method 
achieves accurate first-passage probability estimates using only a small number of time-history 
analyses.

. Introduction

Reliability analysis of stochastic dynamical systems has received increasing attention across many fields of science and 
ngineering, as it is essential for ensuring the safety and performance of modern engineered systems. In this context, two types 
f problems typically arise: first-passage (or first-excursion) failure and fatigue (cumulative damage) failure. We specifically focus 
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on the first-passage failure problem in this study. This type of failure is relevant to a wide range of systems, including civil structures 
experiencing their first threshold exceedance during strong winds or earthquakes, as well as mechanical components that fail upon 
the first occurrence of excessive stress or deformation. The first-passage probability is defined as the likelihood that the system 
response exceeds a critical threshold for the first time within a given time interval. For general stochastic dynamical systems, 
evaluating the first-passage probabilities is well known to be highly challenging, both analytically and numerically. Existing methods 
can be roughly divided into five categories: out-crossing rate methods, stochastic simulation methods, moment-based methods, 
probability density-based methods, and surrogate modeling methods. For a brief review of these approaches, the interested reader 
is referred to [1].

Out-crossing rate methods are a family of approximate techniques that estimate the first-passage probability by evaluating how 
often a stochastic response process crosses a failure boundary. This approach originates from Rice’s formula [2,3], which provides 
an expression for the mean number of level-crossings of a random process, especially stationary Gaussian processes. To approximate 
the first-passage probability based on Rice’s crossing rate, many studies [4–6] used the Poisson process assumption, which treats 
all crossing events as statistically independent. Although this assumption leads to a simple formulation, it only gives correct results 
for high threshold levels and wide bandwidths for stationary Gaussian process. To this end, a number of improved approximation 
formulations have been proposed by introducing the Markov process assumption [7], Poisson branching process assumption [8] 
and conditional crossing rate [9], etc. Beyond the assumptions made about the distribution of out-crossing events, determining the 
out-crossing rate for complex stochastic dynamical systems remains a considerable challenge.

In stochastic simulation methods, the first-passage probability is estimated from an ensemble of randomly simulated response 
trajectories of the stochastic dynamical system. Within this category, the most representative approach is direct Monte Carlo 
simulation (MCS) [10]. Despite its algorithmic simplicity and broad applicability, direct MCS can become computationally 
demanding when the probability of failure is small. To improve computational efficiency, many alternative stochastic simulation 
methods, such as subset simulation [11], importance sampling [12–14], directional importance sampling [15,16] and stratified 
sampling [17,18] have been developed. However, for general nonlinear stochastic dynamical systems encountered in real-world 
applications, these methods may be theoretically inapplicable or remain computationally prohibitive.

Moment-based methods typically estimate the first-passage probability by reconstructing the extreme-value distribution of 
the stochastic response process from its estimated statistical moments. Representative examples include the integer-moment 
method [19], fractional-moment methods [20–22], linear-moment method [23] and many others [24–26]. In spite of consider-
able progress, moment-based methods still have certain limitations, including reliance on potentially unwarranted distributional 
assumptions and the absence of reliable error indicators.

Unlike the first three types of approaches, probability density-based methods compute the first-passage probability by solving the 
governing equation for the time-varying probability density function (PDF) of the system response. Traditionally, the first-passage 
probability can be obtained by numerically solving the backward Kolmogorov equation or the Chapman–Kolmogorov equation 
with absorbing boundary conditions [27] using methods such as Hamiltonian system method [28], complex fractional moment 
method [29], finite element method [30,31] and path integral method [32,33]. However, these methods encounter significant 
difficulties when applied to high-dimensional nonlinear systems. Recent remarkable advances have been achieved through the 
development of probability density evolution methods for solving the generalized density evolution equation (GDEE) [34,35], as 
well as methods for solving the dimension-reduced GDEE [36].

Surrogate modeling methods have emerged and gained increasing attention for estimating the first-passage probabilities of 
stochastic dynamical systems. Examples of such methods include active learning Kriging (also known as Gaussian process regression, 
GPR) [37–40], support vector regression [41], physics-informed neural network [42], physics-informed GPR [43], physics-informed 
neural operator [44]. Surrogate modeling methods represent a promising approach for computing first-passage probabilities, but 
further research is needed to achieve greater generality and broader applicability.

Beyond directly focusing on the first-passage probability, surrogate modeling methods have also been developed to predict 
the response of stochastic dynamical systems. These approaches consist of polynomial chaos expansions (PCE) [45], nonlinear 
autoregressive with exogenous inputs (NARX) [46–51], physics-informed long short-term memory (LSTM) networks [52], proper 
orthogonal decomposition (POD)-GPR/PCE [53–55], state space Kriging [56,57] and neural operators [58]. When a surrogate model 
can accurately predict the system response of interest for any realization of the input random variables, an accurate estimate of the 
failure probability can, at least theoretically, be obtained. However, constructing such a globally accurate surrogate is not actually 
necessary for reliability analysis, since only the sign of the limit-state function typically matters. On the other hand, a new class of 
techniques, referred to as Bayesian active learning methods, which seamlessly combine Bayesian inference with active learning, have 
been developed for time-independent reliability analysis [59–64] and time-dependent reliability analysis [65,66]. These methods 
focus computational effort near the limit-state surface and have therefore shown great promise. Despite these advances, the potential 
of Bayesian active learning for dynamic reliability analysis remains largely unexplored.

This work attempts to develop a Bayesian active learning method tailored for first-passage probability estimation in stochastic 
dynamical systems by leveraging the combined POD–GPR model [55]. The main contributions of this study can be summarized 
as follows. First, we introduce the POD–GPR as a Bayesian probabilistic model into dynamic reliability analysis, marking a 
departure from its original purpose of emulating stochastic dynamical systems. Second, to the best of the authors’ knowledge, 
this work provides the first formal extension of Bayesian active learning to reliability analysis of stochastic dynamical systems. 
Third, estimating the first-passage probability is interpreted as a Bayesian inference problem, leveraging the Bayesian nature of the 
combined POD–GPR model, and exact Bayesian inference is conducted. Fourth, an approximate Bayesian inference framework for 
the first-passage probability is developed, which avoids the computational burden associated with the exact Bayesian inference. 
2 
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Fifth, we propose a novel stopping criterion and learning function based on the resulting posterior statistics of the approximate 
Bayesian inference.

The remainder of this paper is organized as follows. Section 2 introduces the necessary preliminary concepts. Section 3 presents 
the proposed POD–GPR–ABAL method for estimating the first-passage probabilities in stochastic dynamical systems. Section 4 
demonstrates the accuracy and efficiency of the proposed method through three numerical examples. Finally, Section 5 concludes 
this study.

2. Preliminaries

This section mainly presents the problem formulation and introduces the POD–GPR model that underpins the proposed method. 
First, Section 2.1 formally defines the first-passage probabilities of stochastic dynamical systems. The combined POD–GPR model is 
then introduced for emulating stochastic dynamical systems in Section 2.2.

2.1. Definition of first-passage probabilities of stochastic dynamical systems

Consider a stochastic dynamical system with 𝑠 degrees of freedom, whose equation of motion is as follows: 

𝐌(𝜩)𝐗̈(𝑡) + 𝐂(𝜩)𝐗̇(𝑡) +𝐆
(

𝐗(𝑡), 𝐗̇(𝑡),𝜩
)

= 𝐈𝐅(𝜩 , 𝑡), (1)

where 𝐌 ∈ R𝑠×𝑠 is the mass matrix; 𝐂 ∈ R𝑠×𝑠 is the damping matrix; 𝐆 ∈ R𝑠×1 is the restoring-force vector; 𝐅 ∈ R𝑠×1 is the load 
vector; 𝐈 ∈ R𝑠×𝑠 is the load location (or influence) matrix; 𝜩 = [𝛯1, 𝛯2,… , 𝛯𝑑 ] ∈ 𝛺𝜩 ⊆ R𝑑 is the vector of 𝑑 random variables 
that characterize the randomness associated with both the system properties and the external excitation; 𝐗(𝑡), 𝐗̇(𝑡), 𝐗̈(𝑡) denote the 
displacement, velocity, and acceleration vectors, respectively. Given 𝐗(𝑡) and 𝐗̇(𝑡), any stochastic response of interest in reliability 
assessment can be obtained, and it is denoted by 𝑌 (𝜩 , 𝑡).

The first-passage probability 𝑃𝑓  is mathematically defined as: 

𝑃𝑓 = P
{

𝑌 (𝜩 , 𝑡) ∉ 𝛺safe, ∃ 𝑡 ∈ [0, 𝑇 ]
}

, (2)

where P is the probability operator; 𝛺safe ⊂ R denotes the safe domain in the response space; 𝑇  is the time horizon. Depending 
on the application, the boundary of 𝛺safe can take various forms, such as a single-sided boundary and a double-sided (symmetric) 
boundary, etc.

For a symmetric double-boundary problem, the safe domain is an interval 𝛺safe =
[

−𝑏, 𝑏
] with a prescribed threshold 𝑏 > 0. In 

this case, Eq. (2) reduces to: 

𝑃𝑓 = P
{

|𝑌 (𝜩 , 𝑡)| > 𝑏, ∃ 𝑡 ∈ [0, 𝑇 ]
}

. (3)

This can be written equivalently as: 

𝑃𝑓 = P
{

max
𝑡∈[0,𝑇 ]

|𝑌 (𝜩 , 𝑡)| > 𝑏
}

, (4)

where | ⋅ | denotes the absolute value.
The failure domain in the input random-variate space 𝛺𝜩 is defined as the set of realizations for which the maximum absolute 

response exceeds the prescribed threshold: 

 =
{

𝝃 ∶ max
𝑡∈[0,𝑇 ]

|𝑌 (𝝃, 𝑡)| > 𝑏
}

. (5)

Using the indicator function of the failure domain, Eq. (4) can then be reformulated as: 

𝑃𝑓 = ∫𝛺𝜩
𝐼 (𝝃)𝑓𝜩 (𝝃)d𝝃, (6)

where 𝑓𝜩 (𝝃) denotes the joint PDF of 𝜩; 𝐼 (𝝃) is the binary indicator function which gives ‘‘1’’ if 𝝃 ∈  and ‘‘0’’ otherwise. In 
general, the first-passage probability integral does not admit an exact solution and is even very computationally challenging to 
evaluate numerically.

2.2. Emulation of stochastic dynamical systems by POD-GPR

The POD–GPR model was introduced by Bhattacharyya [55] as a promising approach for predicting the response of stochastic 
dynamical systems. The key idea is to decouple the time dependence and the randomness of the stochastic response of interest using 
POD, and to learn the mappings from the random inputs to the POD coefficients through GPRs. Fig.  1 presents an overview of the 
POD–GPR method (𝑑 = 1).

POD [67] is a powerful dimensionality reduction technique that extracts the most important patterns or features from high-
dimensional data. It finds a set of orthogonal basis functions (modes) to represent a complex space–time process in the most compact 
3 
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Fig. 1. Overview of the POD–GPR framework (𝑑 = 1).

form possible. The POD of the stochastic response 𝑌 (𝜩 , 𝑡), which governs the first-passage probability, can be mathematically 
expressed as: 

𝑌 (𝜩 , 𝑡) =
𝑞
∑

𝑖=1
𝑎𝑖(𝜩)𝜑𝑖(𝑡), (7)

where 𝑎𝑖(𝜩) are the random POD coefficients; 𝜑𝑖(𝑡) are the deterministic, orthonormal POD bases; 𝑞 represents the number of 
POD terms in the expansion. It is evident from Eq. (7) that the POD separates the stochastic response into deterministic temporal 
components and random components.

Assume that 𝑙 realizations of 𝑌 (𝜩 , 𝑡) are available, given by the data matrix 𝐘 ∈ R𝑙×𝑛𝑡 , where [𝐘]𝑗,ℎ = 𝑌 (𝝃(𝑗), 𝑡ℎ). Here, 
𝐄 =

{

𝝃(𝑗)
}𝑙
𝑗=1 are 𝑙 realizations of 𝜩 and (𝑡1, 𝑡2,… , 𝑡𝑛𝑡 ) are 𝑛𝑡 uniformly spaced time instants in the interval [0, 𝑇 ]. Thus, we can 

construct a dataset  =
{

𝐄,𝐘
}

.
The POD bases are obtained via the thin Singular Value Decomposition (SVD) of 𝐘: 

𝐘 = 𝐔𝚺𝚽⊤, (8)

where 𝐔 = [𝐮1,… ,𝐮𝑙] ∈ R𝑙×𝑟; 𝚺 = diag(𝜎1,… , 𝜎𝑟) is a diagonal matrix of singular values ordered such that 𝜎1 ≥ 𝜎2 ≥ ⋯ ≥ 𝜎𝑟 ≥ 0, 
with 𝑟 = min{𝑙, 𝑛𝑡}; 𝚽 = [𝝋1,… ,𝝋𝑟] ∈ R𝑛𝑡×𝑟 contains the right singular vectors, which represent the POD basis functions.

In practice, the 𝑙 number of reduced order bases are never required. The number of retained POD modes 𝑛𝑏 is chosen as the 
smallest integer that captures a prescribed percentage 𝜂 of the total energy in the data: 

𝑛𝑏 = min

{

𝑙 ∶
∑𝑙

𝑖=1 𝜎
2
𝑖

∑𝑟
𝑖=1 𝜎

2
𝑖

≥ 𝜂

}

, (9)

where 𝜂 is a user-defined threshold.
4 
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The POD coefficients are given by: 
𝐀 = 𝐘𝚽(∶,1∶𝑛𝑏) ∈ R𝑙×𝑛𝑏 , (10)

where 𝐀𝑗,𝑖 = 𝑎𝑖(𝝃(𝑗)); 𝚽(∶,1∶𝑛𝑏) represents the first 𝑛𝑏 columns of 𝚽.
The reconstructed response data can be expressed as: 

𝐘̂ = 𝐀𝚽⊤
(∶,1∶𝑛𝑏)

. (11)

To predict the response at an unseen 𝝃, one has to learn the POD coefficient functions 𝑎𝑖(𝝃), 𝑖 = 1,… , 𝑛𝑏 from the available data 
𝐄 and 𝐀. GPR [68] is a flexible non-parametric Bayesian approach to regression, which might be well-suited for inferring these 
mappings. For each POD coefficient function, a separate GPR model is built. For notational simplicity, we omit the subscript 𝑖 in 
the following for 𝑎𝑖(𝝃).

It is assumed that our prior beliefs on 𝑎(𝝃) can be represented by a Gaussian process (GP): 
𝑎0(𝝃) ∼ 

(

𝜇𝑎0 (𝝃), 𝑘𝑎0 (𝝃, 𝝃
′)
)

, (12)

where 𝑎0(𝝃) denotes the prior distribution of 𝑎(𝝃); 𝜇𝑎0 (𝝃) is the prior mean function, describing the general trend of the GP; and 
𝑘𝑎0 (𝝃, 𝝃

′) is the prior covariance function, which encodes smoothness and other structural properties of the GP.
In this study, the prior mean function is assumed to be zero, i.e., 𝜇0(𝝃) = 0. This is because no prior information is available 

regarding the overall trend of 𝑎(𝝃), and a zero prior mean is adopted to avoid introducing artificial bias. In addition, the anisotropic 
Matérn kernel with smoothness parameter fixed at 2.5 is adopted for the prior covariance function: 

𝑘𝑎0 (𝝃, 𝝃
′) = 𝜏2

(

1 +
√

5𝜆 + 5
3
𝜆2
)

exp
(

−
√

5𝜆
)

, (13)

where 𝜏2 is the process variance; 𝜆 =
√

∑𝑑
𝑝=1

(𝜉𝑝−𝜉′𝑝)2

𝑙2𝑝
 is the scaled Euclidean distance between 𝝃 and 𝝃′; 𝒍 = [𝑙1,… , 𝑙𝑑 ] is the vector of 

𝑑 length-scales. The Matérn 5/2 kernel [69] is specifically selected because it avoids overly smooth or excessively rough assumptions, 
which makes it well suited to many practical dynamical systems.

The kernel parameters 𝝍 =
{

𝜏2, 𝒍
} can be learned from the data  =

{

𝐄, 𝒂
} by maximizing the log marginal likelihood: 

𝓁(𝝍) = − 1
2𝒂

⊤𝐊(𝝍)−1𝒂 − 1
2 log |𝐊(𝝍)| − 𝑁

2 log(2𝜋), (14)

where 𝐊𝑖𝑗 (𝝍) is the covariance matrix evaluated at training data points conditional on 𝝍 , i.e., 𝐊𝑖𝑗 (𝝍) = 𝑘𝑎0 (𝝃
(𝑖), 𝝃(𝑗)).

Conditioning the GP prior on  yields the GP posterior for 𝑎(𝝃): 
𝑎𝑛(𝝃) ∼ 

(

𝜇𝑎𝑛 (𝝃), 𝑘𝑎𝑛 (𝝃, 𝝃
′)
)

, (15)

where 𝑎𝑛(𝝃) is the posterior distribution of 𝑎(𝝃); 𝜇𝑎𝑛 (𝝃) is the posterior mean function; 𝑘𝑎𝑛 (𝝃, 𝝃′) is the posterior covariance function. 
One can obtain 𝜇𝑎𝑛 (𝝃) and 𝑘𝑎𝑛 (𝝃, 𝝃′) in analytical form:

𝜇𝑎𝑛 (𝝃) = 𝐤𝑎0 (𝝃,𝐄)
𝖳𝐊−1𝒂, (16)

𝑘𝑎𝑛 (𝝃, 𝝃
′) = 𝑘𝑎0 (𝝃, 𝝃

′) − 𝐤𝑎0 (𝝃,𝐄)
𝖳𝐊−1𝐤𝑎0 (𝐄, 𝝃

′), (17)

where 𝐤𝑎0 (𝝃,𝐄) and 𝐤𝑎0 (𝐄, 𝝃′) are cross-covariance vectors between the test point and training points; 𝐊 is the covariance matrix 
evaluated at training points. The posterior mean 𝜇𝑎𝑛 (𝝃) provides a Bayesian estimate of 𝑎(𝝃), while the posterior variance 𝜎2𝑎𝑛 (𝝃) =
𝑘𝑎𝑛 (𝝃, 𝝃) quantifies the prediction uncertainty.

Because each POD coefficient is modeled by an independently trained GPR, the posterior distribution of 𝑦̂(𝝃, 𝑡) also follows a GP: 

𝑦̂𝑛(𝝃, 𝑡) ∼ (𝜇𝑦̂𝑛 (𝝃, 𝑡), 𝑘𝑦̂𝑛 (𝝃, 𝑡, 𝝃
′, 𝑡′)), (18)

where 𝑦̂𝑛(𝝃, 𝑡) denotes the posterior distribution of 𝑦̂(𝝃, 𝑡); 𝜇𝑦̂𝑛 (𝝃, 𝑡) and 𝑘𝑦̂𝑛 (𝝃, 𝑡, 𝝃′, 𝑡′) are the posterior mean and covariance functions 
respectively, and can be given by: 

𝜇𝑦̂𝑛 (𝝃, 𝑡) =
𝑛𝑏
∑

𝑖=1
𝜇(𝑖)
𝑎𝑛
(𝝃)𝜑⊤

𝑖 (𝑡), (19)

𝑘𝑦̂𝑛 (𝝃, 𝑡, 𝝃
′, 𝑡′) =

𝑛𝑏
∑

𝑖=1
𝑘(𝑖)𝑎𝑛 (𝝃, 𝝃

′)𝜑⊤
𝑖 (𝑡)𝜑

⊤
𝑖 (𝑡

′), (20)

where 𝜇(𝑖)
𝑎𝑛 (𝝃) and 𝑘

(𝑖)
𝑎𝑛 (𝝃, 𝝃

′) are the posterior mean and covariance functions of 𝑎𝑖(𝝃), respectively. The posterior mean 𝜇𝑦̂𝑛 (𝝃, 𝑡) is the 
Bayesian predictor of 𝑦̂(𝝃, 𝑡), and the prediction uncertainty is reflected by the posterior variance 𝜎2𝑦̂𝑛 (𝝃, 𝑡) = 𝑘𝑦̂𝑛 (𝝃, 𝑡, 𝝃, 𝑡). It is noted 
that in the original work [55], only the predictive mean (Eq. (19)) was reported. Here, we further provide the posterior distribution 
as well as its covariance and variance.

The integrated POD–GPR model provides a promising dimension-reduced probabilistic model for emulating stochastic dynamical 
systems. Once trained, it can predict the system response at any unseen input 𝝃, while also quantifying the associated predictive 
uncertainty. However, its application has so far been limited to response prediction and has not been extended to the computation 
of first-passage probabilities in stochastic dynamical systems.
5 
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3. Proposed POD-GPR-ABAL method

In this section, we introduce the proposed POD–GPR–ABAL method for evaluating the first-passage probabilities of stochastic 
dynamical systems. A concise overview of the proposed method is given in Section 3.1. Approximate Bayesian inference about 
the first-passage probability is presented in Section 3.2. Section 3.3 and Section 3.4 introduce the stopping criterion and learning 
function, respectively. The implementation procedure of the proposed method is outlined in Section 3.5.

3.1. Overview of the proposed method

The main ideas underlying the proposed POD–GPR–ABAL method are twofold: (1) formulating the estimation of the first-passage 
probability as a Bayesian inference problem, leveraging the POD–GPR model; and (2) enabling active learning of the first-passage 
probability on top of the Bayesian inference framework. We start with a small training dataset of size 𝑛0, from which a POD–GPR 
model is constructed. Bayesian inference about the first-passage probability is further performed. If a predefined stopping criterion is 
satisfied, then the algorithm terminates. Otherwise, the best next evaluation point 𝝃(𝑛+1) is identified by a suitable learning function, 
the corresponding system response is computed, and the training dataset is enriched. This iterative process continues until the 
stopping criterion is met.

3.2. Approximate Bayesian inference about the first-passage probability

Owing to the Bayesian formulation of GPR, the integrated POD–GPR model also inherits a Bayesian interpretation, as explained 
in Section 2.2. Conditional on the training dataset of size 𝑛, the posterior distribution of a generic response 𝑦̂(𝝃, 𝑡) follows a GP, which 
is defined in Eq. (18). On this basis, we proceed to perform Bayesian inference on the indicator function and, ultimately, on the 
first-passage probability. However, an exact Bayesian inference leads to computationally intractable results, as given in Appendix. 
As an alternative, we propose an approximate Bayesian inference scheme instead.

Recall that the predictive distribution of 𝑌 (𝜩 , 𝑡ℎ) at given 𝜩 = 𝝃, i.e., 𝑦̂𝑛(𝝃, 𝑡ℎ), is Gaussian for each ℎ = 1,… , 𝑛𝑡. These 𝑛𝑡 Gaussian 
random variables are in general correlated, with covariance specified by Eq. (20). To simplify the correlation structure, we introduce 
the following assumption: 

𝑦̂𝑛(𝝃, 𝑡ℎ) = 𝜇𝑦̂𝑛 (𝝃, 𝑡ℎ) + 𝜎𝑦̂𝑛 (𝝃, 𝑡ℎ)𝑍ℎ, ℎ = 1,… , 𝑛𝑡, (21)

where 𝑍1,… , 𝑍𝑛𝑡  are 𝑛𝑡 independent standard normal variables. Eq. (21) actually implies that 𝑦̂𝑛(𝝃, 𝑡1), ⋯, 𝑦̂𝑛(𝝃, 𝑡𝑛𝑡 ) are assumed to 
be mutually independent. Although this assumption ignores the temporal correlation, it leads to simplified yet meaningful results, as 
demonstrated later. The reader should not confuse the dependence with the actual dependence among 𝑌 (𝜩 , 𝑡1), ⋯, 𝑌 (𝜩 , 𝑡𝑛𝑡 ), which 
is not altered in any way.

The induced approximate posterior distribution of the indicator function 𝐼 (𝝃) can be defined as: 

𝐼 ,𝑛(𝝃) =
{

1, if maxℎ∈[1,𝑛𝑡] |𝜇𝑦̂𝑛 (𝝃, 𝑡ℎ) + 𝜎𝑦̂𝑛 (𝝃, 𝑡ℎ)𝑍ℎ| > 𝑏
0, otherwise , (22)

which actually follows a generalized Bernoulli process (GBP): 

𝐼 ,𝑛(𝝃) ∼ (𝜇𝐼 ,𝑛
(𝝃), 𝑘𝐼 ,𝑛

(𝝃, 𝝃′)), (23)

with mean and covariance: 
𝜇𝐼 ,𝑛

(𝝃) =E
[

𝐼 ,𝑛(𝝃)
]

=P
[

𝐼 ,𝑛(𝝃) = 1
]

=1 −
𝑛𝑡
∏

ℎ=1
P
[

|𝜇𝑦̂𝑛 (𝝃, 𝑡ℎ) + 𝜎𝑦̂𝑛 (𝝃, 𝑡ℎ)𝑍ℎ| ≤ 𝑏
]

=1 −
𝑛𝑡
∏

ℎ=1
P
[

−𝑏 ≤ 𝜇𝑦̂𝑛 (𝝃, 𝑡ℎ) + 𝜎𝑦̂𝑛 (𝝃, 𝑡ℎ)𝑍ℎ ≤ 𝑏
]

=1 −
𝑛𝑡
∏

[

𝛷

(

𝑏 − 𝜇𝑦̂𝑛 (𝝃, 𝑡ℎ)
)

−𝛷

(

−𝑏 − 𝜇𝑦̂𝑛 (𝝃, 𝑡ℎ)
)]

,

(24)
ℎ=1 𝜎𝑦̂𝑛 (𝝃, 𝑡ℎ) 𝜎𝑦̂𝑛 (𝝃, 𝑡ℎ)
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𝑘𝐼 ,𝑛
(𝝃, 𝝃′) = E[𝐼 ,𝑛(𝝃)𝐼 ,𝑛(𝝃′)] − E[𝐼 ,𝑛(𝝃)]E[𝐼 ,𝑛(𝝃′)]

= P
[

𝐼 ,𝑛(𝝃) = 1, 𝐼 ,𝑛(𝝃′) = 1
]

− P
[

𝐼 ,𝑛(𝝃) = 1
]

P
[

𝐼 ,𝑛(𝝃′) = 1
]

= 1 − P
[

𝐼 ,𝑛(𝝃) = 0
]

− P
[

𝐼 ,𝑛(𝝃′) = 0
]

+ P
[

𝐼 ,𝑛(𝝃) = 0, 𝐼 ,𝑛(𝝃′) = 0
]

− P
[

𝐼 ,𝑛(𝝃) = 1
]

P
[

𝐼 ,𝑛(𝝃′) = 1
]

= 1 −
𝑛𝑡
∏

ℎ=1

[

𝛷1(𝑏;𝜇ℎ, 𝜎2ℎ) −𝛷1(−𝑏;𝜇ℎ, 𝜎2ℎ)
]

−
𝑛𝑡
∏

ℎ=1

[

𝛷1(𝑏;𝜇′
ℎ, 𝜎

′
ℎ
2) −𝛷1(−𝑏;𝜇′

ℎ, 𝜎
′
ℎ
2)
]

+
𝑛𝑡
∏

ℎ=1

[

𝛷2((𝑏, 𝑏);𝝁(ℎ),𝜮(ℎ)) −𝛷2((−𝑏, 𝑏);𝝁(ℎ),𝜮(ℎ)) −𝛷2((𝑏,−𝑏);𝝁(ℎ),𝜮(ℎ)) +𝛷2((−𝑏,−𝑏);𝝁(ℎ),𝜮(ℎ))
]

−

[

1 −
𝑛𝑡
∏

ℎ=1

[

𝛷1(𝑏;𝜇ℎ, 𝜎2ℎ) −𝛷1(−𝑏;𝜇ℎ, 𝜎2ℎ)
]

][

1 −
𝑛𝑡
∏

ℎ=1

[

𝛷1(𝑏;𝜇′
ℎ, 𝜎

′
ℎ
2) −𝛷1(−𝑏;𝜇′

ℎ, 𝜎
′
ℎ
2)
]

]

=
𝑛𝑡
∏

ℎ=1

[

𝛷2((𝑏, 𝑏);𝝁(ℎ),𝜮(ℎ)) −𝛷2((−𝑏, 𝑏);𝝁(ℎ),𝜮(ℎ)) −𝛷2((𝑏,−𝑏);𝝁(ℎ),𝜮(ℎ)) +𝛷2((−𝑏,−𝑏);𝝁(ℎ),𝜮(ℎ))
]

−
𝑛𝑡
∏

ℎ=1

[

𝛷1(𝑏;𝜇ℎ, 𝜎2ℎ) −𝛷1(−𝑏;𝜇ℎ, 𝜎2ℎ)
]

𝑛𝑡
∏

ℎ=1

[

𝛷1(𝑏;𝜇′
ℎ, 𝜎

′
ℎ
2) −𝛷1(−𝑏;𝜇′

ℎ, 𝜎
′
ℎ
2)
]

,

(25)

where E[ ⋅ ] denotes the expectation operator; 𝛷 denote the cumulative distribution functions(CDF) of standard normal variable; 𝛷1
and 𝛷2 denote the uni-variate and bi-variate normal CDF, respectively; 𝜇ℎ = 𝜇𝑦̂𝑛 (𝝃, 𝑡ℎ) and 𝜎2ℎ = 𝜎2𝑦̂𝑛 (𝝃, 𝑡ℎ) are the posterior mean and 
variance of 𝑦̂𝑛 at (𝝃, 𝑡ℎ); 𝝁(ℎ) = (𝜇ℎ, 𝜇′

ℎ)
⊤ and 𝜮(ℎ) are the joint mean vector and joint covariance matrix at 𝑡ℎ for locations 𝝃 and 𝝃′, 

with 𝜇′
ℎ = 𝜇𝑦̂𝑛 (𝝃

′, 𝑡ℎ) and 𝜎′ℎ
2 = 𝜎2𝑦̂𝑛 (𝝃

′, 𝑡ℎ), and 𝜮(ℎ) given by: 𝜮(ℎ) =

(

𝜎2ℎ 𝑐ℎ
𝑐ℎ 𝜎′ℎ

2

)

.

The variance of 𝐼 ,𝑛(𝝃) can be obtained as: 

𝜎2
𝐼 ,𝑛

(𝝃) =V
[

𝐼 ,𝑛(𝝃)
]

=P
[

𝐼 ,𝑛(𝝃) = 0
]

P
[

𝐼 ,𝑛(𝝃) = 1
]

=
𝑛𝑡
∏

ℎ=1

[

𝛷

(

𝑏 − 𝜇𝑦̂𝑛 (𝝃, 𝑡ℎ)
𝜎𝑦̂𝑛 (𝝃, 𝑡ℎ)

)

−𝛷

(

−𝑏 − 𝜇𝑦̂𝑛 (𝝃, 𝑡ℎ)
𝜎𝑦̂𝑛 (𝝃, 𝑡ℎ)

)](

1 −
𝑛𝑡
∏

ℎ=1

[

𝛷

(

𝑏 − 𝜇𝑦̂𝑛 (𝝃, 𝑡ℎ)
𝜎𝑦̂𝑛 (𝝃, 𝑡ℎ)

)

−𝛷

(

−𝑏 − 𝜇𝑦̂𝑛 (𝝃, 𝑡ℎ)
𝜎𝑦̂𝑛 (𝝃, 𝑡ℎ)

)])

,

(26)

where V[ ⋅ ] denotes the variance operator.
The induced approximate posterior distribution of the first-passage probability 𝑃𝑓  is given by: 

𝑃𝑓,𝑛 = ∫𝛺𝜩
𝐼 ,𝑛(𝝃)𝑓𝜩 (𝝃)d𝝃. (27)

There is no closed-form named distribution for 𝑃𝑓,𝑛. However, its mean and variance can be derived as follows: 

𝜇𝑃𝑓,𝑛 =E
[

𝑃𝑓,𝑛
]

=E
[

∫𝛺𝜩
𝐼 ,𝑛(𝝃) 𝑓𝜩 (𝝃)d𝝃

]

=∫𝛺𝜩
E[𝐼 ,𝑛(𝝃)] 𝑓𝜩 (𝝃)d𝝃

=∫𝛺𝜩

(

1 −
𝑛𝑡
∏

ℎ=1

[

𝛷

(

𝑏 − 𝜇𝑦̂𝑛 (𝝃, 𝑡ℎ)
𝜎𝑦̂𝑛 (𝝃, 𝑡ℎ)

)

−𝛷

(

−𝑏 − 𝜇𝑦̂𝑛 (𝝃, 𝑡ℎ)
𝜎𝑦̂𝑛 (𝝃, 𝑡ℎ)

)])

𝑓𝜩 (𝝃)d𝝃,

(28)

𝜎2
𝑃𝑓,𝑛

=V
[

𝑃𝑓,𝑛
]

=E[(𝑃𝑓,𝑛 − E[𝑃𝑓,𝑛])2]

=E

[

(

∫𝛺𝜩
𝐼 ,𝑛(𝝃)𝑓𝜩 (𝝃)d𝝃 − ∫𝛺𝜩

E[𝐼 ,𝑛(𝝃)]𝑓𝜩 (𝝃)d𝝃
)2

]

=E

[

(

∫𝛺𝜩
(𝐼 ,𝑛(𝝃) − E[𝐼 ,𝑛(𝝃)])𝑓𝜩 (𝝃)d𝝃

)2
]

=E
[(

∫𝛺𝜩
(𝐼 ,𝑛(𝝃) − E[𝐼 ,𝑛(𝝃)])𝑓𝜩 (𝝃)d𝝃

)

×
(

∫𝛺𝜩
(𝐼 ,𝑛(𝝃′) − E[𝐼 ,𝑛(𝝃′)])𝑓𝜩 (𝝃′)d𝝃′

)]

=∫𝛺𝜩 ∫𝛺𝜩
E[(𝐼 ,𝑛(𝝃) − E[𝐼 ,𝑛(𝝃)])(𝐼 ,𝑛(𝝃′) − E[𝐼 ,𝑛(𝝃′)])]𝑓𝜩 (𝝃)𝑓𝜩 (𝝃′)d𝝃d𝝃′

= 𝑘𝐼 ,𝑛
(𝝃, 𝝃′)𝑓𝜩 (𝝃)𝑓𝜩 (𝝃′)d𝝃d𝝃′,

(29)
∫𝛺𝜩 ∫𝛺𝜩
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where 𝑘𝐼 ,𝑛
(𝝃, 𝝃′) is given in Eq. (25). Note that the interchange of expectation and integration in the derivation of the mean 

and variance is justified by Fubini’s theorem. The posterior mean 𝜇𝑃𝑓,𝑛  can be used as an Bayesian estimator of the first-
passage probability, while the posterior variance 𝜎2

𝑃𝑓,𝑛
 quantifies the associated uncertainty. However, evaluating 𝜎2

𝑃𝑓,𝑛
 is quite 

computationally intensive. To this end, we introduce an alternative measure of uncertainty, which will be detailed below.
The following inequality holds via the Cauchy–Schwarz inequality: 

𝑘𝐼 ,𝑛
(𝝃, 𝝃′) ≤ 𝜎𝐼 ,𝑛

(𝝃)𝜎𝐼 ,𝑛
(𝝃′), (30)

where the equality holds if and only if 𝐼 ,𝑛(𝝃) and 𝐼 ,𝑛(𝝃′) are positively linearly dependent.
Substituting Eq. (30) into Eq. (29) gives an upper bound of the variance of 𝑃𝑓,𝑛: 

𝜎2
𝑃𝑓,𝑛

= ∫𝛺𝜩
∫𝛺𝜩

𝜎𝐼 ,𝑛
(𝝃)𝜎𝐼 ,𝑛

(𝝃′)𝑓𝜩 (𝝃)𝑓𝜩 (𝝃′) d𝝃 d𝝃′

=
(

∫𝛺𝜩
𝜎𝐼 ,𝑛

(𝝃)𝑓𝜩 (𝝃) d𝝃
)2

=

(

∫𝛺𝜩

√

√

√

√

𝑛𝑡
∏

ℎ=1

[

𝛷

(

𝑏 − 𝜇𝑦̂𝑛 (𝝃, 𝑡ℎ)
𝜎𝑦̂𝑛 (𝝃, 𝑡ℎ)

)

−𝛷

(

−𝑏 − 𝜇𝑦̂𝑛 (𝝃, 𝑡ℎ)
𝜎𝑦̂𝑛 (𝝃, 𝑡ℎ)

)](

1 −
𝑛𝑡
∏

ℎ=1

[

𝛷

(

𝑏 − 𝜇𝑦̂𝑛 (𝝃, 𝑡ℎ)
𝜎𝑦̂𝑛 (𝝃, 𝑡ℎ)

)

−𝛷

(

−𝑏 − 𝜇𝑦̂𝑛 (𝝃, 𝑡ℎ)
𝜎𝑦̂𝑛 (𝝃, 𝑡ℎ)

)])

𝑓𝜩 (𝝃)d𝝃

)

2

.

(31)

In this study, MCS is employed to evaluate 𝜇𝑃𝑓,𝑛  and 𝜎𝑃𝑓,𝑛 . The corresponding estimators are given as follows: 

𝜇̂𝑃𝑓,𝑛 = 1
𝑁

𝑁
∑

𝑖=1

[

1 −
𝑛𝑡
∏

ℎ=1

[

𝛷

(

𝑏 − 𝜇𝑦̂𝑛 (𝝃, 𝑡ℎ)
𝜎𝑦̂𝑛 (𝝃, 𝑡ℎ)

)

−𝛷

(

−𝑏 − 𝜇𝑦̂𝑛 (𝝃, 𝑡ℎ)
𝜎𝑦̂𝑛 (𝝃, 𝑡ℎ)

)]]

, (32)

𝜎̂𝑃𝑓,𝑛
= 1

𝑁

𝑁
∑

𝑖=1

{

√

√

√

√

𝑛𝑡
∏

ℎ=1

[

𝛷

(

𝑏 − 𝜇𝑦̂𝑛 (𝝃, 𝑡ℎ)
𝜎𝑦̂𝑛 (𝝃, 𝑡ℎ)

)

−𝛷

(

−𝑏 − 𝜇𝑦̂𝑛 (𝝃, 𝑡ℎ)
𝜎𝑦̂𝑛 (𝝃, 𝑡ℎ)

)](

1 −
𝑛𝑡
∏

ℎ=1

[

𝛷

(

𝑏 − 𝜇𝑦̂𝑛 (𝝃, 𝑡ℎ)
𝜎𝑦̂𝑛 (𝝃, 𝑡ℎ)

)

−𝛷

(

−𝑏 − 𝜇𝑦̂𝑛 (𝝃, 𝑡ℎ)
𝜎𝑦̂𝑛 (𝝃, 𝑡ℎ)

)]) }

, (33)

where {𝝃(𝑖)}𝑁𝑖=1 is a set of 𝑁 independent realizations of the random vector 𝜩 with joint PDF 𝑓𝜩 (𝝃). The associated variances of the 
estimators are formulated as follows: 

V
[

𝜇𝑃𝑓,𝑛

]

= 1
𝑁(𝑁 − 1)

𝑁
∑

𝑖=1

[

1 −
𝑛𝑡
∏

ℎ=1

[

𝛷

(

𝑏 − 𝜇𝑦̂𝑛 (𝝃, 𝑡ℎ)
𝜎𝑦̂𝑛 (𝝃, 𝑡ℎ)

)

−𝛷

(

−𝑏 − 𝜇𝑦̂𝑛 (𝝃, 𝑡ℎ)
𝜎𝑦̂𝑛 (𝝃, 𝑡ℎ)

)]

− 𝜇̂𝑃𝑓,𝑛

]2

, (34)

V
[

𝜎𝑃𝑓,𝑛

]

= 1
𝑁(𝑁 − 1)

𝑁
∑

𝑖=1

{

√

√

√

√

𝑛𝑡
∏

ℎ=1

[

𝛷

(

𝑏 − 𝜇𝑦̂𝑛 (𝝃, 𝑡ℎ)
𝜎𝑦̂𝑛 (𝝃, 𝑡ℎ)

)

−𝛷

(

−𝑏 − 𝜇𝑦̂𝑛 (𝝃, 𝑡ℎ)
𝜎𝑦̂𝑛 (𝝃, 𝑡ℎ)

)](

1 −
𝑛𝑡
∏

ℎ=1

[

𝛷

(

𝑏 − 𝜇𝑦̂𝑛 (𝝃, 𝑡ℎ)
𝜎𝑦̂𝑛 (𝝃, 𝑡ℎ)

)

−𝛷

(

−𝑏 − 𝜇𝑦̂𝑛 (𝝃, 𝑡ℎ)
𝜎𝑦̂𝑛 (𝝃, 𝑡ℎ)

)])

− 𝜎̂𝑃𝑓,𝑛

}

2

.

(35)

3.3. Stopping criterion

Once the first-passage probability estimate is obtained, a natural question arises as to whether its accuracy is sufficient. If it is, 
the computation can be terminated; otherwise, it should proceed. This essentially concerns defining an effective stopping criterion. 
A good stopping criterion is crucial for the overall efficiency and accuracy of the method, as stopping too early leads to inaccurate 
results, whereas stopping too late results in unnecessary computation.

In this study, we propose a new stopping criterion based on assessing the upper bound of the CoV of 𝑃𝑓,𝑛: 

𝜈𝑃𝑓,𝑛 =
𝜎𝑃𝑓,𝑛
𝜇𝑃𝑓,𝑛

< 𝜅, (36)

where 𝜅 is a user-specified tolerance. This stopping criterion guarantees that the true CoV of 𝑃𝑓,𝑛 will never exceed 𝜅, as 𝜎𝑃𝑓,𝑛  is a 
rigorous upper bound of 𝜎𝑃𝑓,𝑛 . Note that in practice 𝜇𝑃𝑓,𝑛  and 𝜎𝑃𝑓,𝑛  should be replaced by their respective estimates 𝜇̂𝑃𝑓,𝑛  and 𝜎̂𝑃𝑓,𝑛 .

3.4. Learning function

When the stopping criterion is not satisfied, it indicates that the first-passage failure estimate may lack sufficient accuracy, 
necessitating further computation. In this case, a learning function is required to guide the selection of the best next evaluation 
point. The quality of the learning function directly determines how informative the next evaluation point will be and thus the 
overall learning efficiency.

A new learning function is developed in this work, which is defined as follows: 

(𝝃) =

√

√

√

√

𝑛𝑡
∏

[

𝛷

(

𝑏 − 𝜇𝑦̂𝑛 (𝝃, 𝑡ℎ)
)

−𝛷

(

−𝑏 − 𝜇𝑦̂𝑛 (𝝃, 𝑡ℎ)
)](

1 −
𝑛𝑡
∏

[

𝛷

(

𝑏 − 𝜇𝑦̂𝑛 (𝝃, 𝑡ℎ)
)

−𝛷

(

−𝑏 − 𝜇𝑦̂𝑛 (𝝃, 𝑡ℎ)
)])

, (37)

ℎ=1 𝜎𝑦̂𝑛 (𝝃, 𝑡ℎ) 𝜎𝑦̂𝑛 (𝝃, 𝑡ℎ) ℎ=1 𝜎𝑦̂𝑛 (𝝃, 𝑡ℎ) 𝜎𝑦̂𝑛 (𝝃, 𝑡ℎ)
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Note that (𝝃) is actually the standard deviation function of 𝐼 ,𝑛(𝝃), and it also appears as part of the integrand of 𝜎𝑃𝑓,𝑛 . It can reflect 
our epistemic uncertainty about the true indicator function 𝐼 (𝝃) and somehow contribute to the overall value of 𝜎𝑃𝑓,𝑛 . Therefore, 
a larger value of (𝝃) may imply a higher utility for the candidate 𝝃.

The best next evaluation point is selected by maximizing the learning function (𝝃): 
𝝃(𝑛+1) = argmax

𝝃∈𝛺𝜩
(𝝃). (38)

It should be mentioned that the square root in the learning function can be safely omitted, since it is strictly monotonic and therefore 
does not affect the maximizer of the learning function.

3.5. Implementation procedure of the proposed method

The implementation procedure of the proposed POD–GPR–ABAL method for first-passage probability analysis is summarized 
below, and the overall flowchart is depicted in Fig.  2.

Step 1: Generate an initial training dataset
First, generate 𝑛0 uniformly distributed samples within a rectangular region 𝛥 =

∏𝑑
𝑖=1[𝑙𝑏𝑖, 𝑢𝑏𝑖] in the space 𝛺𝜩 . The lower and 

upper bounds are specified by 𝑙𝑏𝑖 = 𝐹−1
𝛯𝑖

(𝑣) and 𝑢𝑏𝑖 = 𝐹−1
𝛯𝑖

(1 − 𝑣), where 𝐹𝛯𝑖
 is the marginal CDF of 𝛯𝑖 and 𝑣 is a small cutoff 

probability. In this study, the 𝑛0 uniform samples 𝐄 =
{

𝝃(𝑗)
}𝑛0
𝑗=1 are generated by using Hammersley sequence. Second, compute 

the corresponding response data 𝐘, where [𝐘]𝑗,ℎ = 𝑌 (𝝃(𝑗), 𝑡ℎ) for ℎ = 1,… , 𝑛𝑡. Finally, we can construct an initial training dataset 
 = {𝐄,𝐘}. Let 𝑛 = 𝑛0.

Step 2: Generate a candidate sample pool
A sample pool 𝚯 =

{

𝝃(𝑗)
}𝑁0
𝑗=1 of size 𝑁0 is generated by drawing pseudo-random samples from the joint PDF 𝑓𝜩 (𝝃). Let 𝑁 = 𝑁0.

Step 3: Apply the POD
POD is used to obtain a low-dimensional representation of the system response 𝐘, yielding the POD coefficients 𝐀 and bases 

𝚽(∶,1∶𝑛𝑏).
Step 4: Construct GPR models
A GPR model is constructed for each POD coefficient based on the data {𝐄,𝐀}. In this study, we use the machine learning library

Scikit-Learn in Python.
Step 5: Evaluate 𝜇𝑃𝑓,𝑛  and 𝜎𝑃𝑓,𝑛
Obtain 𝜇̂𝑃𝑓,𝑛  and 𝜎̂𝑃𝑓,𝑛  through MCS with 𝚯.
Step 6: Check the stopping criterion #1
If the stopping criterion 𝜈̂𝑃𝑓,𝑛 =

𝜎̂𝑃𝑓,𝑛
𝜇̂𝑃𝑓,𝑛

< 𝜅 is satisfied twice in a row, then go to Step 8; otherwise, go to Step 7.
Step 7: Enrich the training dataset
First, identify the best next evaluation point by 𝝃(𝑛+1) = argmax

𝝃∈𝚯
(𝝃). Second, compute the corresponding response 𝑦(𝝃(𝑛+1), 𝑡ℎ), 

ℎ = 1,… , 𝑛𝑡. Finally, enrich the current training dataset  with the new date 
{

𝝃(𝑛+1), 𝑦(𝝃(𝑛+1), 𝑡ℎ)
}

. Let 𝑛 = 𝑛 + 1 and go to Step 3.
Step 8: Check the stopping criterion #2

Calculate the CoV of 𝜇̂𝑃𝑓,𝑛 : 𝛿 =

√

V
[

𝜇̂𝑃𝑓,𝑛

]

𝜇̂𝑃𝑓,𝑛
. If 𝛿 < 𝜁 is satisfied (𝜁 is a user-specified threshold), go to Step 10; otherwise, go to

Step 9.
Step 9: Enrich the sample pool
Similar to Step 2, generate an another sample set 𝚯∗ of size 𝑁0. Then, enrich the current sample pool with 𝚯∗. Let 𝑁 = 𝑁 +𝑁0

and go to Step 5.
Step 10: Return the first-passage probability estimate
Return the final first-passage probability estimate 𝜇̂𝑃𝑓,𝑛 .

4. Numerical examples

In this section, three numerical examples are investigated to demonstrate the performance of the proposed POD–GPR–ABAL 
method in dynamic reliability analysis. The parameters involved in the proposed methods are specified as: 𝑛0 = 15, 𝑣 = 10−4, 
𝜂 = 99.99%, 𝑁0 = 105, 𝜅 = 10%, 𝜁 = 5%. In each example, direct MCS is used to generate the reference solution. Two other existing 
methods, i.e., subset simulation (SuS) [70] and sequential importance sampling (SIS) [71] are also conducted for comparison. For 
the Markov Chain Monte Carlo (MCMC) sampling within each conditional level, we employ the adaptive conditional sampling. In 
the SIS method, a Gaussian mixture model is adopted as the proposal distribution. The initial number of Gaussian components in the 
mixture model is set to 2, and the target coefficient of variation (COV) of the weights is set to 1.5. The number of samples per layer 
for both SuS and SIS is set to 1000 and the conditional probability is set to 0.1. The proposed method, SuS and SIS are run 20 times 
independently. We report the average number of system evaluations 𝑁𝑐𝑎𝑙𝑙, the average first-passage probability 𝑃𝑓 , the wall-clock 
time and their respective coefficient of variation (CoV). All experiments were conducted on a laptop equipped with an AMD Ryzen 
5 3550H processor (2.10 GHz), 8 GB of RAM, running a 64-bit operating system, and using Python 3.9.13 for implementation with 
key libraries including NumPy 1.26.4.
9 
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Fig. 2. Flowchart of the proposed POD–GPR–ABAL method.

Fig. 3. Initial and added points in Example 1.
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(a) First-passage probability estimate 𝜇̂𝑃𝑓,𝑛

  
(b) Upper bound estimate of the CoV of 𝑃𝑓,𝑛

 

Fig. 4. Convergence curves of 𝜇̂𝑃𝑓,𝑛
 and 𝜈̂𝑃𝑓,𝑛

 in Example 1.

Table 1
First-passage probability results of Example 1.
 Method 𝑁call 𝑃𝑓 Time (s)
 Mean CoV Mean CoV Mean CoV  
 MCS 106 – 5.11 × 10−3 1.40% 15286.91 –  
 SuS 3000 0.00% 4.56 × 10−3 24.15% 133.85 7.62%  
 SIS 3400 14.78% 4.81 × 10−3 12.19% 229.74 12.66% 
 Proposed 29.50 5.62% 5.20 × 10−3 4.32% 94.70 17.65% 

4.1. Example 1: A Duffing oscillator

In this example, a nonlinear Duffing oscillator [72] is considered, whose governing differential equation is given by: 

𝑦̈(𝑡) + 2𝜍𝜔𝑦̇(𝑡) + 𝜔2𝑦(𝑡) + 𝑘𝑦3(𝑡) = 𝑓 (𝑡), (39)

where 𝜍 = 0.03 is the damping ratio; 𝜔 represents the natural frequency considering the undamped linear system (𝜍 = 0 and 𝑘 = 0); 
𝑘 = 2000 is the coefficient that controls the nonlinearity; the excitation is modeled as 𝑓 (𝑡) = 𝐴 sin(𝛽𝑡), with an amplitude 𝐴 = 0.6; 
the natural frequency 𝜔 and the excitation parameter 𝛽 are modeled as two independent random variables: 𝜔 ∼  (10, 12) and 
𝛽 ∼  (1, 0.12). The initial conditions are 𝑦(0) = 0 and 𝑦̇(0) = 0. The Duffing oscillator is solved for a time duration of 𝑇 = 15 s with a 
time-step of 𝛥𝑡 = 0.05 s with the Runge–Kutta method (RK45). The response of interest for reliability assessment is the displacement 
of the oscillator, and the threshold for its maximum absolute value is set to 12. The reference failure probability is 5.11 × 10−3 with 
a CoV of 1.40%, obtained from MCS with 106 samples.

We first illustrate the proposed POD–GPR–ABAL method using a representative run. Fig.  3 depicts both the initial points and the 
added points in the input random-variate space. As seen, the initial points are evenly distributed, whereas most of the added points 
are more clustered. The convergence curves of the failure probability estimate 𝜇̂𝑃𝑓,𝑛  and upper bound estimate of the CoV of 𝑃𝑓,𝑛
are shown in Figs.  4(a) and 4(b), respectively. It is evident that as the sample size increases from 15 to 28, the failure probability 
estimate 𝜇̂𝑃𝑓,𝑛  of the proposed method gradually approaches the reference. Moreover, the upper bound estimate of the CoV of 𝑃𝑓,𝑛
shows an overall decreasing trend and eventually falls below the specified threshold.

Table  1 lists the (statistical) results of several different methods, including MCS, SuS, SIS and the proposed POD–GPR–ABAL 
method. SuS requires 3000 system analyses on average, while yielding a biased failure probability mean with a large CoV of 24.15%. 
Using an average of 3400 system analyses, SIS achieves a failure probability mean of 4.81×10−3 with a CoV of 12.19%. In contrast, 
the proposed method requires only an average of 29.50 system evaluations (with a CoV of 5.62%), while generating a failure 
probability mean of 5.20 × 10−3 with a CoV of 4.32%. The average computation time of the proposed method is 94.70 s, which is 
only about 0.6% of that required by MCS and is far less than that of the SuS method (133.85 s) and the SIS method (229.74 s).

4.2. Example 2: A Bouc–Wen hysteretic oscillator

The second example involves a Bouc–Wen hysteretic oscillator under random excitation [56], described by the following 
differential equation: 

⎧

⎪

⎨

⎪

𝑚𝑦̈(𝑡) + 𝑐𝑦̇(𝑡) + 𝑘
[

𝜌𝑦(𝑡) + (1 − 𝜌)𝑥𝑦𝑧(𝑡)
]

= 𝑚𝑓 (𝑡),

𝑧̇(𝑡) = 1
𝑥

[𝐴𝑦̇(𝑡) − 𝜒|𝑦̇(𝑡)||𝑧(𝑡)|𝑛−1𝑧(𝑡) − 𝛾𝑦̇(𝑡)|𝑧(𝑡)|𝑛],
(40)
⎩

𝑦
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Table 2
Random variables in Example 2.
 Variable Distribution Mean Standard deviation 
 𝑚 (kg) Normal 6 × 104 3 × 103  
 𝑘 (N/m) Normal 5 × 106 2.5 × 105  
 𝜒 Normal 0.5 0.025  
 𝛾 Normal 0.5 0.025  
 𝑥𝑒,1 ,… , 𝑥𝑒,8 Normal 0.5 0.025  

 
(a) First-passage probability estimate 𝜇̂𝑃𝑓,𝑛

  
(b) Upper bound estimate of the CoV of 𝑃𝑓,𝑛

 

Fig. 5. Convergence curves of 𝜇̂𝑃𝑓,𝑛
 and 𝜈̂𝑃𝑓,𝑛

 in Example 2.

Table 3
First-passage probability results of Example 2.
 Method 𝑁call 𝑃𝑓 Time (s)
 Mean CoV Mean CoV Mean CoV  
 MCS 106 – 5.09 × 10−3 1.40% 202884.91 –  
 SuS 3000 0.00% 5.30 × 10−3 32.40% 1954.04 9.19%  
 SIS 3000 0.00% 5.49 × 10−3 22.65% 2537.76 1.96%  
 Proposed 33.35 5.04% 5.02 × 10−3 5.76% 134.81 16.13% 

where 𝑚 is the mass; 𝑘 is the stiffness; 𝑐 = 2𝑚𝜄
√

𝑘∕𝑚 is the damping; 𝜄 is the damping ratio; 𝛼 is the parameter that controls the 
degree of hysteresis; 𝑥𝑦, 𝐴, 𝜒 , 𝜂 and 𝑛 are the parameters of the Bouc–Wen model. We set 𝐴 = 1, 𝜌 = 0.5, 𝑛 = 3, 𝑥𝑦 = 0.04, 𝜄 = 0.05. 
The external excitation is modeled by: 

𝑓 (𝑡) =
4
∑

𝑘=1

[

𝑥𝑒,𝑘 cos
(𝑘𝜋𝑡

5

)

+ 𝑥𝑒,𝑘+4 sin
(𝑘𝜋𝑡

5

)]

, (41)

where 𝑥𝑒,1, 𝑥𝑒,2,… , 𝑥𝑒,8 are the coefficients of the external excitation. In this example, 𝑚, 𝑘, 𝜒 , 𝛾, and 𝑥𝑒,1, 𝑥𝑒,2,… , 𝑥𝑒,8 are treated as 
random variables, with their detailed information summarized in Table  2. The initial conditions are 𝑦(𝑡) = 0, 𝑦̇(𝑡) = 0 and 𝑧(0) = 0. 
The Bouc–Wen hysteretic oscillator is solved for a time duration of 𝑇 = 12 s with a time-step of 𝛥𝑡 = 0.04 s with the Runge–Kutta 
method (RK45). The response of interest is the displacement, with the threshold for its maximum absolute value specified as 78mm. 
The reference value of the first-passage probability is 5.09 × 10−3 with a CoV of 1.40%, provided by MCS with 106 samples.

The proposed POD–GPR–ABAL method is first demonstrated through an exemplary run. Fig.  5(a) shows the convergence of 
the failure probability estimate 𝜇̂𝑃𝑓,𝑛 , while Fig.  5(b) presents the convergence of the upper bound estimate of the CoV of the 
approximate posterior failure probability 𝜈̂𝑃𝑓,𝑛 . As observed, 𝜇̂𝑃𝑓,𝑛  converges toward the reference value, while 𝜈̂𝑃𝑓,𝑛  approaches the 
specified threshold as 𝑛 increases from 15 to 35.

Table  3 compares the results of several methods. SuS requires, on average, 3000 time-history analyses, and yields a biased failure 
probability mean with a rather large CoV of 32.40%. SIS produces a failure probability mean of 5.49 × 10−3 with a large CoV of 
22.65%, using an average of 3000 time-history analyses. Remarkably, the proposed method needs only an average of 33.35 system 
analyses (with a CoV of 5.04%), and yields a failure probability mean that agrees with the reference, with a small CoV of 5.76%. The 
proposed method achieves the lowest average computation time of 134.81 s, which is 1819.23 s less than that of SuS (1954.04 s) and 
2402.95 s less than that of SIS (2537.76 s). In contrast, the computation time of MCS reaches 202,884.91 s, which is approximately 
three orders of magnitude higher than that of the proposed method.
12 
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Fig. 6. A two-bay four-storey nonlinear spatial steel frame structure with viscous dampers.

4.3. Example 3: A spatial steel frame structure with viscous dampers

This example considers a two-span, four-storey nonlinear spatial steel frame structure equipped with three viscous dampers and 
subjected to random excitation [22,73], as shown in Fig.  6. The structure is modeled and analyzed using an open-source software 
framework called OpenSees [74]. In the finite-element model, the floor slabs are considered rigid, and IPE270 beams and IPB300 
columns are used. The mass of each column is taken as its self-weight, whereas the mass of each beam is defined as ‘‘self-weight 
+ dead loads 𝐷𝐿 + 0.2 × live loads 𝐿𝐿’’. The behavior of the steel material follows the bilinear stress–strain model, as shown in 
Fig.  6. The viscous dampers adopt the Maxwell model. This model is formed by a linear spring and a nonlinear dashpot in series, 
characterized by three coefficients: axial elastic stiffness of the linear spring (𝐾𝑑 ), damping coefficient (𝐶𝑑 ), and velocity exponent 
(𝛼𝑑 ). Rayleigh damping is adopted, with damping ratios of 0.03 assigned to both the first and second modes. The acceleration 
excitation 𝑢̈𝑔(𝑡) is described by the following pulse model: 

𝑢̈𝑔(𝑡) = 𝐴 sin(2𝜋𝑓𝑡 + 𝜙)𝑒−𝛼𝑡, (42)

where 𝐴 is the amplitude; 𝛼 is the attenuation coefficient; the fundamental frequency 𝑓 is fixed at 0.6; and the phase 𝜙 is set to 0.2. 
The sources of randomness in this example include the external loads (dead load, live load, and excitation) as well as the structural 
properties, as detailed in Table  4. The model is solved for a time duration of 𝑇 = 10 s with a time-step of 𝛥𝑡 = 0.02 s. The response 
of interest is the top-story displacement, with the threshold for its maximum absolute value specified as 89 mm. Using MCS with 
105 samples, a reference failure probability of 1.16 × 10−2 is obtained, with a CoV of 2.92%.

We first illustrate the proposed POD–GPR–ABAL method using a representative run. Figs.  7(a) and 7(b) depict the convergence 
curves of the first-passage failure probability estimate and the upper bound estimate of the CoV of 𝑃𝑓,𝑛, respectively. As shown, 
𝜇̂𝑃𝑓,𝑛  converges to the reference value, while 𝜈̂𝑃𝑓,𝑛  approaches the target threshold as 𝑛 increases from 15 to 100.

The (statistical) results of several methods are shown in Table  5. It can be observed that the proposed method requires far less 
model evaluation compared with SuS and SIS on average. Moreover, the mean failure probability obtained by the proposed method 
is very close to the reference value and is accompanied by a small CoV of 3.85%. Moreover, the proposed method has an average 
computation time of 2276.50 s, which is approximately 3.7 times faster than SuS (8373.13 s), 4.3 times faster than SIS (9793.58 s), 
and about 39 times faster than a single MCS run (88,386.81 s).

5. Concluding remarks

This paper introduces a novel method, called POD–GPR–ABAL, for estimating the first-passage probabilities of stochastic 
dynamical systems. In this method, the stochastic response of interest is represented using a statistical POD–GPR model, which 
13 
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Table 4
Random variables of Example 3.
 Variable Description Distribution Mean Standard deviation 
 𝐷𝐿(N∕m2) Dead load Lognormal 10 0.5  
 𝐿𝐿(N∕m2) Live losd Lognormal 10 1  
 𝐹𝑦(MPa) Yield strength of the steel Normal 250 37.5  
 𝐸𝑠(MPa) Young’s modulus of the steel Normal 2.3 × 105 2.3 × 104  
 𝑏 Strain-hardening ratio Normal 0.001 0.00005  
 𝐾𝑑 (Pa) Axial stiffness of linear spring Normal 25 2.5  
 𝐶𝑑 Damping coefficient Normal 20.7452 2.07452  
 𝛼𝑑 Velocity exponent Normal 0.35 0.0175  
 𝐴 Excitation amplitude Lognormal 2.0 0.2  
 𝛼 Attenuation coefficient Lognormal 0.1 0.01  

 
(a) First-passage probability estimate 𝜇̂𝑃𝑓,𝑛

  
(b) Upper bound estimate of the CoV of 𝑃𝑓,𝑛

 

Fig. 7. Convergence curves of 𝜇̂𝑃𝑓,𝑛
 and 𝜈̂𝑃𝑓,𝑛

 in Example 3.

Table 5
First-passage probability results of Example 3.
 Method 𝑁call 𝑃𝑓 Time (s)
 Mean CoV Mean CoV Mean CoV  
 MCS 105 – 1.16 × 10−2 2.92% 88386.81 –  
 SuS 2250 19.25% 1.14 × 10−2 24.32% 8373.13 3.17%  
 SIS 2000 0.00% 1.77 × 10−2 17.34% 9793.58 2.44%  
 Proposed 113.50 26.39% 1.19 × 10−2 3.85% 2276.50 111.60% 

offers an optimal low-rank decomposition of the response and probabilistic predictions of its coefficients. Further, leveraging the 
Bayesian nature of the combined POD–GPR model, we develop an approximate Bayesian inference framework for inferring the first-
passage probability, which alleviates the computational burden associated with exact Bayesian inference. The framework provides 
the mean of an approximate posterior first-passage probability and an upper bound on its standard deviation, which serve as the 
failure probability estimator and the corresponding uncertainty measure, respectively. Based on the posterior statistics, a stopping 
criterion is proposed to determine when active learning should terminate. Moreover, a new learning function is proposed to identify 
the next most informative evaluation point when the stopping criterion is not reached. The proposed POD–GPR–ABAL method is 
illustrated and verified by three numerical examples. It can be observed that, while maintaining comparable accuracy, the proposed 
method requires far fewer model evaluations and far less computation time than several existing methods to estimate the first-passage 
probability.

Several directions for future research are worth exploring. First, extending the proposed method to handle higher stochastic 
dimensions would further enhance its applicability to complex engineering systems. Second, developing strategies to reliably 
estimate extremely small first-passage probabilities remains an important challenge. In addition, improving the efficiency and 
robustness of the POD–GPR model for highly nonlinear or non-smooth system responses represents another promising direction.
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Appendix. Exact Bayesian inference about the first-passage probability

The posterior distribution of the indicator function 𝐼 (𝝃) conditional on {𝐄,𝐀} is defined by: 

𝐼 ,𝑛(𝝃) =
{

1, if maxℎ∈[1,𝑛𝑡] |𝑦̂𝑛(𝝃, 𝑡ℎ)| > 𝑏
0, otherwise , (A.1)

which follows a generalized Bernoulli process (GBP): 
𝐼 ,𝑛(𝝃) ∼ (𝜇𝐼 ,𝑛

(𝝃), 𝑘𝐼 ,𝑛
(𝝃, 𝝃′)), (A.2)

where 𝜇𝐼 ,𝑛
(𝝃) and 𝑘𝐼 ,𝑛

(𝝃, 𝝃′) are the posterior mean and covariance functions, respectively.
The posterior mean function 𝜇𝐼 ,𝑛

(𝝃) can be derived as: 

𝜇𝐼 ,𝑛
(𝝃) =E

[

𝐼 ,𝑛(𝝃)
]

=P
[

𝐼 ,𝑛(𝝃) = 1
]

=1 − P
[

max
ℎ∈[1,𝑛𝑡]

|𝑦̂𝑛(𝝃, 𝑡ℎ)| ≤ 𝑏
]

=1 − P
(

−𝑏 ≤ 𝑦̂𝑛(𝝃, 𝑡1) ≤ 𝑏,−𝑏 ≤ 𝑦̂𝑛(𝝃, 𝑡2) ≤ 𝑏,… ,−𝑏 ≤ 𝑦̂𝑛(𝝃, 𝑡𝑛𝑡 ) ≤ 𝑏
)

=1 −𝛷𝑛𝑡

(

[−𝐛,𝐛];𝝁,𝜮
)

,

(A.3)

where 𝛷𝑛𝑡  represents the CDF of the 𝑛𝑡-variate Gaussian distribution; 𝐛 ∈ R𝑛𝑡  denotes a vector whose components are all equal to 
𝑏; 𝝁 and 𝜮 are posterior mean vector and covariance matrix of 𝑦̂𝑛(𝝃, 𝑡ℎ) respectively.

The posterior covariance function 𝑘𝐼 ,𝑛
(𝝃, 𝝃′) can be obtained as follows: 

𝑘𝐼 ,𝑛
(𝝃, 𝝃′) = E

[

𝐼 ,𝑛(𝝃) 𝐼 ,𝑛(𝝃′)
]

− E
[

𝐼 ,𝑛(𝝃)
]

E
[

𝐼 ,𝑛(𝝃′)
]

= P
[

𝐼 ,𝑛(𝝃) = 1, 𝐼 ,𝑛(𝝃′) = 1
]

− 𝜇𝐼 ,𝑛
(𝝃)𝜇𝐼 ,𝑛

(𝝃′)

= P
(

max
ℎ∈[1,𝑛𝑡]

|

|

|

𝑦̂𝑛(𝝃, 𝑡ℎ)
|

|

|

> 𝑏, max
ℎ∈[1,𝑛𝑡]

|

|

|

𝑦̂𝑛(𝝃′, 𝑡ℎ)
|

|

|

> 𝑏
)

− 𝜇𝐼 ,𝑛
(𝝃)𝜇𝐼 ,𝑛

(𝝃′)

= 1 − P
(

max
ℎ∈[1,𝑛𝑡]

|

|

|

𝑦̂𝑛(𝝃, 𝑡ℎ)
|

|

|

≤ 𝑏
)

− P
(

max
ℎ∈[1,𝑛𝑡]

|

|

|

𝑦̂𝑛(𝝃′, 𝑡ℎ)
|

|

|

≤ 𝑏
)

+ P
(

max
ℎ∈[1,𝑛𝑡]

|

|

|

𝑦̂𝑛(𝝃, 𝑡ℎ)
|

|

|

≤ 𝑏, max
ℎ∈[1,𝑛𝑡]

|

|

|

𝑦̂𝑛(𝝃′, 𝑡ℎ)
|

|

|

≤ 𝑏
)

− 𝜇𝐼 ,𝑛
(𝝃)𝜇𝐼 ,𝑛

(𝝃′)

=𝛷2𝑛𝑡

(

[−𝐛12,𝐛12];𝝁12,𝜮12

)

−𝛷𝑛𝑡

(

[−𝐛,𝐛];𝝁,𝜮
)

𝛷𝑛𝑡

(

[−𝐛,𝐛];𝝁′,𝜮′
)

,

(A.4)

where 𝛷2𝑛𝑡 ( ⋅ ) is the CDF of the 2𝑛𝑡-variate Gaussian distribution, 𝐛12 =
[

𝐛
𝐛

]

; 𝝁12 is the mean vector: 𝝁12 =
[

𝝁
𝝁′

]

, and 𝜮12 is the 

cross-covariance matrix: 𝜮12 =
[

𝜮 𝜮𝝃,𝝃′
𝜮𝝃′ ,𝝃 𝜮′

]

, 𝝁′ and 𝜮′ are the posterior mean vector and covariance matrix of 𝑦̂𝑛(𝝃′, 𝑡ℎ); 𝜮𝝃,𝝃′
(with 𝜮𝝃′ ,𝝃 = 𝜮⊤

𝝃,𝝃′ ) is the cross-covariance matrix.
The variance of the posterior indicator function 𝐼 ,𝑛(𝝃) is: 

𝜎2𝐼 ,𝑛
(𝝃) =V

[

𝐼 ,𝑛(𝝃)
]

=P
[

𝐼 ,𝑛(𝝃) = 0
]

P
[

𝐼 ,𝑛(𝝃) = 1
]

=𝛷𝑛𝑡

(

[−𝐛,𝐛];𝝁,𝜮
){

1 −𝛷𝑛𝑡

(

[−𝐛,𝐛];𝝁,𝜮
)}

.

(A.5)

The induced posterior distribution of the first-passage probability is governed by: 

𝑃𝑓,𝑛 = 𝐼 ,𝑛(𝝃)𝑓𝜩 (𝝃)d𝝃. (A.6)
∫𝛺𝜩
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There is no closed-form named distribution for 𝑃𝑓,𝑛. However, its mean and variance can be derived as follows: 
𝜇𝑃𝑓,𝑛 =E

[

𝑃𝑓,𝑛
]

=E
[

∫𝛺𝜩
𝐼 ,𝑛(𝝃) 𝑓𝜩 (𝝃) d𝝃

]

=∫𝛺𝜩
E[𝐼 ,𝑛(𝝃)] 𝑓𝜩 (𝝃) d𝝃

=∫𝛺𝜩

(

1 −𝛷𝑛𝑡

(

[−𝐛,𝐛];𝝁,𝜮
)

)

𝑓𝜩 (𝝃) d𝝃,

(A.7)

𝜎2𝑃𝑓,𝑛 =V
[

𝑃𝑓,𝑛
]

=E[(𝑃𝑓,𝑛 − E[𝑃𝑓,𝑛])2]

=E

[

(

∫𝛺𝜩
𝐼 ,𝑛(𝝃)𝑓𝜩 (𝝃) d𝝃 − ∫𝛺𝜩

E[𝐼 ,𝑛(𝝃)]𝑓𝜩 (𝝃) d𝝃
)2

]

=E

[

(

∫𝛺𝜩
(𝐼 ,𝑛(𝝃) − E[𝐼 ,𝑛(𝝃)])𝑓𝜩 (𝝃) d𝝃

)2
]

=E
[(

∫𝛺𝜩
(𝐼 ,𝑛(𝝃) − E[𝐼 ,𝑛(𝝃)])𝑓𝜩 (𝝃) d𝝃

)

×
(

∫𝛺𝜩
(𝐼 ,𝑛(𝝃′) − E[𝐼 ,𝑛(𝝃′)])𝑓𝜩 (𝝃′) d𝝃′

)]

=∫𝛺𝜩 ∫𝛺𝜩
E[(𝐼 ,𝑛(𝝃) − E[𝐼 ,𝑛(𝝃)])(𝐼 ,𝑛(𝝃′) − E[𝐼 ,𝑛(𝝃′)])]𝑓𝜩 (𝝃)𝑓𝜩 (𝝃′) d𝝃 d𝝃′

=∫𝛺𝜩 ∫𝛺𝜩
𝑘𝐼 ,𝑛

(𝝃, 𝝃′)𝑓𝜩 (𝝃)𝑓𝜩 (𝝃′) d𝝃 d𝝃′

=∫𝛺𝜩 ∫𝛺𝜩

[

𝛷2𝑛𝑡

(

[−𝐛12,𝐛12];𝝁12,𝜮12

)

−𝛷𝑛𝑡

(

[−𝐛,𝐛];𝝁,𝜮
)

𝛷𝑛𝑡

(

[−𝐛,𝐛];𝝁′,𝜮′
)

]

𝑓𝜩 (𝝃)𝑓𝜩 (𝝃′) d𝝃 d𝝃′,

(A.8)

where the interchange of expectation and integration in deriving the mean and variance is justified by Fubini’s theorem.
The above exact Bayesian inference yields the posterior mean and variance of the first-passage probability, where the posterior 

mean serves as a natural Bayesian estimator and the posterior variance quantifies the associated predictive uncertainty. It should 
be noted that neither quantity admits a closed-form solution, and numerical integration is therefore required. However, their direct 
evaluation is computationally demanding due to nested numerical integrations associated with the multivariate normal CDFs in the 
integrand, together with outer integrations.

Data availability

Data will be made available on request.
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