
1

Failure mode identification for dynamic1

stochastic systems using operator norm and2

parameter space sample search3

Xuyang Zhanga, Youbao Jianga,*, Hao Zhoua, Michael Beerb,c,d,f, Matthias G.R.4

Faese,f, Yi Xiaoa, Zhibin Hea5

a School of Civil and Environmental Engineering, Changsha University of Science and Technology, Changsha6
410114, China7
bDepartment of Civil and Environmental Engineering, University of Liverpool, Liverpool L69 3GH, UK8
c Institute for Risk and Reliability, Leibniz Universität Hannover, Callinstr. 34, Hannover 30167, Germany9
d International Joint Research Center for Resilient Infrastructure , Tongji University, Shanghai 200092, China10
e Chair for Reliability Engineering, TU Dortmund University, Leonhard-Euler-Straße 5, Dortmund 44227,11
Germany12
f International Joint Research Center for Engineering Reliability and Stochastic Mechanics, Tongji University,13
Shanghai 200092, China14

Abstract: To ensure the safety and reliability of systems subjected to random15

excitations such as earthquakes and strong winds, it is crucial to efficiently identify16

the dominant failure modes of these systems. However, existing methods often exhibit17

low efficiency in exploring the parameter space and rely on cumbersome procedures18

for classifying sample failure modes, leading to prohibitively high computational19

costs that severely limit their applicability in engineering practice. To address these20

issues, this paper proposes a novel method that efficiently determines the21

failure-mode category of each parameter space sample point under random excitations22

by extending operator norm theory towards non-Gaussian excitations, and using it to23

perform systematic classification. Furthermore, an improved constrained boundary24

sampling strategy is developed, enabling the sampling process not only to refine the25

boundaries between different failure modes but also to detect potential failure modes26
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that may arise in sparsely sampled regions. Finally, a support vector machine is27

employed to separate the sample points belonging to different failure categories,28

thereby obtaining the boundaries between failure modes. The effectiveness and29

accuracy of the proposed approach are demonstrated through four representative30

numerical examples, which show that the method can reliably and efficiently identify31

the dominant failure modes under random excitations.32

Keywords: Stochastic systems; Failure modes; Operator norm; Support vector33

machine; Parameter space34

1.Introduction35

Dynamical systems frequently encounter uncertainties related to materials,36

geometry, boundary conditions, and external loads. Under stochastic excitations, such37

as earthquakes or strong winds, these systems exhibit random responses that may38

exceed performance thresholds, potentially triggering first excursion failure events.39

When evaluating the first excursion probability of complex systems, the failure40

boundary typically arises from multiple mechanisms rather than from a single41

performance criterion. These failure pathways are typically high-dimensional,42

temporally correlated, and implicitly defined, posing major challenges for reliability43

modeling [1]. Thus, efficient identification of dominant failure modes is crucial for44

improving the accuracy and tractability of dynamic reliability analysis.45

Traditional failure mode analysis has relied on simulating structural evolution or46

constructing failure trees based on component thresholds, often assuming that47

progressive collapse is initiated by the first failed element [2–4]. While intuitive, these48
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methods are limited to simple systems with few components. Probabilistic approaches49

integrate uncertainty into the generation of likely failure sequences [5–7], but they50

require extensive sampling and become computationally prohibitive for complex51

systems. Given the combinatorial explosion of possible failure modes-especially in52

redundant structures-full enumeration is generally infeasible. Recent advances53

incorporate optimization algorithms [8], surrogate models [9–11], and machine54

learning [12–14] to accelerate the search for dominant failure modes. However,55

surrogate-based methods often struggle with the curse of dimensionality,56

interdependent failure mechanisms, and high modeling costs [15]. To address this,57

selective searching techniques have been developed [16,17], which decouple failure58

mode identification from reliability evaluation and enable efficient exploration of the59

failure space without redundant computations. These methods have been applied to60

large-scale systems such as truss bridges [18] and offshore platforms [19]. For61

instance, Jiang et al. [20,21] have proposed a multi-response surface approach that62

combines support vector machines and adaptive sampling to accurately reconstruct63

complex failure boundaries.64

Despite significant progress in the dominant failure mode identification (DFMI)65

in static systems, research on DFMI for stochastic systems under random excitation66

remains relatively limited [22]. This is because static systems can identify system67

failure surfaces based on safe-failure samples, while dynamic systems involve68

multiple interacting failure mode boundaries, making it difficult for existing adaptive69

parameter space methods to simultaneously meet the requirements of global70
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exploration and boundary refinement. In addition, the state of sampling points in the71

parameter space of static systems can be obtained through deterministic analysis,72

whereas sampling points in the parameter space of dynamic systems must account for73

the effects of external stochastic excitations, which requires evaluation through74

dynamic reliability analysis [23]. Existing methods, often with insufficient75

consideration of uncertainties in system parameters, analyze the system’s dominant76

failure modes solely from the perspective of excitation randomness [24,25];77

alternatively, techniques such as multi-peak line sampling [26] and improved78

probability density evolution [27] are coupled with parameter space search processes79

to identify the dominant failure modes of the system, resulting in computational80

inefficiency. Recently, Faes and Valdebenito et al. [28,29] proposed a theoretical81

framework based on operator norms, providing an effective decoupling method for82

design optimization [30,31] based on structural dynamic reliability under Gaussian83

excitation and imprecise probabilistic dynamic reliability analysis [32,33]. The84

operator norm serves as a proxy for the stretching of input load vectors, eliminating85

the need for complex probabilistic analysis, thus presenting significant advantages in86

computational efficiency, albeit limited to linearly elastic dynamic systems under87

Gaussian excitation, as well as mildly non-linear systems under Gaussian excitation88

[34,35].89

To achieve efficient identification of the dominant failure modes of dynamic90

stochastic systems under random excitation, this study first extends the operator norm91

framework based on a parametric translation model, extending the operator norm92
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theory from Gaussian excitation to more general non-Gaussian random excitation.93

Based on the extension of the operator norm framework, the failure category of each94

sample point in the parameter space is determined, and support vector machines are95

subsequently employed for classification, resulting in the initial delineation of failure96

mode boundaries in the system parameter space. Furthermore, an adaptive sampling97

scheme is developed that integrates boundary-constrained sampling and space-filling98

strategies to efficiently explore the parameter space, capture samples from all failure99

categories, and achieve high-precision classification. Specifically, the problem of100

identifying the dominant failure modes in dynamic stochastic systems is reformulated101

as the systematic searching, identification, and partitioning of failure-category sample102

points in the parameter space. The main contributions and novelties of this study are103

summarized as follows:104

(1) A coupled framework is proposed that integrates a deterministic proxy index105

(the operator norm) with adaptive space exploration. By decoupling probabilistic106

analysis from failure mode identification in stochastic dynamical systems, the107

framework addresses the challenges posed by the coupling between excitation108

randomness and parametric uncertainty.109

(2) An extension of the operator norm framework is proposed as the fundamental110

basis for determining the failure category of sample points in the parameter space.111

This framework can identify failure modes for each sampling point in the parameter112

space without requiring probabilistic analysis, thereby addressing the computational113

inefficiency of probability assessment for parameter space samples.114
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(3) An adaptive sampling method is proposed that combines boundary115

constraints with space-filling strategies, enabling efficient exploration of samples116

corresponding to different failure modes in the parameter space and refining the117

accuracy of failure mode boundary delineation, thereby significantly improving118

sampling efficiency.119

This work extends selective search techniques from static systems to dynamic120

systems by introducing the extension of the operator norm framework and adaptive121

sampling algorithms, aiming to identify the dominant failure modes in different122

regions of the parameter space and represent these modes through iso-probability123

surfaces of adjacent failure modes, as shown in Fig. 1. For some structures, there may124

be thousands of potential failure modes. By identifying a system’s dominant failure125

modes, one can systematically enumerate plausible failure scenarios for reliability126

analysis [36-38] and conduct reliability-based design optimization [39,40] that targets127

the failure modes most likely to occur, rather than considering all potential failure128

modes in the reliability analysis and design process. In other words, the proposed129

method aims to screen out the dominant failure modes from a large set of potential130

modes, thereby supporting subsequent system reliability assessment and design131

optimization. The structure of this paper is as follows: Section 2 describes the process132

of determining failure categories for sample points in the parameter space based on133

the extension of the operator norm framework; Section 3 introduces the parameter134

space sample point searching strategy based on boundary-constrained and135

space-filling adaptive sampling; Section 4 demonstrates the efficiency and accuracy136
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of the proposed methods through three representative numerical examples; and137

Section 5 presents the conclusions and outlines future research directions.138

139

Fig. 1. Distribution of dominant failure modes in dynamical systems140

2 Determination of sample point failure categories based on operator norm141

framework142

In the parameter space of static systems, the characteristics of each sampling143

point can be determined through a deterministic structural analysis. For this situation,144

an equivalent reconstruction of the failure boundary of static systems can be achieved145

by identifying limit-state sampling points and fitting multiple response surfaces146

[41,42]. However, under random excitation, the response of each parameter sample147

point becomes a time-dependent stochastic process. In this case, the occurrence of148

failure is determined by whether the maximum response throughout the entire149

vibration process exceeds a safety boundary. Based on the first excursion criterion, the150

failure equation of the structure is expressed as Eq. (1):151

dynamic max( ( ))Z b t  (1)

where t denotes time; b denotes the structural safety boundary (typically a fixed value152

in engineering practice), and ( )t is the dynamic response of the structure. If the153

maximum response exceeds the safety boundary, the system is considered to have154
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failed. The failure probability Pf can be expressed as:155

 [0, ] : | ( ) |fP P t T bt    (2)

The stochastic process is defined over a duration T and is represented at discrete156

time instants tk=(k-1)Δt, k=1, ..., nT, where Δt is the time step and nT is the total157

number of time instants considered. The dynamic response of the system is governed158

by the equations of motion. For a multi-degree-of-freedom system, the equations of159

motion can be expressed as follows:160

( ) ( ) ( ) ( )u t u t u t f t   M C K (3)

where M, C and K represent the mass, damping, and stiffness matrices of dimension161

nD × nD each; nD is the number of degrees-of-freedom of the system. The vector 162

that couples the stochastic load f(t) with the degrees-of-freedom of the system has163

dimension nD × 1, and ( )u t , ( )u t and ( )u t denote the acceleration, velocity and164

displacement vectors, each of dimension nD × 1. In the presence of random excitation165

f(t), the system’s dynamic response i ( )t can be calculated using the time-domain166

convolution integral method:167

0
( ) ( ) ( ) ,   1,2,...,

t

i it f h t dt i n     (4)

where hi denotes the system's response to an impulse excitation, commonly referred to168

as the impulse response function; n is the number of structural failure modes that are169

considered. For different failure modes, each sample point in the system's parameter170

space is associated with a corresponding failure probability. The failure mode with the171

highest failure probability at a sample point is identified as its dominant failure mode.172

2.1 Failure mode identification of sample points based on failure probability173

analysis.174
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The failure probability of sample points within the parameter space under175

different failure modes can be obtained using analytical methods or numerical176

simulation methods. For example, using Monte Carlo sampling (MCS), the177

calculation method for failure probability can be expressed as:178

1 max ( )
, 1, 2,...,

0 
i i

i

u t b
I i n

else
  


(5)

1

1 , 1, 2,...,
MCN

i i
mMC

P I i n
N 

  (6)

where NMC denotes the number of Monte Carlo samples, which is generally set to at179

least 105 to ensure sufficient accuracy. If the direct probability integration method180

(DPIM) is used to calculate the failure probability, the number of samples can be181

reduced and the computation efficiency can be improved [43,44]. The failure182

probability can then be expressed as:183

1, max{ ( , )}
( ) ,0 ,

0,e
 1, 2,...

lse
,

i
i

i
Y

i n
b

H t



 

  


X
X (7)

max
10

(  1,2,...,) Pr{ ( , ) } Pr{ } ( ) ( ),
DPIMN

i i
i Y Y i i

it

P t Y Y p H i n



 

      X X X (8)

where X denotes the random input vector introduced by the system at the initial184

moment t=t0; Y represents the corresponding random output vector. Here, NDPIM185

denotes the number of representative points (typically chosen between 500 and 1000),186

( )ip X is the assigned probability of each representative point, and Y represents187

the safe domain of the system, and max 0
max{ ( , )}

t
Y Y




 
 X .188

For N parameter samples in the parameter space, the failure probabilities under n189

distinct failure modes are evaluated, respectively. The failure mode corresponding to190

the maximum failure probability is considered the dominant failure mode of the191
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current sample point, as shown in Table 1.192

Table 1 Classification criteria based on failure probability193

Sample
point Failure mode 1 ... Failure mode n Categorical label

x1 1
1P ... 1

nP 1max( )P
i

x2 2
1P ... 2

nP 2max( )P
i

... ... ... ...

xN 1
NP ... N

nP max( )NP
i

where maxi represents the failure mode number corresponding to the maximum194

failure probability. Although failure mode identification can be obtained through195

failure probability analysis, the process of calculating failure probabilities is coupled196

with the sample point search process, leading to low efficiency in identifying the197

dominant failure modes of stochastic systems under random excitations. Therefore,198

the extension of the operator norm framework is proposed for evaluating the failure199

categories of sample points.200

2.2 Calculation process of operator norm framework (ONF)201

Operator norms are mathematical constructs that are extensively employed to202

quantify the magnitudes of linear operators. By systematically computing the203

magnitude of the mapping provided by a linear or linearized system, the operator204

norm can be employed as a proxy for failure probabilities in first excursion problems205

[29]. For a discrete Gaussian process, the covariance of the discretized process is206

denoted as matrix  of dimension nT × nT and it is assumed for the sake of207

simplicity that the mean of the process is zero. Following the above assumptions and208

applying the Karhunen-Loève expansion, the stochastic loading can be expressed as:209
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1/2( )  f   (9)

where f is a realization of the stochastic loading, which is an nT × 1 vector, whose k-th210

component fk represents the loading at time tk;  and  represent the eigenvectors211

and eigenvalues of the covariance matrix  with dimensions of nT×nKL and nKL×nKL212

matrices, respectively; and ξ represents the realization of standard Gaussian random213

variables, which is an nKL×1 vector; nKL is the number of terms retained for the214

Karhunen-Loève expansion.215

Given the discrete time representation considered in Eq(10), the different216

responses of interest at different time instants can be calculated as:217

0
( , , ) ( , ) ( , ) ,   1,2,...,

t

i it f h t dt i n    x x  (10)

( , ) ( ) ,   1, 2,...,i x i n  ix A  (11)

where i is a vector of dimension nT × 1 containing the discrete-time218

representation of the i-th response along the duration T of the stochastic loading; and219

Ai is a matrix of dimension nT×nKL whose k-th row contains the discrete time220

representation of the convolution integral in Eq. (11).221

In the first excursion probability analysis, the key issue is whether the response222

of interest exceeds the threshold levels bi, i=1,...,n within the duration T under random223

excitation. Therefore, a normalized response function is defined as:224

( , ) ( )r


x A x  (12)

where   


 denotes the infinity norm; and A is a matrix that collects all225

matrices Ai associated with the calculation of the i-th response (see Eq. (4)),226

normalized by their respective threshold levels. Under the assumption that the227

thresholds fulfill the condition bi > 0; i =1,...,n, matrix A is defined as:228
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1
1 1

1
2 2

1

( )
( )

( )

( )n n







 
 
 
 
 
  



b A x
b A x

A x

b A x

(13)

and its dimension is (nRnT)×nKL. The definition of matrix A as shown in Eq. (13)229

ensures that all responses are calculated in a dimensionless fashion. When considering230

the first excursion problem, the operator norm associated with matrix A is typically231

chosen as a norm, which is formulated as follows:232

 ,2 2( ) inf ( ) 0 : ( ) ( )c c        A x x A x x  (14)

The expression above implies that the stochastic load vector can be stretched by233

matrix A by at most a factor of c; here, c serves as a scaling factor, indicating that234

matrix A does not amplify the norm of any vector ζ beyond c times its original value.235

Calculation of the (2,∞)-operator norm, as given in Eq. (15) in this case equal to the236

row of matrix A with the largest Euclidean norm, that is:237

 1,...,2
1, ,

,
( ) max  

T

i n

T
ik ik

k n

a a

 


 A x (15)

where ika represents the row of matrix A associated with the calculation of the i-th238

response at time instant tk. The convolution integral can be approximated by taking239

into account the discrete representation of the loading. Thus, the i-th response at time240

instant tk is equal to:241

       1 1 1 1 1 1 2 2 2

1 1 2

,
1 1 1

,

( )  1

, ,

, ,  ..., 1,, ,

KLnk k

i k l i k l l l i k l l l l l
l l l

ik T

t h t t f t t h t t t

kn ni

  
  

 
       

 
 

  x

a x

  


(16)

where 1 2,l l represents the elements of the matrix  at positions (l1,l2); 1, , Tk n 242

denotes time steps of excitation; and the adjustment coefficient 1l
ò is given by243
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1l
ò =0.5 for l1=1 or k, otherwise 1l

ò =1. The ika is a row vector of dimension nKL × 1244

defined as:245

   1 2 1 1

1

1

1

1 1, 1 ,
1 1

[ Δ ,...,

,  1,...,

Δ ],

1, ,

KL KL

k k

ik i k l l l i k l l n n
l l

T

l lt h t t t h t

n i

t

k n

   
 

 

 





 a
(17)

It is straightforward to verify that matrix Ai collects all row vectors ika246

associated with the i-th response, that is:247

1

2

( )

( )
( ) ,  1,...,

( )
n

i

i
i

i

i n

 
 
   
 
  



a x

a x
A x

a x

(18)

Existing research has shown that, given a clearly defined single failure boundary248

and response location, a mapping exists between the operator norm values obtained249

through the aforementioned process and reliability indicators, thereby enabling the250

operator norm to act as a proxy for the system failure probability under such clearly251

defined failure boundaries [30].252

2.3 Extension of the operator norm framework.253

To broaden the applicability of the operator norm framework to stochastic254

dynamic problems, particularly to the non-Gaussian random excitations commonly255

encountered in engineering practice, this section introduces a treatment strategy based256

on a parametric translation model [45]. Specifically, the target process is represented257

as the image of a Gaussian process under a marginal-distribution transformation . Let258

G(t) denote a zero-mean, unit-variance Gaussian process. The corresponding259

translation process can then be written as260

( ) ( 1) ( ) ( )( ) ( ( ( ))) ( ( ))n n n
i i i i iX t F G t h G t   , i=1,2,...d (19)
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Where ( )  is the standard normal cumulative distribution function, and261

( 1)( ) ( ( ))i ih F     is the transformation determined by the prescribed marginal262

distribution. The i-th Gaussian image admits a parameterized representation, where n263

denotes the truncation order of the expansion, or equivalently the number of retained264

random variables, and d denotes the dimension of the process. Accordingly, G(t)265

may be regarded as the Gaussian image corresponding to the non-Gaussian excitation266

X(t). Based on this representation, the construction of a non-Gaussian process can be267

carried out in two steps: first, a Gaussian process G(n)(t) is generated; second, the268

target non-Gaussian process is obtained through the inverse distribution269

transformation, thereby ensuring that the resulting process possesses the prescribed270

marginal distribution.271

On this basis, Grigoriu further derived the second-order statistical272

characterization of the translation process [45]. Its covariance relationship can be273

expressed as274

2

( ) ( )( ) [ ( ( )) ( ( ))]

( ) ( ) ( , ; ( ))

n n
ij i j i i i j j j

i j ij i j

z t t E h G t h G t

h u h u f u v r t t dudv

 

 
(20)

Where ( )ij i jz t t denotes the cross-covariance function between processes Xi275

and Xj, and ( )i jt t is the time lag between two instants. The variables u and v are276

the real-valued integration variables in the bivariate integral, and ( , ; )ijf u v r denotes277

the joint probability density function of two standard Gaussian variables with278

correlation coefficient ( )ij i jr t t . When the marginal distributions are prescribed, the279

covariance function of the translation process cannot be assigned independently in an280

arbitrary manner; rather, it is determined by the correlation function of the underlying281
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Gaussian process through the above bivariate Gaussian integral relation. In other282

words, once the transformation function has been specified by the target marginal283

distribution, the second-order statistics of the non-Gaussian process are governed by284

the correlation structure of its Gaussian image process.285

Therefore, the identification of the Gaussian image process corresponding to a286

non-Gaussian excitation can be formulated as follows: given the marginal287

distributions and covariance functions of the target non-Gaussian process, determine288

the Gaussian correlation function that satisfies the above bivariate Gaussian integral289

relationship. For a prescribed marginal distribution, the correspondence between the290

correlation coefficient of a pair of standard bivariate Gaussian variables and that of291

the transformed bivariate non-Gaussian variables can be computed in advance and292

stored numerically. Subsequently, when the target correlation function of the293

non-Gaussian process is given, the correlation function of the Gaussian image process294

can be recovered pointwise with respect to the time lag according to this numerical295

mapping.296

It should be emphasized that the identified ( )ij i jr t t must itself be a valid297

correlation function. That is, the recovered Gaussian correlation structure must not298

only satisfy the bivariate integral relation numerically, but also fulfill the basic299

admissibility requirements of a correlation function, such as positive definiteness and300

range constraints. If this condition is not met, a Gaussian image that exactly301

reproduces the target statistical characteristics cannot be constructed in a strict sense;302

in that case, only an approximately optimal Gaussian image in an appropriate sense303
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can be sought. In such cases, especially for strongly non-Gaussian distributions with304

pronounced PDF-PSDF incompatibility, the iterative Gaussian-PSDF updating305

methodology proposed by Shields et al. may be employed to obtain a compatible306

approximation [46].307

After the Gaussian correlation function has been identified, samples of the308

Gaussian process can be generated using its parameterized representation. For a309

stationary Gaussian process, the spectral representation can be written as310

( ) ( ) ( ) ( ) ( )
, , , ,

1( ) ( cos( ) sin( ))n n n n n
k k i k i k i k iZ t A v t B v t

n
  (21)

and, accordingly, the following construction is adopted:311

( ) ( ) ( )( ) (1 ) ( ) ( )n n n
k kG t Z t Z t   (22)

Here, ( ) ( )n
kZ t denotes the truncated spectral expansion of the k-th auxiliary312

Gaussian process; ( )
,
n
k iA and ( )

,
n
k iB are random coefficients; ( )

,
n
k iv is the discrete313

frequency; λ∈[0,1] is the correlation parameter; and ( ) ( )n
kZ t is the shared Gaussian314

component. This construction is used to generate samples of a bivariate Gaussian315

process with a prescribed correlation structure. The basic idea is to approximate the316

target Gaussian process by a finite superposition of sine and cosine harmonic terms.317

When the truncation order nn is sufficiently large, the resulting parameterized process318

can closely approximate the target Gaussian process.319

Once Gaussian samples ( ) ( )n
kG t have been obtained, the parameterized320

non-Gaussian process samples can be generated by substituting them into the321

following mapping model:322

( ) ( 1) ( )( ) ( ( ( )))n n
i i iX t F G t  (23)

Through the above identification procedure, the Gaussian image corresponding323
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to the target non-Gaussian excitation can be obtained. Fig. 2 illustrates the influence324

of excitation transformation on the failure-risk assessment for different discrete design325

points.326

327

(a)Time-history curves (b)Statistical distribution plots328

Fig. 2. Distribution of dominant failure modes in dynamical systems329

Since the non-Gaussian excitation can be represented as the nonlinear330

transformation of an underlying Gaussian image, and since its marginal distribution331

and second-order statistical properties are ensured through distribution matching and332

correlation-structure inversion, respectively, the identified Gaussian image can first be333

analyzed within the operator-norm framework. As the operator norm framework is334

used only to compare the failure risks associated with different failure modes, such a335

monotonic transformation does not alter the original risk ranking of different failure336

modes under the given excitation, as illustrated in Fig. 3.337

338

Fig. 3. Distribution of dominant failure modes in dynamical systems339
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To assess the effectiveness of the operator norm framework after transforming340

the non-Gaussian excitation, the single-degree-of-freedom (SDOF) system presented341

in Ref. [29] is adopted as the study object. Six typical forms of random excitation are342

considered, including Gaussian, Lognormal, Laplace, Gamma, Weibull, and343

Exponential distributions, which represent common cases such as symmetric, skewed,344

and heavy-tailed distributions. Fig. 4 compares the time histories and histograms of345

white-noise excitations with different distributions before and after transformation.346

347

Fig. 4. Time histories and histograms of white-noise excitations before and after348

transformation349

The original excitations are directly applied to the system to compute the350

structural responses and evaluate the failure probability. Meanwhile, the operator351

norm is computed for each sample in parallel, and the results are shown in Fig. 5. It352

can be observed that, under Gaussian excitation, the operator norm exhibits a trend353

that is largely consistent with the failure probability. In contrast, under non-Gaussian354

excitations, the distribution of the operator norm shows pronounced dispersion and355

unstable fluctuations, making it difficult to distinguish effectively between the failure356
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probability levels of different samples.357

358

Fig. 5. Distributions of the failure probability and the operator norm based on the359

original excitations of SDOF in Ref. [29]360

361

Fig. 6. Distributions of the failure probability and the operator norm based on the362

transformed noise of SDOF system in Ref. [29]363

Furthermore, the operator norm is recomputed after the Gaussian image is input364

into the system, and the results are shown in Fig. 6. It can be seen that the operator365

norm distribution obtained by Gaussian image becomes significantly more stable.366
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Samples with higher failure probabilities typically correspond to larger operator-norm367

values, revealing a clearer and more consistent monotonic relationship between the368

two.369

2.4 Conditions for determining sample point failure modes based on the operator370

norm framework.371

It should be emphasized that the DFMI of a system using the above operator372

norm framework is based on the following assumptions: (1) the system is linear, or its373

response remains within the linear-elastic regime. For a nonlinear system, it should be374

transformed into an equivalent linear system using an equivalent linearization method;375

(2) the random excitation does not exhibit strong impulsive characteristics or376

pronounced intermittency. For non-Gaussian excitations with strong impulsiveness or377

pronounced intermittency, this method may be unable to determine an approximate378

Gaussian image. In such cases, more advanced time-frequency analysis methods379

should be employed to process the excitation.380

Table 2. Classification criteria based on operator norm381

Sample
point Failure mode 1 ... Failure mode n Categorical label

x1 1
1 ,2( )  A x ... 1

,2( )n  A x 1
,2( )max( )

i
 A x

x2 2
1 ,2( )  A x ... 2

,2( )n  A x 2
,2( )max( )

i
 A x

... ... ... ...

xN 1 ,2( )N  A x ... ,2( )Nn  A x
,2( )max( )Ni

 A x

Based on the properties of the operator norm, evaluating the operator norms382

associated with these failure modes is sufficient to identify, at the current sample point,383

the dominant failure mode in a dynamical system with n potential failure modes (i.e.,384
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the failure mode corresponding to the maximum operator norm value), as shown in385

Table 2.386

Clearly, the efficiency of identifying the dominant failure mode for each sample387

point based on the extension of the operator norm framework is significantly higher388

than that of failure-probability analysis, because each sample point requires only one389

operator norm evaluation for a single random excitation, thereby decoupling the390

sample-point search process from the iterative identification of the dominant failure391

mode.392

3. Constraint-boundary and space-filling-based adaptive sample generation393

and failure mode region partitioning394

In the parameter space of a stochastic dynamical system, different regions395

correspond to distinct failure modes. The previous sections have introduced methods396

for identifying the dominant failure mode at given sample points in this parameter397

space. The remaining challenge is to efficiently explore the parameter space, generate398

samples associated with each failure mode, and accurately classify them. To address399

this problem, we propose an adaptive sampling strategy that combines400

constraint-boundary sampling with space-filling sampling. Starting from uniformly401

distributed initial samples, the method first approximates the locations of the402

boundaries separating different failure modes. It then adaptively generates new403

samples near these boundaries and in sparsely sampled regions of the parameter space,404

iteratively refining the estimated boundaries of each failure mode, as illustrated in Fig.405

7. The detailed analysis process is as follows:406
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407
Fig. 7. Sample addition strategy based on constraint boundaries and space-filling408

(1) Determination of parameter space range and generation of initial sample409

points.410

According to the confidence level required for the problem under study, the411

confidence interval corresponding to each parameter dimension is taken as the range412

of the parameter space. The generated hyper-rectangle defines the coverage of sample413

generation and the construction of the system parameter space. For a dynamical414

system with parameter dimensionality d, the initial sample set is generated using Latin415

Hypercube Sampling, with a recommended initial sample size of N=40d. The416

LHS-generated sampling matrix [0,1]N dU  ensures that the interval [0,1] in each417

dimension is uniformly partitioned into N subintervals. Each sample 0,1[ ]dju 418

uniquely occupies one subinterval in each dimension, and the sampling location419

within each subinterval is randomly drawn from a uniform distribution. These420

samples 1) )( )( (,[ ], , ,i
j j j j

du u u u    are then mapped from the unit interval to the421

physical parameter space. The range of the parameter space for system parameters can422

be determined based on their probability distributions and corresponding confidence423

intervals. In this study, a 99% confidence interval is considered. The initial sample set424

can be expressed as:425
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( ) ( ) ( )
min max

( )
m
( )

in( )i i i i i
j jx x u x x   (24)

(2) Sample category recognition and initial classification.426

After generating the initial sample points, operator-norm analysis is performed427

on each point following the procedure described in Section 2.2, and failure categories428

are assigned according to Table 2. Once categorical labels have been assigned to the429

sample set 1 2
max max max max{ , ,..., },  {1,2,..., }N jI i i i i n  , the parameters are standardized to430

have zero mean and unit variance to ensure consistent scaling and improve numerical431

stability. This yields a set of normalized sample points together with their432

corresponding categorical labels:433

( ) ( )
( )

( ) ,  1, , ;  1, ,j

j

i i
j xi

j i
x

x
x j N i d






      (25)

For samples of different categories, a support vector machine (SVM) is used for434

classification, and the optimization problem is formulated as:435

  2

max

1/ 2 w

subject to

min  

 (w ( ) ) 1 ,  0
j

j
j j j

C

i x b



  

 

   

‖ ‖
(26)

where C is a penalty parameter, j is a slack variable allowing minor classification436

errors, and ( )x is the implicit feature mapping. The radial basis function (RBF)437

kernel is employed for this implicit mapping due to its strong capability in modeling438

nonlinear decision boundaries, robustness against overfitting, and its wide439

applicability in high-dimensional problems. The kernel function is given as:440

    2 2K , exp  / 2  q p q p kx x x x   ‖ ‖ (27)

where σk is the kernel width parameter, representing the spread of the radial basis441

function. The penalty parameter is selected from {0.1, 1, 10, 100, 1000}, and the442

kernel width is chosen from {0.01, 0.1, 1, 10, 100}. In total, 5 × 5 = 25 parameter443
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combinations are evaluated using 5-fold cross-validation to compute the average444

classification accuracy. The combination yielding the highest average accuracy is then445

selected to train the final model. By applying Lagrange duality, the dual problem can446

be derived as:447

max max
1 1 1

max
1

1max ( ) ( , )
2

subject to 0,  0

N N N
j l

j j j q p
j j l

N
j

j j
j

W i i K x x

i C


   

 

  



 

  

 


(28)

Under the optimal solution *
j , the classification decision function is:448

* *
max

1
( ) ( , )

N
j

p j q p
j

f x i K x x b


  (29)

Based on the SVM classifier, samples of different categories are partitioned into449

different regions, and the initial boundary division is obtained using the initial450

uniformly distributed samples.451

(3) Adaptive addition of sample points and boundary update452

To more accurately delineate the boundaries between failure modes and reduce453

the risk of overlooking potential failures in certain regions of the parameter space, an454

active sampling strategy is introduced. This strategy focuses on generating new455

sample points both near the current classification boundaries and in regions that are456

sparsely populated by existing samples. The boundary-constrained sampling457

component is conceptually similar to AK-MCS, with the key difference that the458

boundaries are identified using an SVM rather than a Kriging model [47,48]. In459

contrast, the space-filling sampling component draws on the principles of Minimax460

and Maximin distance designs, and is intended to explore regions that may contain461

previously unidentified failure modes [49]. The procedure starts by randomly462
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generating a set of candidate points within the parameter space, defined as:463

select1 2, , ,{ },N jZ z z z z X   (30)

where Nselect denotes the number of candidate points, recommended as Nselect=1000d,464

with d representing the number of uncertain parameters. All candidate points are then465

normalized to ensure consistent scale. For each candidate point, the previously trained466

SVM model is used to perform multi-class prediction, resulting in a confidence score467

vector for class membership:468

( ) (1 2) ( ), , ,[ ]n
j j j js s s s  (31)

where ( )i
js denotes the decision score for class i. The margin value mi is defined as:469

( ) (2)1
i i im s s  (32)

A smaller margin indicates that the point is closer to the boundary between470

different classes. Among all candidate points, the top Nnew-1=10d points with the471

smallest margins are selected to form the new sample set:472

11{ ,..., }
newadd i iNZ z z


 (33)

To avoid local over-concentration of new samples, a small perturbation is added473

to each selected point:474

ˆ
j ji i kz z  ò (34)

where kò is disturbance term drawn from N(0, κ2I); κ=0.01 is the perturbation scale,475

and I is the identity matrix. The resulting perturbed set constitutes the final first new476

sample set:477

11 1ˆ ˆ{ ,..., }
newadd i iNX z z

  (35)

In addition, to prevent the initial samples from failing to cover regions where478

failure modes may occur, sparsely sampled regions of the space are explored using a479

space-filling strategy. First, the minimum distance from each candidate point to the480
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existing training set is defined as:481

min '
( ) min '

j
j jx x

d z z x


 
 (36)

Then, Nnew-2=10d points with the maximum distance dmin are sequentially482

selected as the second type of new sampling points, denoted as:483

22 1ˆ ˆ{ ,..., }
newadd i iNX z z

  (37)

By merging these two sets of new sample points, an updated sampling set is484

obtained. These samples are then analyzed to identify their dominant failure modes485

and are subsequently added to the training set for SVM model updating.486

(4) Failure Mode Boundary Iteration Stopping Criterion487

To prevent excessive simulations and overfitting during active sampling, a488

stopping criterion based on the stability of the decision boundary is introduced.489

Specifically, at the end of each iteration, the current classifier is used to make490

predictions on a pre-generated, fixed sample pool that is excluded from model491

training. These predictions are then compared with those obtained in the previous492

iteration. It is recommended to set the size of the fixed sample pool to Ntest=10000d.493

At each iteration, predictions on all points are obtained from both the previous494

model ( 1)ˆ inI  and updated model ( )ˆ inI , creating a new prediction label set:495

( ) ( ) ( ) ( )
1 2

ˆ ˆ ˆ ˆ{ , ,..., }i i i i

all

n n n n
NI i i i (38)

where ( )ˆ in
ji denotes the prediction of the model for the j-th evaluation point at the496

ni-th iteration. The proportion of samples in the pool whose predicted labels change is497

then computed and defined as the decision change rate, given by:498

( ) ( ) ( 1)

1

1 ˆ ˆ[ ]
all

i i i

N
n n n
boundary j j

jtest

i i
N





    (39)

where [ ] is the indicator function, which takes the value 1 if the prediction result499



27

has changed, and 0 otherwise. If the decision change rates in the most recent three500

consecutive iterations are all below a preset threshold ε, the decision boundary over501

the global parameter space is considered to have essentially converged, with no502

further significant variation. At this point, the iterative process is terminated. This503

stopping criterion ( )in
boundary   does not rely on additional ground-truth labels;504

instead, it characterizes the evolution of the decision boundary by monitoring the505

stability of model predictions on the fixed sample pool, thereby effectively controlling506

computational cost while maintaining classification accuracy. In the proposed method,507

it is suggested to take ε as 0.02, which can be adjusted according to the actual508

situation.509

510

Fig. 8. Workflow of propose method.511

In order to facilitate replication of the proposed method, Algorithm 1 provides512

the corresponding pseudocode, where the procedure is abbreviated as adaptive513

sampling (AS) in the example, and the overall computational workflow is illustrated514

in Fig. 8.515
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Algorithm 1: Dominant failure mode identification and parameter space partitioning

Input: Parameter dimension d, space range [ )
min
(ix , )

max
(ix ], ...

Output: SVM classification model, sample size for each failure mode.

1.Generate initial sample points using Latin hypercube sampling.

2.Map the initial sample points to the physical parameter space.

3.Call the operator norm evaluation function to obtain sample features and labels.

4.Train a multi-class SVM model in the standardized parameter space.

5.Generate an unlabelled sample pool within the space range using LHS.

6.Use the current SVM model to predict the sample pool as a baseline prediction.

7.Adaptive sample generation and boundary iterative update:

7.1 Generate new samples along the current boundary and in sparsely sampled areas.

7.2 Calculate the operator norm for the new samples to obtain new labels.

7.3 Incorporate the new samples into the global sample set and retrain the SVM
model.

7.4 Evaluate the prediction differences between the old and new models on the fixed
sample pool

7.5 If the predicted change rate of the sample pool has been below the threshold in
the last 3 rounds, stop;

Else, save the current SVM model as the old model, and return to step 7.1.

8 End the iteration, count the number of each failure mode samples and output the
SVM model.

4.Examples516

4.1 Example 1: Single-degree-of-freedom system with two uncertain parameters517

under Gaussian excitation518

A single-degree-of-freedom (SDOF) model is subjected to discrete Gaussian519

white noise excitation characterized by a spectral intensity of S0=5× 10-4 m2/s3, a520

duration of T=10 s, and a time step of 0.01 s. The system damping ratio is ζ=0.05. The521

statistical properties of the uncertain parameters are summarized in Table 3.522
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Table 3. Statistical distribution of uncertain parameters (Example 1)523

Variable Distribution Type Mean Value Cov

m Lognormal 1×104 kg 0.1

k Lognormal 3×106 N/m 0.25

524
Fig. 9. Single-degree-of-freedom system525

Fig. 9 shows the model of the single degree of freedom system, and the motion526

equation of the system is given as follows:527

       mu t cu t ku t ma t    (40)

The objective is to perform dominant failure mode identification (DFMI) for the528

system and to partition the parameter space into distinct failure regions accordingly. It529

is assumed that the system is governed by displacement, velocity, and acceleration530

during the vibration process, with corresponding threshold values of 5×10-3 m, 0.08531

m/s, and 1.5 m/s2, respectively. Consequently, the limit state functions consist of the532

following components:533

1Z =0.005-max( ( ))=0u t (41)
2Z =0.08-max( ( ))=0u t (42)
3Z =1.5-max( ( ))=0u t (43)

According to the proposed methodological framework, the sampling range of the534

parameter space is first determined, as shown in Table 4. All computations were535

performed on a desktop computer with 32 GB of RAM and 12th Gen Intel(R)536

Core(TM) i7-12700 CPU @ 2.10 GHz.537

Table 4. Sampling ranges of statistical parameters538
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Variable Standard Deviation Sampling Range

m 0.1×104 [0.856, 1.168]×104

k 0.75×106 [1.543, 5.487]×106

In this case study, the dimensionality of the parameter space is d=2. Therefore,539

LHS is employed to generate N=80 initial samples. Based on the criteria for540

determining dominant failure modes of sample points, the categorical labels of the541

initial sample points are determined. The distribution of labeled sample points within542

the parameter space is illustrated in Fig. 10, where the solid markers represent the543

samples corresponding to the most probable failure mode under each system state.544

545
(a)Sample labeling using ONF (b)Sample labeling using MCS546

547
(c)Sample labeling using DPIM548

Fig. 10. Sample classification results (Example 1)549

It can be observed that the sample points for failure modes 1-3 are located in550

different regions. By classifying these initial sample points of different categories551

using SVM, the initial failure mode boundaries can be obtained. Subsequently,552
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iterative sample enrichment and boundary updating are performed based on the553

proposed method, as shown in Fig. 11.554

555

(a) Adaptive iteration of boundaries based on AS-ONF556

557
(b) Adaptive iteration of boundaries based on AS-MCS558

559
(c) Adaptive iteration of boundaries based on AS-DPIM560

Fig. 11. Boundary adaptive iteration process based on the proposed method561
(Example 1)562

563
Fig. 12. Boundary variation rates during iterations (Example 1)564

Fig. 12 presents the evolution of the decision boundaries and the corresponding565

boundary variation rates for sample point identification based on MCS, DPIM, and566
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ONF. The results indicate that the sample identification criterion based on ONF567

converges faster. This difference can be attributed to the fact that the failure568

probabilities of sample points near the failure mode boundaries are similar for569

adjacent failure modes. The instability of the sampling method may lead to inaccurate570

sample classifications, while the operator norm framework provides higher accuracy571

in identifying the dominant failure modes of samples around the boundary regions.572

To compare the efficiency and accuracy of the proposed sampling strategy, it is573

further compared with Sparse Grid Sampling (SGS) [50] and Periodic Convolutional574

Neural Networks (PeriodNet) [24]. The sparse grid is constructed using the Smolyak575

interpolation method, which generates a hierarchical sequence of piecewise linear576

interpolations. For any given one-dimensional node, an equidistant point grid is577

generated based on the Clenshaw-Curtis quadrature rule. PeriodNet is a method that578

combines signal processing with deep learning, which builds a periodic convolutional579

neural network by inserting PeriodConv layers before the backbone network. The580

spatial partition results of the comparison methods are shown in Figs 13 and 14.581

582
(a)SGS-ONF (b)SGS-MCS (c)SGS-DPIM583

Fig. 13. Final boundaries based on SGS (Example 1)584
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585

Fig. 14. Final boundaries based on PeriodNet (Example 1)586

It can be seen that the results produced by the proposed method are essentially587

consistent with those of existing methods. To verify the sampling situation in the588

parameter space, 100,000 sample sets were randomly drawn within the parameter589

space. MCS was used to evaluate the failure probabilities under different failure590

modes and to identify the dominant failure mode. An SVM was then used to partition591

the space, serving as the baseline ground-truth result (MCS). The results are shown in592

Fig. 15. The Jaccard index was used to quantify the overlap between the regions593

obtained by the proposed method and those of the baseline ground, yielding J=0.9994,594

indicating that the proposed method produces results essentially consistent with the595

actual situation.596

597

Fig. 15. Final boundaries based on 100,000 samples (Example 1)598
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To quantitatively assess the spatial partitioning results, numerical integration was599

performed on different failure regions to calculate the overall failure probability of the600

system under all failure modes. The analysis results are shown in Table 5. Fig. 16601

illustrates the computational efficiency of different methods, with the proposed602

method achieving precise partitioning of different failure mode areas within the603

parameter space while maintaining high computational efficiency.604

Table 5. Failure mode identification and efficiency comparison (Example 1)605

Method ONF-
AS

MCS
-AS

DPIM-
AS

ONF
-SGS

MCS
-SGS

DPIM
-SGS

Period
Net MCS

Identified
failure modes

(No. of
samples)

Z1

(75)
Z1

(81)
Z1

(72)
Z1

(298)
Z1

(294)
Z1

(299)
Z1

(53)
Z1

(26683)
Z2

(86)
Z2

(128)
Z2

(137)
Z2

(134)
Z2

(137)
Z2

(135)
Z2

(55)
Z2

(27391)
Z3

(119)
Z3

(151)
Z3

(151)
Z3

(401)
Z3

(402)
Z3

(399)
Z3

(92)
Z3

(45926)
No. of FMs 3 3 3 3 3 3 3 3

No. of
iteration 5 7 7 / / / / /

No. of
samples 280 360 360 833 833 833 200 100000

Runtime 38s 1.10h 342s 89s 2.21h 847s 243s 87.45h
β 2.41 2.41 2.40 2.41 2.40 2.38 2.41 2.41

606

Fig. 16. Efficiency comparison of different methods (Example 1)607
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To evaluate the data stability of the proposed method, a series of tests were608

conducted with varying numbers of initial samples and newly added samples. A total609

of 25 configurations were tested to analyze the number of iterations and610

computational time, where the number of initial samples was selected from {10d, 20d,611

40d, 60d, 100d}, and the number of added samples was selected from{5d, 10d, 20d,612

30d, 50d}. The corresponding results in terms of iteration count and computational613

time are presented in Fig. 17.614

615
(a)Comparison of number of iterations (b)Comparison of runtime616

Fig. 17. Data robustness under different sample sizes617

The analysis results indicate that the proposed method's number of iterations and618

total runtime are notably influenced by the number of newly added samples. As the619

number of added samples per iteration increases, the total number of iterations620

decreases accordingly, while the overall computational time increases significantly.621

Therefore, adding a smaller number of samples per iteration, despite requiring more622

iterations, can lead to improved computational efficiency. The recommended settings623

for the initial and added sample sizes provide a reasonable balance between624

convergence speed and computational cost.625

4.2 Example 2: Three-story shear frame subject to stationary seismic excitation626
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Example 2 investigates the seismic performance of the three-story shear-frame627

model shown in Fig. 18 under stationary ground-motion excitation. The structure is628

modeled with a constant damping ratio of ζ = 0.05. The input ground acceleration is629

synthesized using a spectral-representation method driven by a random function [51],630

where the spectral intensity is set to S0=50.045×10-4 m2/s3. The excitation duration is631

T = 15 s with a time increment of 0.01 s. Within the operator norm framework, the632

seismic excitation is transformed into the standard Gaussian space following the633

procedure described in Section 2.2. Since the operator norm cannot be directly applied634

to the non-Gaussian case, no comparison is conducted, and only the transformed635

excitation is used for analysis.636

637
Fig. 18. Three-story shear-frame model638

Structural safety is evaluated in terms of floor-level peak displacement, velocity,639

and acceleration demands. For the three floors, the allowable displacement limits are640

0.028 m, 0.034 m, and 0.036 m, respectively; the safety limits for velocity are 0.64641

m/s, 0.66 m/s, and 0.66 m/s, respectively; and the safety limits for acceleration are 25642

m/s², 20 m/s², and 15 m/s², respectively. Exceedance of any demand limit is treated643

as failure. Accordingly, nine limit-state functions are defined, as given below:644



37

1 1

2 2

3 3

0.028 max( ( ))
0.034 max( ( )) 0
0.036 max( ( ))

Z u t
Z u t
Z u t

     
            
          

(44)

4 1

5 2

6 3

0.64 max( ( ))
0.66 max( ( )) 0
0.66 max( ( ))

Z u t
Z u t
Z u t

     
            
          





(45)

7 1

8 2

9 3

25 max( ( ))
20 max( ( )) 0
15 max( ( ))

Z u t
Z u t
Z u t

     
            
          





(46)

In this example, two scenarios are considered to investigate how the variability645

of uncertain model parameters influences the resulting failure patterns (i.e., dominant646

failure modes). Specifically, the coefficients of variation (COVs) of the uncertain647

parameters are assigned at two levels to represent different degrees of uncertainty:648

4.2.1 Case 1: Low-variability uncertain parameters649

In this case, the mass and stiffness parameters are treated as uncertain but with650

relatively small dispersion, and their coefficients of variation are summarized in Table651

6. The proposed procedure is then applied to iteratively explore the parameter space652

and delineate the corresponding failure-mode boundaries.653

Table 6. Statistical distributions of parameters (Case 1)654

Variable Distribution type Mean value CoV

mi Lognormal (1200-200(i-1)) kg 0.05

ki Lognormal (1200-200(i-1))×103 N/m 0.10

Here, mi and ki denote the mass and stiffness of the i-th degree of freedom (i = 1,655

2, 3), respectively. The iterative process is visualized in two dimensions through656

principal component analysis (PCA) for dimensionality reduction [52]. The results of657
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the adaptive sampling iterations under different criteria for determining the failure658

category of sample points are shown in Fig. 19. It can be seen that, after completing659

the adaptive iterative process under different criteria for determining the failure660

category of sample points, the resulting final boundary models are essentially661

consistent, and the corresponding boundary variation rates are shown in Fig. 20.662

663

(a)AS-ONF (b)AS-MCS (c)AS-DPIM664
Fig. 19. Final boundaries based on AS (Example 2, Case 1)665

666

Fig. 20. Boundary variation rates during iterations (Case 1)667

Finally, a probabilistic integration is performed to evaluate the overall system

reliability, and the results are compared with those obtained using SGS sampling and

PeriodNet, as summarized in Table 7.

In this case, a total of six failure modes {Z2, Z4, Z6, Z7, Z8, Z9} are identified.668

These results indicate that the sample selection strategy based on SGS may overlook669
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certain potential failure modes, whereas the proposed method can more effectively670

and adaptively explore the entire parameter space.671

Table 7. Failure mode identification and efficiency comparison (Case 1)672

Method ONF-AS
(Proposed)

MCS
-AS

DPIM
-AS

ONF
-SGS

MCS
-SGS

DPIM
-SGS

Period
Net

Identified
failure
modes
(No. of

samples)

Z1 (0) Z1 (0) Z1 (0) Z1 (0) Z1 (0) Z1 (0) Z1 (0)

Z2 (73) Z2

(110) Z2 (89) Z2

(1078)
Z2

(1054)
Z2

(1115) Z2 (65)

Z3 (0) Z3 (0) Z3 (0) Z3 (0) Z3 (0) Z3 (0) Z3 (0)

Z4 (282) Z4

(369)
Z4

(334)
Z4

(2575)
Z4

(2505)
Z4

(2458)
Z4

(273)
Z5 (0) Z5 (0) Z5 (0) Z5 (0) Z5 (0) Z5 (0) Z5 (0)
Z6 (1) Z6 (1) Z6 (2) Z6 (0) Z6 (0) Z6 (0) Z6 (5)

Z7 (60) Z7

(102) Z7 (71) Z7

(536)
Z7

(531)
Z7

(584) Z7 (65)

Z8 (601) Z8

(892)
Z8

(770)
Z8

(3675)
Z8

(3739)
Z8

(3602)
Z8

(737)

Z9 (63) Z9 (86) Z9 (54) Z9

(340)
Z9

(375)
Z9

(445) Z9 (55)

No. of FMs 6 6 6 5 5 5 6
No. of

iteration 7 11 9 / / / /

No. of
samples 1080 1560 1320 8204 8204 8204 1200

Runtime 408s 10.77h 3757s 2875s 64.64h 4.57h 1531s
β 2.36 2.36 2.34 2.38 2.37 2.38 2.36

4.2.2 Case 2: High-variability uncertain parameters673

To examine the robustness of the proposed method under increased uncertainty, a674

second scenario is considered in which the mass and stiffness parameters exhibit675

larger coefficients of variation, as listed in Table 8. The iterative results, together with676

the evolution of the boundary-change rate, are presented in Figs. 21 and 22.677

Table 8. Statistical distribution of parameters (Case 2)678

Variable Distribution Type Mean Value CoV

mi Lognormal (1200-200(i-1)) kg 0.10

ki Lognormal (1200-200(i-1))×103 N/m 0.20
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679
(a)AS-ONF (b)AS-MCS (c)AS-DPIM680
Fig. 21. Final boundaries based on AS (Example 2, Case 2)681

Table 9. Failure mode identification and efficiency comparison (Case 2)682

Method ONF-AS
(Proposed)

MCS
-AS

DPIM
-AS

ONF
-SGS

MCS
-SGS

DPIM
-SGS

Period
Net

Identified
failure
modes
(No. of

samples)

Z1 (25) Z1 (72) Z1

(126)
Z1

(1033)
Z1

(1046)
Z1

(1028)
Z1

(155)

Z2 (175) Z2

(452)
Z2

(188)
Z2

(2391)
Z2

(2139)
Z2

(2139)
Z2

(321)

Z3 (28) Z3 (51) Z3 (30) Z3

(567)
Z3

(583)
Z3

(508) Z3 (76)

Z4 (465) Z4

(791)
Z4

(501)
Z4

(1616)
Z4

(1747)
Z4

(1758)
Z4

(252)

Z5 (11) Z5 (30) Z5 (9) Z5

(138)
Z5

(153)
Z5

(163) Z5 (25)

Z6 (5) Z6 (27) Z6 (6) Z6 (80) Z6 (83) Z6 (82) Z6 (13)

Z7 (181) Z7

(371)
Z7

(194)
Z7

(575)
Z7

(744)
Z7

(736)
Z7

(107)

Z8 (489) Z8

(625)
Z8

(527)
Z8

(1003)
Z8

(896)
Z8

(952)
Z8

(130)

Z9 (181) Z9

(461)
Z9

(199)
Z9

(801)
Z9

(813)
Z9

(833)
Z9

(121)
No. of FMs 9 9 9 9 9 9 9

No. of
iteration 11 22 12 / / / /

No. of
samples 1560 2880 1680 8204 8204 8204 1200

Runtime 476s 10.87h 4283s 2892s 64.37h 4.64h 1546s
β 1.91 1.91 1.92 1.90 1.91 1.91 1.91
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683
Fig. 22. Boundary variation rates during iterations ( Case 2)684

The analysis results after iteration are shown in Table 9. In this case, a total of685

nine failure modes {Z1, Z2, Z3, Z4, Z5, Z6, Z7, Z8, Z9} are identified. In this686

situation, all failure modes need to be considered. Fig. 23 shows the comparison of687

average computational efficiency of different methods in Example 2.688

689

Fig. 23. Efficiency comparison of different methods (Example 2)690

4.2.3 Impact of parameter variability on failure modes and reliability.691

From an engineering perspective, the uncertainties in this case mainly come from692

the discretization of floor mass and lateral stiffness, reflecting “fluctuations in693

dead/live loads during construction and service, added mass from non-structural694

components, and equipment layout differences,” as well as “variations in material695
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strength and elastic modulus, deviations in member sections and connection details,696

and effective stiffness loss due to construction quality and aging.”697

When parameter variability is relatively small (Case 1), the parameter space698

changes only slightly, so failures tend to cluster in a few dominant, easily triggered699

responses, yielding six failure modes. With higher variability (Case 2), the parameter700

space expands and failure boundaries become more complex, requiring consideration701

of all nine failure modes. As shown in Fig. 23, the proposed method demonstrates a702

significant efficiency advantage. It can be applied to identify the primary failure703

modes in practical engineering and provides valuable guidance for subsequent704

reliability design and other related tasks.705

Overall, greater variability increases both the number of failure modes and706

engineering effort: more iterations are needed to characterize failure boundaries,707

raising the computational cost of reliability assesement and risk decisions; meanwhile,708

system failure probability increases and the reliability index β decreases. Controlling709

parameter variability can therefore limit failure-mode proliferation and reduce system710

failure risk at the source.711

4.3 Example 3: Five mass points structural system with 21 uncertain parameters712

under non-stationary seismic excitation713

In Example 3, a five-mass-point structural system is investigated. The714

configuration of the mass points and springs is illustrated in Fig. 24. The masses of715

the five points are denoted as [m1,m2,m3,m4,m5], and the external loads applied to the716

mass points are denoted by [F1,F2,F3,F4,F5]. The lateral coupling stiffnesses between717
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adjacent mass points are represented by [k1,k2,k3,k4,k5,k6], whereas the stiffnesses718

connecting the mass points to the ground are given by [k7,k8,k9,k10,k11]. The statistical719

properties of all uncertain parameters are summarized in Table 10.720

Table 10. Statistical distribution of parameters (Example 3)721

Variable Distribution Type Mean Value CoV

m1-m5 Lognormal 2×105 kg 0.05

k1 Lognormal 1.4×106 N/m 0.1

k2-k5 Lognormal 1.0×106 N/m 0.08

k6 Lognormal 1.2×106 N/m 0.1

k7-k11 Lognormal 3.0×107 N/m 0.15

F1-F5 Normal 1000 kN 0.12

722
Fig. 24. Five-mass-point structural system model723

The non-stationary seismic acceleration is also generated using a spectral724

representation scheme based on a random function, with a spectral intensity725

S0=50.045×10-4 m2/s3, a total duration T = 15 s, and a time step of 0.01 s. The726

non-stationary process is modulated by the following function:727

2

0.35( 7.0)

/ 0.8,0 0.8
( ) 1,0.8 7.0

, 7.0t

t t
g t t

e t 

  
  
 

(47)

During the vibration process, if the displacement of any mass point exceeds 0.07728

m, the velocity exceeds 0.8 m/s, or the acceleration exceeds 10 m/s2, the system is729

considered to have entered a failure state. In addition, a collision failure is deemed to730
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occur if the relative displacement between any two adjacent mass points exceeds 0.1731

m. The system includes a total of 19 limit state functions, with the specific safety732

thresholds detailed as follows:733

0.07 max( ( )) 0,  1, 2,3, 4,5i iZ u t i    (48)
5 0.80 max( ( )) 0, 1,2,3,4,5i iZ u t i     (49)

10 10.0 max( ( )) 0,  1, 2,3, 4,5i iZ u t i     (50)
15 10.1 max( ( ) ( ) ) 0,  1, 2,3, 4i i iZ u t u t i      (51)

Based on the proposed method, the iterative identification of fault pattern734

boundaries is performed, and the final boundaries are visualized in two dimensions735

through PCA dimensionality reduction, as shown in Fig. 25.736

737
(a)AS-ONF (b)AS-MCS (c)AS-DPIM738

Fig. 25. Final boundaries based on AS (Example 3)739

740
Fig. 26. Boundary variation rates during iterations (Example 3)741

The iterative process based on the failure category determination criteria of742

different sample points is shown in Fig. 26. The sample point determination criteria743

based on the extension of the operator norm framework can achieve better accuracy in744

sample classification, thus completing the iteration more efficiently. The analysis745
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results of the proposed method and the comparison methods are shown in Table 11,746

where the accuracy of failure mode recognition and spatial partitioning is verified by747

the final system's failure probability.748

Table 11. Failure mode identification and efficiency comparison (Example 3)749

Method ONF-AS
(Proposed)

MCS
-AS

DPIM
-AS

ONF
-SGS

MCS
-SGS

DPIM
-SGS

Period
Net

Identified
failure
modes
(No. of

samples)

Z1 (840) Z1
(1493) Z1 (920) Z1

(2212)
Z1

(2955)
Z1

(3027) Z1 (788)

Z2 (1055) Z2
(1876)

Z2
(1120)

Z2
(2693)

Z2
(3430)

Z2
(3368) Z2 (877)

Z3 (1135) Z3
(2019)

Z3
(1185)

Z3
(2849)

Z3
(3109)

Z3
(3235) Z3 (842)

Z4 (1048) Z4
(1501) Z4 (915) Z4

(2199)
Z4

(3305)
Z4

(3239) Z4 (843)

Z5 (1009) Z5
(1609) Z5 (980) Z5

(2355)
Z5

(3505)
Z5

(3285) Z5 (924)

Z6 (87) Z6 (145) Z6 (82) Z6 (197) Z6 (209) Z6 (204) Z6 (53)
Z7 (84) Z7 (113) Z7 (76) Z7 (182) Z7 (194) Z7 (198) Z7 (51)
Z8 (89) Z8 (143) Z8 (92) Z8 (221) Z8 (219) Z8 (214) Z8 (55)
Z9 (68) Z9 (138) Z9 (88) Z9 (212) Z9 (183) Z9 (186) Z9 (48)

Z10 (94) Z10
(169)

Z10
(104)

Z10
(250)

Z10
(164)

Z10
(164) Z10 (43)

Z11 (9) Z11 (16) Z11 (10) Z11 (24) Z11 (19) Z11 (16) Z11 (4)
Z12 (13) Z12 (41) Z12 (28) Z12 (67) Z12 (42) Z12 (42) Z12 (11)
Z13 (8) Z13 (11) Z13 (9) Z13 (22) Z13 (55) Z13 (59) Z13 (15)
Z14 (12) Z14 (25) Z14 (17) Z14 (41) Z14 (25) Z14 (24) Z14 (6)
Z15 (8) Z15 (12) Z15 (9) Z15 (22) Z15 (22) Z15 (21) Z15 (5)

Z16 (643) Z16
(1101)

Z16
(690)

Z16
(1657)

Z16
(828)

Z16
(814)

Z16
(211)

Z17 (553) Z17
(1014)

Z17
(642)

Z17
(1542)

Z17
(754)

Z17
(759)

Z17
(198)

Z18 (524) Z18
(909)

Z18
(572)

Z18
(1374)

Z18
(793)

Z18
(799)

Z18
(209)

Z19 (357) Z19
(578)

Z19
(481)

Z19
(1159)

Z19
(342)

Z19
(346) Z19 (89)

No. of
FMs 19 19 19 19 19 19 19

No. of
iteration 16 30 18 / / / /
No. of

samples 7560 13440 8400 20160 20160 20160 4200

Runtime 0.62h 94.2h 5.78h 1.64h 137.8h 15.7h 1.50h
β 2.47 2.47 2.47 2.49 2.48 2.48 2.47
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750

Fig. 27. Efficiency comparison of different methods (Example 3)751

As the dimensionality of the system parameters increases, the time consumption752

of the proposed method does not significantly increase, as shown in Fig. 27. This is753

because the proposed method relies solely on sample point search and identification754

for spatial partitioning, unlike grid sampling methods which suffer from the curse of755

dimensionality as the dimensions increase. Therefore, the proposed method remains756

accurate and effective when dealing with high-dimensional problems.757

4.4 Example 4: Twelve-story braced steel frame under near-fault earthquake758

excitation759

The model of the twelve-story braced steel frame structure is shown in Figure 28.760

The structural mass of each floor is uniformly taken as 25×104 kg. The standard story761

height is 4.2 m, and the bay width is 6.0 m. The stiffness of the beam members is762

assumed to be infinite, and the columns are made of HM-section steel, with a second763

moment of area Ix = 137000 cm4. The damping ratio of the structure is uniformly set764

to ζ=0.05 to reflect the energy dissipation characteristics of conventional steel765

structures. A pair of bidirectional diagonal cross braces is installed in the structure as766

one bracing unit; a single bracing unit can provide the structure with an equivalent767
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lateral stiffness of k = 0.67×108N/m. Uncertainty in the structural model arises from768

the elastic modulus of the material and the non-structural mass. The elastic modulus769

of steel is treated as a normally distributed random variable E, and the non-structural770

mass on each floor is represented by a normally distributed random variable MNS.771

Based on the above parameters, the mass matrix of the structure is formed by772

combining the structural mass and the non-structural mass, and the stiffness matrix is773

obtained according to the bracing layout. Table 12 lists the probabilistic information774

of the random variables associated with this structure.775

Table 12 Statistical parameters of random variables776

Parameter Type Parameter
Distribution

Type
Mean Value CoV

Elastic modulus
（×1011 Pa）

E Normal 2.1 0.05

Non-structural mass
（×104 kg）

MNS Normal 4.539 0.05

777

Fig. 28. Model of a twelve-story braced steel frame structure778

Failure of this structure may be caused by (i) exceeding the interstory drift ratio779

limit at any story, (ii) excessive roof displacement, and (iii) excessive base shear.780

Therefore, the structure has 14 potential failure modes. Exceedance of the interstory781
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drift ratio limit at Stories 1-12 is defined as Z1-Z12, exceedance of the roof782

displacement limit is defined as Z13, and exceedance of the base shear limit is defined783

as Z14. Specifically, the limit-state functions are given as follows:784

max 1 / 50   (52)
max 0.33mtop top    (53)

m 7ax 2.25 10 Nshear shearV V   (54)

To verify the applicability of the proposed method under typical non-Gaussian785

excitation, a near-fault ground motion encountered in engineering practice is selected786

as the load input. The near-fault ground motion is obtained by superposing a787

pulse-like velocity component and a high-frequency velocity component [53]. A788

Gabor wavelet function is used to construct the velocity pulse model, whose789

mathematical expression is:790

2
ln( ) exp[ ( ) ] cos(2 )

4
pk pk

p PGV
c p p

t T t T
V t PGV

N T T
  

 
     (55)

The amplitude of the velocity pulse is characterized by the peak ground velocity791

(PGV), for which the regression model is:792

ln( ) 4.49 0.14PGV R  (56)

where R=10 km is the fault distance; and ln PGV denotes the standard deviation of793

the residual in the PGV regression model.794

The remaining part of the nonstationary acceleration time history can be795

synthesized based on the spectral representation method, expressed as:796

0
( ) ( ) ( ) [cos( ) sin( ) ]

wN

u k k k k k
k

a t e t S w w t R w t Q


   (57)

On this basis, the high-frequency acceleration time history is constructed using a797
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modified Kanai–Tajimi spectrum model together with a nonstationary process798

modulation function. The corresponding spectral density function and modulation799

function are given by:800

2 2 24

04 4 2 2 2 2 2 2

1 4 /
( )

(1 / ) 4 /
g g

f g g g

S S
  

      



  

(58)

0

0
0 0

( )
0

0, 0

( ) ( ) ,

,g t t

t
t t

g t t t t

e t t



 




  

 
    

  

(59)

In this example, the parameter values are g =2.41rad/s, g =2.47, f =1.18rad/s801

and S0=3.03m2·s-3. kR and kQ are a pair of orthogonal random variables, which can802

be generated from the basic random variable γ using 2 cos( )
4kR k   and803

2 sin( )
4kQ k   .804

Finally, by superposing the high-frequency acceleration component and the pulse805

acceleration component, the complete near-fault ground acceleration time history can806

be obtained, expressed as ( ) ( ) ( )p ua t a t a t  .807

The probabilistic distribution characteristics of the parameters in the stochastic808

model of near-fault ground motion are listed in Table 13. An example of the809

synthesized near-fault acceleration time history generated based on this parameter set810

is shown in Fig. 29.811

812

Fig. 29. Acceleration time history and PDF of a near-fault earthquake813
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Table. 13 Probability distributions of random variables used to synthesize814

near-fault ground motions815

Parameter Type Parameter
Distribution

Type
Mean Value CoV

Pulse parameters

pT Normal 6.81 1.62

cN Lognormal 0.01 0.29

pkT Normal 22.32 6.41
 Normal 3.06 1.71

ln PGV Normal 0.00 0.25

Envelope parameters

 Normal 20.43 6.68

 Lognormal 0.63 0.41

g Lognormal -2.56 0.39

High-frequency

parameters
 Uniform on

[-π,π]
0.00 π/3

Based on the proposed method, an adaptive iterative strategy is employed to816

generate sample points within the structural parameter space and to continuously817

update the boundaries between failure modes. The results are shown in Fig. 30. In the818

figure, the red region and the corresponding samples represent the failure mode819

governed by roof displacement; the green region and samples represent the failure820

mode governed by the maximum interstory drift ratio; and the purple region and821

samples represent the failure mode governed by base shear.822

823

Fig. 30 Distribution of failure modes in the parameter space of the braced steel824
frame structure825

As can be seen from Fig. 30, roof-displacement failure occupies a dominant826
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position in the parameter space; when the uncertain structural parameters follow827

Gaussian distributions, this failure mode is the most likely to occur. On the other hand,828

it is noteworthy that the green region corresponding to maximum interstory drift ratio829

failure exhibits two separated clusters. This is because, under different combinations830

of parameters, the story at which the maximum interstory drift ratio occurs can change.831

Specifically, the larger green region on the right corresponds to exceedance of the832

interstory drift ratio at the second story, while the smaller green region on the left833

corresponds to exceedance of the interstory drift ratio at the eighth story.834

Given that the parameter space in this numerical example is two-dimensional,835

Monte Carlo simulation (MCS) is used to randomly draw samples and partition them836

as the ground-truth baseline, as shown in Fig. 31. It can be seen that the structure’s837

actual failure mode is basically consistent with the dominant failure mode identified838

by the proposed method. The Jaccard index was used to quantify the overlap between839

the regions obtained by the proposed method and those of the baseline ground,840

yielding J=0.9997, indicating that the proposed method produces results essentially841

consistent with the actual situation in Example 4.The final analysis results obtained by842

different methods are listed in Table 14.843

Based on the analysis results of Example 4, the proposed method can efficiently844

identify the dominant structural failure modes under non-Gaussian seismic excitation.845

For this example, in subsequent system reliability assessment or design optimization,846

roof displacement, base shear, and the interstory drift ratios at the 2nd and 8th stories847

should be considered as the dominant failure modes.848
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Table 14. Failure mode identification and efficiency comparison (Example 4)849

Method ONF-AS MCS
-AS

DPIM
-AS

ONF
-SGS

MCS
-SGS

DPIM
-SGS

Period
Net MCS

Identified
failure
modes
(No. of

samples)

Z1 (0) Z1 (0) Z1 (0) Z1 (0) Z1 (0) Z1 (0) Z1 (0) Z1 (0)

Z2 (149) Z2
(168)

Z2
(152)

Z2
(160)

Z2
(163)

Z2
(161)

Z2
(37)

Z2
(18473)

Z3 (0) Z3 (0) Z3 (0) Z3 (0) Z3 (0) Z3 (0) Z3 (0) Z3 (0)

Z4 (0) Z4 (0) Z4 (0) Z4 (0) Z4 (0) Z4 (0) Z4 (0) Z4 (0)
Z5 (0) Z5 (0) Z5 (0) Z5 (0) Z5 (0) Z5 (0) Z5 (0) Z5 (0)
Z6 (0) Z6 (0) Z6 (0) Z6 (0) Z6 (0) Z6 (0) Z6 (0) Z6 (0)
Z7 (0) Z7 (0) Z7 (0) Z7 (0) Z7 (0) Z7 (0) Z7 (0) Z7 (0)

Z8 (18) Z8 (21) Z8 (17) Z8 (19) Z8 (21) Z8 (18) Z8 (8) Z8
(4019)

Z9 (0) Z9 (0) Z9 (0) Z9 (0) Z9 (0) Z9 (0) Z9 (0) Z9 (0)
Z10 (0) Z10 (0) Z10 (0) Z10 (0) Z10 (0) Z10 (0) Z10 (0) Z10 (0)
Z11 (0) Z11 (0) Z11 (0) Z11 (0) Z11 (0) Z11 (0) Z11 (0) Z11 (0)
Z12 (0) Z12 (0) Z12 (0) Z12 (0) Z12 (0) Z12 (0) Z12 (0) Z12 (0)

Z13 (446) Z13
(488)

Z13
(447)

Z13
(496)

Z13
(482)

Z13
(498)

Z13
(119)

Z13
(59511)

Z14 (147) Z14
(163)

Z14
(144)

Z14
(158)

Z14
(161)

Z14
(156)

Z14
(36)

Z14
(17997)

No. of
FMs 4 4 4 4 4 4 4 4

No. of
iteration 17 19 18 / / / / /

No. of
samples 760 840 800 833 833 833 200 100000

Runtime 98s 2.79h 834s 137s 2.63h 785s 248s 88.13h

β 2.73 2.73 2.73 2.72 2.70 2.74 2.73 2.73

850

Fig. 31. Final boundaries based on 100,000 samples (Example 4)851
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5.Conclusion and outlook852

This paper proposes a novel method for identifying the dominant failure modes853

of stochastic systems under random excitation and partitioning the failure domains854

within the parameter space. The identification process is divided into two main steps:855

generating and recognizing sample points in the parameter space, and classifying856

these points according to different failure mode categories, thereby determining the857

regions corresponding to each failure mode. The main conclusions include the858

following points:859

(1) The failure mode category of sample points in the parameter space of a stochastic860

system can be obtained through first excursion probability analysis. The probability861

decoupling determination of failure mode category for sample points is achieved862

through an extension of the operator norm framework, thereby efficiently enhancing863

computational efficiency.864

(2) Initial boundary partitioning of uniformly distributed sample points with different865

failure modes is performed using SVM. Building upon this, new sample points are866

adaptively generated both near the initial boundaries and in sparsely sampled regions867

to iteratively update the failure mode boundaries. This enables comprehensive868

exploration of the parameter space while providing accurate simulation of failure869

mode boundaries.870

(3) The proposed ONF-AS method identifies dominant failure modes and partitions871

failure domains through parameter space search. Compared with sample point872

selection methods such as sparse grid sampling, it can more accurately capture the873
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boundaries of failure modes without missing those with small parameter space regions.874

In relation to advanced machine learning methods such as PeriodNet, it demonstrates875

higher computational efficiency while maintaining accuracy.876

(4) The proposed method demonstrates high accuracy and efficiency even in877

high-dimensional scenarios, as it only requires discrimination of sample points within878

the parameter space and adaptively searches for important regions. Therefore, this879

method shows promising potential in addressing practical engineering problems,880

which are often high-dimensional and complex.881

Overall, the proposed method can efficiently and robustly identify the dominant882

failure modes in stochastic systems under random excitation, regardless of whether883

the excitation is Gaussian or non-Gaussian, stationary or non-stationary. Based on the884

results of the failure mode area division, the fault probability of high-dimensional885

systems with complex failure modes can also be calculated using probabilistic space886

numerical integration techniques. Additionally, this method can be further combined887

with statistical linearization techniques to extend to the failure mode identification888

problem of nonlinear systems or large engineering structures. After identifying the889

dominant failure modes of the system using the proposed method, guidance for the890

maintenance and reinforcement of critical parts can be provided, and the failure891

modes with the highest occurrence probabilities can serve as key constraint objectives892

for structural reliability design optimization.893
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