nnnnnnnnnnnnnnn 25 1ssN 03515320

Journal Pre-proof .
RELIABILITY

ENGINEERING
& SYSTEM
: . - P " . SAFETY
First Excursion Probability Sensitivity in Stochastic Linear Dynamics P
by means of Multidomain Line Sampling
Mauricio A. Misraji, Marcos A. Valdebenito, Danko J. Jerez, @ ‘

Héctor A. Jensen, Michael Beer, Matthias G.R. Faes

PII: S0951-8320(26)00205-X @ A

DOI: https://doi.org/10.1016/j.ress.2026.112389

Reference: RESS 112389 e
To appear in: Reliability Engineering and System Safety

Received date: 30 August 2025

Revised date: 3 February 2026

Accepted date: 7 February 2026

Please cite this article as: Mauricio A. Misraji, Marcos A. Valdebenito, Danko J. Jerez,
Héctor A. Jensen, Michael Beer, Matthias G.R. Faes, First Excursion Probability Sensitivity in
Stochastic Linear Dynamics by means of Multidomain Line Sampling, Reliability Engineering and
System Safety (2025), doi: https://doi.org/10.1016/j.ress.2026.112389

This is a PDF of an article that has undergone enhancements after acceptance, such as the ad-
dition of a cover page and metadata, and formatting for readability. This version will undergo addi-
tional copyediting, typesetting and review before it is published in its final form. As such, this ver-
sion is no longer the Accepted Manuscript, but it is not yet the definitive Version of Record; we are
providing this early version to give early visibility of the article. Please note that Elsevier’s sharing
policy for the Published Journal Article applies to this version, see: https://www.elsevier.com/about/
policies-and-standards/sharing#4-published-journal-article. Please also note that, during the produc-
tion process, errors may be discovered which could affect the content, and all legal disclaimers that
apply to the journal pertain.

(©) 2026 The Author(s). Published by Elsevier Ltd.
This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/)


https://doi.org/10.1016/j.ress.2026.112389
https://doi.org/10.1016/j.ress.2026.112389
https://doi.org/10.1016/j.ress.2026.112389
https://www.elsevier.com/about/policies-and-standards/sharing#4-published-journal-article
https://www.elsevier.com/about/policies-and-standards/sharing#4-published-journal-article
https://www.elsevier.com/about/policies-and-standards/sharing#4-published-journal-article
https://www.elsevier.com/about/policies-and-standards/sharing#4-published-journal-article
http://creativecommons.org/licenses/by/4.0/

© o N o o

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

Journal Pre-proof

First Excursion Probability Sensitivity in Stochastic Linear Dynamics
by means of Multidomain Line Sampling
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Abstract

This contribution presents a novel framework for estimating the sensitivity of first excursion
probabilities. The focus is on linear dynamic systems with non-proportional damping subject
to stationary or non-stationary Gaussian excitation. The sensitivity is estimated with respect
to structural parameters of the system, including material properties and geometric dimensions
of the elements. In dynamical systems, calculating both the first excursion probability and its
sensitivity is done in a high-dimensional space, making the task challenging and computationally
expensive. In this regard, the multidomain Line Sampling framework exploits linearity to obtain
sensitivity estimates as a byproduct of the first excursion probability evaluation. The results show
that the presented techinique is highly efficient compared to different methods in the literature, as
demonstrated through two numerical examples involving small- and large-scale models.
Keywords: First excursion probability, Sensitivity analysis, Gaussian loading, Linear systems,

Multidomain Line Sampling

Highlights:

Sensitivity of failure probability estimated using multidomain Line Sampling

Sensitivity is a byproduct of the first excursion probability

Sensitivities of eigenvalues and eigenvectors required

» Non-proportional damping considered in the formulation
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3 1. Introduction

3 The development of stochastic models has become paramount to achieving a better understand-
55 ing of the behavior of mechanical and structural systems. Stochastic representation of external
3 loads provides a more realistic depiction of real-life phenomena. For example, stochastic processes
s offer more accurate representations of events like earthquakes and wind loads in structural systems,
;s as well as vibrations and impact loads in mechanical systems. It is also noted that, in many practi-
3 cal cases and applications, the system reliability is dominated by the uncertainty in the excitation
s as commonly assumed in structural vibration serviceability, wind engineering and earthquake en-
a  gineering applications (see e.g. [1] and [2]). In the context of dynamical systems, the theory
2 of random vibrations introduces the concept of the so-called first excursion probability, which
s measures the chance that one or more responses of interest exceed a prescribed threshold during
1 stochastic excitation [1]. This metric is particularly useful as a measure of serviceability [3, 4, 5]
s when the system behavior remains linear during stochastic excitation, allowing the response of
s interest to be calculated while materials operate within their linear range. To accurately esti-
s mate the first excursion probability while taking advantage of system linearity, several advanced
s simulation techniques have been developed considering the loading as a Gaussian process and
» deterministic structural models, including Efficient Importance Sampling (EIS) [6], the Domain
5o Decomposition Method (DDM) [7]; Directional Importance Sampling (DIS) [8], and multidomain
si Line Sampling (mLS) [9].

52 Although the information provided by the first excursion probability is essential for assessing
53 system reliability [10, 11, 12, 13, 14], it is also important to study its sensitivity to possible changes
s« in system parameters. This problem has been widely discussed in the literature [15, 16, 17, 18, 19],
ss and two main research branches can be identified for the sensitivity of the first excursion proba-
s bility [20]. The first group studies sensitivity with respect to distribution parameters of random
sv variables [21, 22]. These parameters can include, for instance, the mean value or standard de-
ss  viation of a given random variable representing uncertainty in, e.g. loading. The second group,
so which is the focus of this work, studies sensitivity with respect to deterministic system parameters.
oo Methods that consider second-order moment approximations [23], combinations of stochastic sim-
o ulation with Bayes’ theorem for sensitivity estimates [24, 25], and the combination of stochastic
2 simulation with local approximations of the responses of interest [26, 27, 28|, are various known

63 approaches within this group. In practical applications, system parameters such as the geomet-
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ric dimensions of structural members or their elastic properties are subject to uncertainty (e.g.,
manufacturing tolerances), but they are still specified and controlled by the designer through
nominal values. For the systems considered here, the uncertainty due to the stochastic loading
is dominant, so modelling the structural parameters by their nominal values is a reasonable as-
sumption. Accordingly, this work explicitly considers local (derivative-based) sensitivities, which
provide valuable information on the magnitude of change at the nominal design, whereas global
sensitivities attribute output variance to uncertain inputs and require probabilistic models for the
parameters, a complementary perspective not pursued here. In this context, sensitivity is calcu-
lated as the partial derivative of the first excursion probability with respect to a system parameter.
This gradient calculation involves solving an integral in a high-dimensional space, which usually
has no closed-form solution.

Despite the fact that linear structural models under Gaussian loading constitute a classical
setting in stochastic dynamics, the estimation of the first excursion probability sensitivities in a
high-dimensional and non-stationary context remains computationally challenging and cannot be
addressed with available analytical approaches. I inost cases, sensitivity analysis is carried out as
a post processing step that reuses the samples originally generated for reliability estimation [16,
20, 22]. Although methods such as DIS [9] and DDM [29] can compute reliability and sensitivities
from the same set of model evaluations for this class of systems, their sensitivity estimators
often exhibit high variance and the associated computational cost remains substantial. DIS and
DDM are directional sampling methods [30, 31] that explore the standard Gaussian space along
directions anchored at the origin. Line Sampling methods take a different approach, evaluating
lines that need not pass through the origin, which provides an alternative way of exploring the
space. One such method is mLS, whose efficiency for first excursion probability estimation has
been demonstrated, and extending this approach to sensitivity estimation constitutes a natural
and promising next step. Accordingly, improving sensitivity estimation is crucial, given that
derivative information has broad applications in model calibration, risk evaluation, and risk-
informed decision-making [10, 32, 33, 34] and, together with the first excursion probability, in
reliability-based design optimization [34, 35, 2] and network applications [36].

In this work, an extension of the mLS framework for calculating the sensitivity of the first
excursion probability is proposed. The methodology allows for the calculation of sensitivity esti-

mates using mLS for both reliability and sensitivity analyses, and it is applicable to small- and
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large-scale problems. The scope of the method includes linear systems subject to Gaussian load-
ing, and the systems considered involve non-proportional damping. The latter consideration offers
a more generalized methodology than the one proposed in [28], and is numerically more efficient
than the methods proposed in [37, 29]. The consideration of non-proportional damping allows a
closer representation of the modeled system response to real-world behavior [38]. Additionally, the
special structure of the failure domain is exploited by mLS, which efficiently explores the failure
domain to produce accurate and computationally inexpensive reliability and sensitivity estimates.
The novelty of the proposed sensitivity extension of mLS is linked to the way exploration lines are
placed relative to the elementary failure domains. Since the lines are not forced to pass through
the origin and are guided by the elementary domains, they often intersect the corresponding limit-
state boundary in a near-perpendicular way, which is more informative for sensitivity estimates.
Directional methods such as DIS and DDM, in contrast, use rays originating at the origin, which
can intersect the boundary at less informative angles and therefore require more simulations to
achieve the same accuracy in sensitivity estimates. As a result, the proposed approach achieves
a notable computational efficiency. Moreover, the sensitivity analysis of the spectral properties
of the system is required [39], and sensitivity estiinates are achieved as a byproduct of the first
excursion probability estimator.

The rest of this work is organized as follows. The problem definition, together with the first
excursion probability and its gradient, is presented in Section 2. Sections 3 and 4 cover the
calculation of the first excursion probability and its gradient using mLS, respectively. Numerical
implementation aspects are detailed in Section 5. The effectiveness of the method, including
quantitative comparisons that highlight its technical advantages with respect to DIS and DDM, is
demonstrated through two examples in Section 6, and finally, conclusions and future developments

are discussed in Section 7.

2. Problem Statement

2.1. Gaussian Loading

The dynamic load, p, applied to the system is modeled as a discrete Gaussian process of
duration 7', sampled at nr time steps, each of duration At. The k-th time instant is defined as
t, = (k—1)At for k =1,...,np. The expected value of this process at time ¢, is denoted by p,

the k-th element of the expected value vector w, which has dimensions ny x 1. The associated
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covariance matrix, 3, is symmetric, bounded, and positive definite, with the covariance between
tr, and ty, given by X, k,, the (ki, k2)-th element of 3. Using the Karhunen-Loéve expansion

[40, 41], the elements contained in the vector of the dynamic load p are represented as:

p<tkaz)zﬂk+¢1?z’ kzla“'a”T? (1>

where p (ty, z) is the loading at time ¢;, and z is a realization of a standard Gaussian random
vector Z with dimensions ngy X 1, where ngy, is the truncation order of the expansion (ng; <
nr). Solving the eigenproblem X2 = EA for the largest ng eigenvalues of ¥, the matrix
W = [h1,1, ... ,1,,] is obtained as ¥ = AY2E” where each 1, (of dimensions ngy, x 1) is the
K-L (Karhunen-Loeéve) vector associated with the time instant ¢;. Without loss of generality, this
work assumes p = 0.

In view of this discrete formulation and time-varying excitation, classical stationary-process
tools (e.g., Rice’s upcrossing formulas and diffusion-based Fokker-Planck equations) are not ap-

plicable in the present setting.

2.2. Structural System

The structural system under study is linear, elastic, and damped, and it is subject to Gaussian
loading p(t,z). Considering np degrees of freedom, the system dynamics are governed by the

following equation of motion [42]:

M(y)&(t,y,z) + Cly)z(t,y,2) + K(y)z(t,y,z) = g(y)p(t,z), t€l0,T], (2)

where @, &, and & are the displacement, velocity, and acceleration vectors (dimensions np x 1),
and M, C, and K are the mass, damping, and stiffness matrices of dimensions np x np. The
load coupling vector, g, also has dimensions np x 1, while the vector y, with dimensions ny x 1,
contains the so-called structural design parameters. This vector groups parameters of the system
under study which can be modified, such as geometric dimensions of beams. In the present work,
y is treated as a deterministic vector of nominal design values controlled by the designer, while
the uncertainty is represented solely by the stochastic excitation. The alternative formulation, in
which uncertainties in these structural parameters are modelled explicitly by random variables and
their distribution parameters, corresponds to the first branch of sensitivity methods discussed in

Section 1 and is not further pursued here. Therefore, to account for systems with non-proportional
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damping, Equation (2) can be reformulated in an augmented form [43]:

,,Qﬁ?,%?el,],‘f(?{),, 2ty z) + ,,i%@,),j,f),’??f@,, Aty.2) [ ] O p(t, 2)
M(y)  Cly) | | #(ty.2) Oupn | K (¥) (t,y, z) 9(y) o
(M, (y)] {a(t.y,2)} [K.(y)] {at.y,2)} {9.(y)}

or more compactly as:

(M. (y)] {d(t, ¥, 2)} + [Ka(y)][{a(t,y, 2)} = {94(y)} (¢, 2), (4)

where {q} is a vector that contains both system velocities and displacements, with dimensions
2np x 1; [M,] and [K,| are the augmented mass and stiffness matrices, each with dimensions
2np x 2np; and {g,} is the augmented load coupling vector, with dimensions 2np x 1. Note that,
within the scope of this work, the number of degrees of freedom np is large (e.g., in the order of
tens of thousands). As a consequence, diffusion-theory approaches based on the Fokker-Planck-
Kolmogorov (FPK) equation are not feasible for the state-space formulation in Equation (4),
since they would require solving a prohibitively high-dimensional PDE in the 2np-dimensional
state space.

Key dynamic responses, such as displacements, accelerations, internal stresses, or their linear
combinations, are represented by #;(t,y,2) for ¢ = 1,...,n,, and can be computed using the

convolution integral [42]:

¢
ni(t,y, z) :/0 hi(t —1,y)p(r,z)dr, i=1,...,n,, (5)

where h;(t,y) is the unit impulse response function of the i-th response. Here, p(t, z) refers to
the Gaussian load, and zero initial conditions are assumed, i.e., (0,y,2z) = (0,y,2) = 0,1
Note that solving Equation (4) through modal decomposition enables expressing the response of
interest as a combination of the vector q(t,y, z), such that n;(¢,y, 2) = v/ q(t,y, ), where ~; is a
constant vector with dimensions 2np x 1. Furthermore, as depicted in e.g., [44], the unit impulse

response function of the i-th response of interest is expressed as:

el chr )b ()" ga(y
7y> Z i ) ( >6)\’"(y)t,
r=1

()T M. (9), (y) =Ly ©)
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where ¢,(y) and A, (y) represent the eigenvectors and eigenvalues, respectively, associated with
Equation (4). Note that Equation (6) is only valid if C' is symmetric; otherwise, the right and left
eigenvector problems need to be considered. In cases where np is large, model truncation [42] can
be applied to Equation (6) to simplify the calculation or reduce computational effort by selecting
a subset of eigenvectors and eigenvalues smaller than 2np.

The Gaussian loading defined in Section 2.1 is discretized with respect to time. Consequently,
the i-th response of interest at the time instant ¢, can be approximated by discretizing the integral

in Equation (5), as follows:

0 (te, Yy, 2) = ai,k(y)Tz,i =1,...,n,k=1,... ,np, (7)

where the vector a;;(y) of dimensions ngy, x 1 is defined as:

k
a;p(y) = > Atenh (b — b, Y) Yrm, (8)
m=1

where the parameter ¢, is determined by the chosen integration scheme. For instance, in the case
of the trapezoidal scheme, €, = 1/2 when m = 1 or m = k, and €,, = 1 otherwise [45]. It is
important to highlight that, in Equation (7), the vector z is associated with the Gaussian load p,
while the dependency on the design vector y is exclusively linked to the structural model through

the vector a; .

2.3. First Fxcursion Probability

The reliability of the system can be assessed by quantifying its performance. This is achieved
by comparing the responses of interest, 7;(¢), i = 1,...,n,, with the corresponding design re-
quirements, b;, ¢ = 1,...,n,, over time. This comparison is represented mathematically by the
performance function ¢(y, z), which determines whether the response of interest exceeds a pre-
scribed threshold during the action of the loading over time. The performance function is defined

as follows:

9(y,z) =1— max (k max (W)) , 9)

i=1,...,ny =1,...,n1
where |-| is the absolute value. The system is considered to fail when the performance function
is negative, while a positive value indicates that the design requirements are met. Note that all

possible realizations of the Gaussian vector z that lead to failure, for a given design vector y, define



194

195

196

197

198

199

200

201

202

204

206

207

208

209

210

211

212

213

214

215

216

217

218

219

220

Journal Pre-proof

the failure domain. This domain can be formally expressed as: ' = {z € R"<L : g(y,z) < 0}.
The so-called first excursion probability [1] quantifies the probability associated with the failure

domain and is given by:

prw)= [ fel@)i (10)

where fz(z) represents the standard Gaussian probability density function in ny-dimensional
space.

The first excursion probability integral can be challenging to solve. Specifically, as ng in-
creases, the integral becomes high-dimensional and does not have a closed-form solution. In this
case, the integral must be estimated using advanced simulation techniques [46]. To address this,
within the context of this work, advanced simulation methods have been developed that take

advantage of the system linearity to estimate the first excursion probability [6, 7, 8, 9].

2.4. Geometry of the Failure Domain

The failure domain defined in Section 2.3 has a very special structure. Analyzing Equa-
tion (9), it is evident that it can be decomposed into n,nr elementary failure domains. This
characteristic arises from the linearity of the system and the chosen representation method for
the Gaussian loading [6, 47]. The elementary failure domains, denoted as F;j, represent the
event where the response of interest 1; exceeds the design value b; at the specific time instant
t. The subset that includes positive values of the response of interest exceeding b; is defined
as F = {z eR™ :af) (y)z > bi}. Similarly, the subset representing negative values of the
response of interest falling below —b; is defined as F;; = {z € R"xL ag:k(y)z < —bi}. The above

definitions allow the failure domain to be expressed as the union of the elementary failure domains:

F =

NG

E,ka (11)

nr
i=1k=1
where F;j = Fﬁg U F;,. Furthermore, the limit state function related to the elementary failure
domain Fjj is denoted as g;r. In the same manner, the limit state function associated with
FZJ?C is denoted by gZ’ x> Whereas the limit state function associated with Fj} is denoted by g;.
Figure 1 illustrates a representation of the elementary failure domains for the case where n, =1
and nr = nxr = 2. Note that the domains are constrained to the box boundaries, which is just
for drawing purposes, as in reality z; and 2, cover all the real line. The domains Fj; and F} o are

divided into their positive and negative parts, as schematically shown in Figure 1(b). Zones where

8
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overlap occurs between the elementary failure domains can be identified, which indicates that the
response of interest exceeds the threshold at both time instants simultaneously. Furthermore,
although this is a bidimensional representation of the problem, the overlap between elementary
failure domains can be significant, which provides insights into the high level of interaction that

exists in a higher-dimensional case.

Fi +
1,1 2 Y
Lzl
Fro

e T |

(a) Performance functions and design points associated with (b) Geometrical description of the elementary failure domains
F1 and Fo. F1 and F» shown in (a).

Figure 1: Elementary failure domains representation for the case where n, =1 and ny = ng = 2.

The spatial definition of each elementary failure domain is given by the so-called design point
[6, 47, 48]. This corresponds to the realization of z within the elementary failure domain with the
highest likelihood, or equivalently, to the point with the smallest Euclidean norm from the origin

to a realization of z within the elementary failure domain, which is given by [6, 47]:

air(y)

29 ) s 1omy ) ) )

sz(y) =b
where 2 (y) is the design point associated with the Fﬁc elementary failure domain, as illustrated
in Figure la. The Euclidean norm of this vector is known as the reliability index, which is given

by [6, 47):
bi

Bik(y) = lair(@)l

., i=1,...,n,, k=1,...,np, (13)

being the reliability index f;;(y) associated with the positive F;% and negative F elemen-
tary failure domains. Therefore, due to the linearity of the performance functions in the Gaus-

sian space, calculating the probability of occurrence for each elementary domain is straightfor-

9
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ward: P[F}| = P[F;;] = ®[—f;x], where P[] denotes probability and ®[] represents the one-
dimensional Gaussian cumulative distribution function [6, 47]. An upper bound pr of the failure

probability [6] is given by:

B =33 PIFA =233 @ (—Ai). (14)
1=1 k=1 1=1 k=1

Please note that the upper bound pr would become equal to the failure probability only in the
hypothetical case where there is no overlap between elementary failure domains. But this case is

not observed in practical cases and hence, pr is an upper bound for pg.

2.5. Gradient of the First Excursion Probability

The sensitivity of the first excursion probability can be assessed from Equation (10) due to its
dependence on the design vector y. One possible way to evaluate this sensitivity is by determining

the gradient of the first excursion probability (as described in Appendix A):

Ipr(y) / 99(y, 2) 1
=— fz(z)dS, q=1,... ny, (15)
Fyq swa)=0  Oyg  [IVag(y 2)||

where ||-|| denotes the Euclidean norm, V.. is the nabla operator V, = [0/0z1,...,0/0z,,,]" , and
dS is a differential element of the limit state hypersurface S = {z € R"¥L : g(y, z) = 0}. How-
ever, evaluating the expression in Equation (15) is challenging, as it requires solving a (ng, — 1)-
dimensional integral. To address this issue, an advanced simulation technique based on multido-

main Line Sampling is introduced in Section 3 for estimating the integral.

3. First Excursion Probability Estimation

3.1. General Remarks

The first excursion probability is evaluated by reformulating the integral in Equation (10)
in terms of the effective contribution of each elementary failure domain to the overall failure
probability. This formulation builds upon Line Sampling [49] and its multidomain extension [9)].
In the following, the fundamentals of multidomain Line Sampling are explained in detail. Please

note that the description presented here differs slightly from that in [9] to facilitate implementation.

10
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3.2. FEffective Contribution of the Elementary Failure Domains

The first excursion probability integral shown in Equation (10) can be very challenging. This
is due to the difficulty in analytically characterizing the shape of the failure domain. As shown
in Section 2.4, the analytical definition of each elementary failure domain provides valuable infor-
mation for assessing the first excursion probability. Therefore, the failure probability integral in
Equation (10) can be expressed in terms of the contributions of each elementary failure domain
6, 9], as follows:

Ny np

pr(y) = Z Zpi,k(y)v (16)

i=1 k=1
where p; ;, known as the effective contribution, is related to the elementary failure domain Fj

and is defined as follows:

pirly) = [ 1

o o z)dz. 17
z€F; i Zhnzl Zj:l IFh,j (ya Z) fZ( ) ( )

The term I, ;(y, z) is an indicator function which is equal to 1 in case that z € Fj; and 0

otherwise.

As

Ay

Figure 2: Elementary failure domains representation for the case where n,, = 1 and nyp = ngy, = 2.

The effective contribution of each elementary failure domain can be calculated by decomposing
the failure domains into zones that exhibit varying levels of interaction between the elementary
failure domains. This is illustrated schematically in Figure 2 for the particular case where n, =1
and ny = ngyp = 2. As shown in Figure 2, the subsets of the failure domain denoted by Aj,

As, Bi, and Bjs are defined by a single elementary failure domain each, without exhibiting any

11
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overlap. The remaining subsets, A; and B,, are defined by two elementary failure domains each,
exhibiting overlap between them. To understand the definition of effective contribution, consider
the calculation of p; 5 in the example shown in Figure 2. The integral from Equation (17) can be
separated over the domains Ay, Az, By and Bs. The discounting factor 1/5,", Ik, (Y, 2),
from Equation (17), accounts for discounting the effective contribution resulting from the inter-
action between elementary failure domains. Then, the discounting factor value is equal to 1 when
integrating over domains Az and Bs, and equal to 1/2 when integrating over domains A, and
Bs. Therefore, it is straightforward to note that, in Equation (17), the contribution to the failure
probability from the region where elementary failure domains overlap is accounted for half in the
calculation of p;; and half in p; 9. Consequently, the effective contribution p;j is given by the
probability of occurrence of the event F;;, adjusted by a discounting factor that accounts for the
overlap between elementary failure domains. Thus, the addition of all effective contributions p;
over all responses 7;, 7 = 1,...,n, and over all time instants ty, k = 1, ..., ny, provides the sought

failure probability pr(y) as shown in Equation (16).

3.8. Multidomain Line Sampling Formulation

The first excursion probability is calculated based on the effective contributions of the ele-
mentary failure domains, which are estimated using Line Sampling, a simulation approach well
documented in the literature, see e.g. [49]. Therefore, in the following, it is assumed that the
reader is familiar with basic concepts of Line Sampling such as the important direction a, rota-
tion of the associated coordinate system, etc. Nevertheless and for the sake of completeness, some
basic concepts of Line Sampling are described in Appendix B. The extension of Line Sampling
to cases where the failure domain has the special structure presented in Section 2.4 is known as
multidomain Line Sampling [9]. To understand its formulation, each elementary failure domain is

now associated with an important direction, defined as:

*

o = zi,k(y) (18)

T LRI

where oy, is a vector of unit Euclidean norm, pointing in the direction of the design point of the
(i, k)-th elementary failure domain. Note that whether the vector points towards FZJGC or Iy, does

not affect the formulation of the method. Now, it is possible to define a rotated coordinate system

12
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s associated with the elementary failure domain F;;, as:

z = Rri,kzi_k + ai,kzz”,ky (19)

w  where R; is an nx (n—1) matrix; 27 is an (n—1)-dimensional vector representing the coordinates

s in the hyperplane orthogonal to o ; and 2l is a scalar representing the coordinate along the
s+ direction parallel to a; ;. The orthonormal basis of the new coordinate system is defined by the
w5 square matrix [R;y, o g]. Then, zz‘-"k follows a one-dimensional standard Gaussian distribution,
306 while zil,/,c is associated with a standard Gaussian distribution in (n — 1) dimensions. Note that
57 the dependence on y is omitted for o, and R;j, as the coordinate system and the associated
28 definitions are kept fixed for the subsequent calculations in this contribution (evaluated at the
30 current design). Figure 3 illustrates the important directions e, and oy 2, as well as a rotated
s system generated according to F} o, for the case where n, =1 and ngy = ny = 2 . The axes z|1|,2

su and 21%2 indicate the parallel and perpendicular directions with respect to Fj . The boundaries

sz of the failure and safe domains are also shown.

22
A
& X Il
4 z
) 1,2
failure
- safe domain
N .
Lo domain
<
<
>/ > 21
failure
domain
)
= »L—\Q+
~ =
o <
- O oL
1,2

Figure 3: Schematic representation of the multidomain Line Sampling technique.
313 The rotated coordinate system from Equation (19) allows the effective contribution integral
s from Equation (17) to be expressed as follows:

(v) / / ! f
Dik = " n [
TTNOD SIS i (Rq-,kzi{k +ai,kzl[k) 7,

(%”k) fzi{k (%’%k) dzz“,kdzil,m (20)
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where O = {sz € R(”KL_I)} and Qy’k(y) = {zy,k eR':|al}(y)z| > bi} are introduced to sim-
plify the notation. The above integral requires integration along a line that accounts for the
interaction between different elementary failure domains. Therefore, Equation (20) provides an
expression for calculating the effective contribution to the failure probability using multidomain

Line Sampling.

3.4. First Excursion Probability by means of Multidomain Line Sampling

The estimation of the first excursion probability using Equation (16) presents two important
challenges. First, Equation (20) requires the calculation of its inner integral, which can be com-
puted analytically, a procedure that is explained later in Section 5.3. Second, Equation (16)
requires the calculation of all the effective contribution terms p;;, where n,nr can be on the
order of thousands. This can be highly computationally demanding. To address this issue, the

summation in Equation (16) can be estimated through simulation [7], leading to:

() = 33" Lot @)

where w;i,¢ = 1,...,ny,k = 1,...,np correspond to weight factors such that w;; > 0 and
S S RT wi g = 1. These weights can be chosen using different criteria. A good choice is to rank
the importance of the effective contributions to the failure probability in proportion to the failure
probability of their respective elementary failure domains. Therefore, the weights in Equation (21)

play the role of a probability mass function, which is defined as [6]:

P[F;;]
Wi k

= —& T . 22
7 Zhllzj:IP[FhJ] ( )
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1
212

Figure 4: Schematic representation of the multidomain Line Sampling technique, including one sample realization
2i (dark red), its associated line I; (black dashed line), and domain Q!(y) (light blue).

The first excursion probability in Equation (21) now involves the summation of a discrete
random variable and integration over various continuous random variables. By simulating both

types of random variables, the first excursion probability can be estimated as:

S (L () (23)
b s (y,z5) ).

N o Ws]- J J

Here, pr is an estimate of pg; N tepresents the total number of samples; for each j = 1,..., NV,
an index s; is independently sampled from the set I = {1,...,n,ny} according to the probability

mass function w,,. Each s; uniquely corresponds to a pair (i, k), thereby identifying a particular
elementary failure domain, i.e., variables that depend on a pair (i, k), such as o, are written as
a;; the vector sz follows a (ngr — 1)-dimensional standard multivariate Gaussian distribution
and is always defined with respect to the coordinate system associated with the selected domain
s; for sample j; and ps; denotes the estimate of the effective contribution evaluated at y and sz.

The quantity ps; can be calculated as:

1
~ 1y Il ||
ij (y7z] ) - /Ql(y) Ny nr ! fZngj (Z]) dz] (24>
’ Z ZIFh,l (RszjL + O‘szj)
h=11=1

[ ; ~ v - _ [ .
where Q7 (y) is the portion of the failure domain lying on the line I; = {st zi + oy, 2 ’ zj € R},
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that is, Qy(y) = [; N F;,. In the same manner, the positive and negative portions of the domain
can be defined as Q;“H(y) = ;N F and Q;’”(y) = l; N F,, respectively. It is important to
note that the integral in Equation (24) must be evaluated along a line corresponding to a possible

realization of the random variable sz.

This is depicted in Figure 4, where the sample j = 1
selects the domain index s; corresponding to the pair (i,k) = (1,2). Thus, the realization zi is
represented as a dark red point, together with its corresponding line [; (black dashed line), both
defined with respect to the coordinate system of F},. The light blue region indicates the domain
Q!(y) associated with this sample, whose associated numerical integration is explained in detail
in Section 5.3. Therefore, Equation (23) defines the first excursion probability estimator based on
multidomain Line Sampling [9].

It is straightforward to derive that the coefficient of variation, d,,, associated with the first

excursion probability estimator in Equation (23) is given by:

b = e = o (o elnh) i) )

4. Sensitivity Estimation of First Excursion Probability

4.1. General Remarks

This contribution extends the multidomain Line Sampling [9] technique, originally developed
for the calculation of first-exeursion probabilities in linear systems subject to Gaussian loading,
to also provide an estimator for the sensitivity of the first excursion probability. The calculation
of the first excursion probability sensitivity, as shown in Equation (15), requires the calculation of
an integral over the limit state hypersurface. The literature suggests that estimating this quantity
can be done, for example, by methods such as Directional Sampling [15] and Line Sampling
[50]. The unique configuration of the failure domain, as described in Equation (9), motivates the
development of specialized methods to address this challenge, with the present work being one

such contribution.

4.2. Sensitivity of the First Fxcursion Probability by means of Multidomain Line Sampling

The sensitivity of the first excursion probability can be obtained by calculating the derivative

of the effective contributions from Equation (16) with respect to a design parameter y,, leading
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to:
Ny nr

8PF 3101 k(y
, (26)
8yq ; kz:1 dyq

where 0(-)/0y, denotes the partial derivative with respect to the design parameter y,. The influ-
ence of changes in the effective contributions due to a perturbation A in the design parameter y,
is illustrated schematically in Figure 5, for the case where n, = 1, np = ngr = 2, ny = 1, and the
design parameter y, is perturbed. The limit state functions without perturbation of the design
parameter are denoted by ¢11(y,, 2) and ¢12(y,, 2), while the perturbed limit state functions are
represented as ¢11(y, + A, z) and ¢12(y, + A, 2), in both cases associated with the elementary
failure domains Fj; and Fj o, respectively. A sample j = 1 is generated according to the pair
(i,k) = (1,2) in order to estimate the effective contribution p;», which is approximated by p
using Equation (24). In this case, it is necessary to perform an integration over a portion of the
line ;. The perturbation A induces changes in the limit state functions of the elementary failure
domains and, as a consequence, affects both the portion of the integration over the line /1, which
is now represented by the domain Qlll(yq + A) (shown as a light blue line), and the length of the
segments with different degrees of overlap. Therefore, the sensitivity of the effective contributions
quantifies these changes with respect to a specific design parameter y, and can be calculated

directly from Equation (20), leading to:

(9p, .
k / ayq (/Q r Z Z;Zl ‘[Fh,j <Rz kz T QG kZ” ) sz“,k (Zl'lvk) dz@llk) ij-k (zzj,_k) dzij,_k'
(27)
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gir,2(yq + A, z)
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Figure 5: Schematic representation for the sensitivity of the effective contributions for the case where n, = 1,
nr =ngr =2 and ny = 1.

The estimation of the sensitivity of the first excursion probability using Equation (26) presents
two important challenges, in the same way as Equation (16). First, the inner integral in Equa-
tion (27) is computed analytically, a procedure that is explained later in Section 5.3. Second,
Equation (16) requires the calculation of all the partial derivatives of the effective contribution
terms Op; x(y)/0y,, where n,nr can be on the order of thousands. This may incur a high com-
putational cost. To address this issuie, the summation in Equation (26) can be estimated through

simulation [7] as in Section 3.4, resulting in:

Opr(y) _ 3" (1 M) i, (28)

Iy, Do \wik  Oyg

where w; i, is defined in Equation (22). The sensitivity of the first excursion probability in Equa-
tion (28) now involves the summation of a discrete random variable and integration over various
continuous random variables. By simulating both types of random variables, the sensitivity of the

first excursion probability can be estimated as:

opr(y) _ Opey) 1 & (1 0B, (v.27)
~ _NZ< ) (29)

Yy Yy =1 \ Ws; Y,

Here, 0pr(y)/0y, is an estimate of Opr(y)/0y, and 0ps, /0y, denotes the derivative of the effective

contribution with respect to the design parameter y,, evaluated at y and sz. The notation for
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S5, zjl, and w;; is the same described in Equation (23). Therefore, the quantity 8]53],/ Jy, can be

calculated as:

0 0 1
e, (Y,27) = / o o el (30)
9Yq yq | /2l w) Nt
Y IR, (ng'zjL +a5jzj)
h=11=1

Similarly to Equation (24), the integral in Equation (30) must be evaluated along the line /;, a
procedure explained later in Section 5.3. The integration domain (y) defines the failure region
corresponding to the design vector y. Changes in y modify the geometry of this domain, and the
resulting displacement of its boundaries is the sole source of sensitivity with respect to the design
parameters. Therefore, Equation (29) defines the sensitivity of the first excursion probability
estimator based on multidomain Line Sampling.

The coefficient of variation, dgy,.ay,, associated with the sensitivity of the first excursion prob-

ability estimator in Equation (29), can be readily derived as follows:

B 1 1 N 1 aﬁsj- (ya Z]J_) aﬁF(y) ’
0055 /0y, = Opr /0y, \| N(N —1) Z ((ws]. 0y, - dyq By

Jj=1

where Equation (31) is evaluated under the assumption that dpr(y)/dy, is nonzero.

Note that the estimator in Equation (30) evaluates exploration lines within Qg (y) that are
guided by the elementary failure domain F}; as a consequence, the exploration line intersects
the corresponding limit-state hyperplane of I orthogonally by construction, which is particularly
informative for sensitivity estimation. In contrast, directional approaches such as DIS [37] and
DDM [29] construct exploration lines as rays anchored at the origin and passing through a point
associated with Fj;, which can lead to less informative intersection angles and therefore require

more simulations to achieve the same accuracy in the sensitivity estimates.

5. Practical Implementation

The implementation of Equations (24) and (30) requires special attention to four distinct
aspects: the generation of samples sz, the calculation of relevant distances along the line /;, the
integration over the segment QL!, and the computation of partial derivatives of the relevant terms.

These issues are addressed in this section.
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5.1. Generation of Samples zjl

The generation of independent and identically distributed samples sz, 7 =1,..., N, which
follow a (ngz — 1)-dimensional standard multivariate Gaussian distribution, can be performed

using the following procedure:

1. Define I = {(i,k) : i =1,...,n,; k= 1,....,np} as the set of all index pairs. Each pair
(i, k) can be mapped to a unique index in {1,..., n,nr}.
2. For j=1,..., N, repeat Steps 2a—2c:
(a) Select a pair (i,k) from I according to the weights w;; in Equation (22), and let s;
denote the index corresponding to the selected pair.

(b) Generate a sample z; following an ny-dimensional standard Gaussian distribution.

(c) Calculate [49, 51]:
R, zy =z — (asszj) o, (32)

To illustrate how the algorithm works, Figure 6 presents a schematic representation for the
case where n,, = 1 and ny = ngy, = 2. Following Step 2a, the selected element is s; = (1,2),
and, as specified in Step 2b, the corresponding sample z; is generated and represented by a black
dot in Figure 6. Then, in Step 2c, the sought quantity corresponds to R, zi, which is a vector
represented with a dark blue arrow. This vector can be calculated by subtracting the vector
(afl zl) oy, , represented by a dark red arrow, from the original sample z;. This step is crucial for
the multidomain Line Sampling implementation, as the quantity required by the method is R, 27,

rather than just z;. This leads to a computational advantage, as it avoids explicitly computing

the rotation matrices R, for each sample.
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Figure 6: Representation of sample generation for the case where 7,, = 1 and ny = ngp = 2.

5.2. Computation of Relevant Distances Along l;

To address the line integration problem in Equations (24) and (30), it is important to recognize
that, for a given realization of the sample z;, the integration domain Q|]| (y) may exhibit varying
degrees of overlap between elementary failure domains. Therefore, it is essential to geometrically
identify the locations along the line [; where the overlap between elementary failure domains
changes. To precisely describe these locations, we use the rotated coordinate system introduced
in Equation (19). Any point z in standard normal space can be written, in terms of the (i, k)-th
rotated coordinate system, as z = R, ;2;}, + a;xc(y), where ¢(y) represents how much one moves,
positively or negatively, from the base point Ri,szk along the axis defined by the important

direction ev; ;. Consequently, the response of interest can be expressed as:

n; (tk-, y, Rz + ai,kc(y)> =n; (tka Y, Ri,kzi{_k) +c(y) - m'-' (te, Y, i) (33)

where ni- is the perpendicular response of interest, and n,

; is the unit parallel response of interest,

both obtained by evaluating the Gaussian vector in Equation (7) at Ri,kzlfk and «; i, respectively.

Then, the quantities 7 and 7! are defined as:

0 (te, y, Ri,sz,k) =a;x(y)" RLkzil’k, i=1,...,ny k=1,...,np, (34)

ny(tk,y, Q) = aLk(y)T o, t=1,....n,, k=1,... ,np. (35)
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456 The quantity ¢, from Equation (33), plays a crucial role in evaluating the one-dimensional
s7 integral. To illustrate its geometric and physical meaning, Figure 7 presents the case where
s N, = 1 and ny = ngr = 2, in the context of estimating the effective contribution p; 5. For this
so  case, a sample realization z;- has been generated, together with the corresponding line /; and the
w0 integration domain Q!(y) depicted along this line. To proceed, it is necessary to explicitly define
w1 ¢ at the points where the response of interest meets the positive and negative thresholds, for each
w2 elementary failure domain. Along each line /;, the distances from the point sz to the intersections
w3 with the corresponding hyperplanes, each defined by its own performance function, are called
s crossing distances and denoted by c:,;j and ¢ ,;j . The subscript (i, k) refers to the i-th response
s of interest at the k-th time instant, and the superscript j indicates the sample (and associated
ws line) for which the distance is computed. In addition, the superscripts (+) and (—) indicate the
w7 distances to the positive (response 7; up-crossing its threshold b; at time t;) and negative (response
w8 1; down-crossing its threshold b; at time t;) limit state functions, respectively. In Figure 7, the
w0 case corresponding to sample j = 1, with the pair of indices (7, k) given by s; = (1, 2), is presented.
a0 Therefore, for an arbitrary sample sz with associated index s;, evaluating Equation (33) at the
an  points where the response equals the thresholds 6, and —b; at the time instant ¢, along the line
a2 1, leads to:

b; = az‘,k('y)T R, ZJJ'_ + C:fcj (y) - ai,k(y)T Qs; (36)
—bi = a;k(y)" Ry, 2z + C;éj(y) cai(y)’ o, (37)

ae Then, rewriting Equations (36) and (37) in terms of the perpendicular and unit parallel responses
a5 defined in Equations (34).and (35), the distances c; 7 and c;f,;j associated with the line [; are

w6 defined as:

; —bl— - t, ,.RS.Z»l
CZ._”]: ﬁh(ky ]]>7 izl,...,nn,kzl,...,nT,jzl,...,N, (38)

UA (tku Y, as]~)

477

b=t (te, ¥, Ry 2z
G = Tﬁ(ky ”), i=1,...m, k=1,...nr j=1,... N, (39)

i (tku Y, asj)

s where it is assumed that the unit parallel response 77“

(2

(tk, Y, a;) takes nonzero values. Therefore,

s Equations (38) and (39) provide a measure of how much it is necessary to amplify the unit parallel

o Tesponse 771H (tk,y, asj), given a perpendicular response 7;- (tk,y, R .z*), in order to reach the

4

3

4

<)

557
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failure condition at the time instant t;. It is important to note that the computation of the
crossing distances requires performing two dynamic analyses: one for the perpendicular response

and another for the unit parallel response (see Equations (34) and (35)).

Il
21,2
+,
/ oply
) .
failure
‘%\ domain
Jle
v > 21
failure
domain
2 ()
1
/ 212
//

Figure 7: Crossing distances representation over line /; for the case where n,, =1 and np = ngp = 2.

5.8. One-dimensional Integration Quer Qy (y)
5.3.1. Preliminary Notation

The estimation of the first excursion probability using multidomain Line Sampling requires the
evaluation of the inner integral from Equation (20), for different realizations of sz, as shown in
Equation (24). In order to clearly define the segments exhibiting different degrees of overlap be-
tween elementary failure domains over QLL the distances ¢ 7 and c;f 7/, as defined in Equations (38)

and (39), are grouped into the vector C/:
. , T
C’Jz{ci_,;j, CZ];]} , fori=1,...n; k=1,... np. (40)

To facilitate integration implementation, the set is augmented with the endpoints —oo and +oo,

and its elements are sorted in ascending order to form the augmented vector:

s . . T
J
Csort - {CE()]) Cfl}’ ] Can]a C[ynF_H]} ) (41)

where np = 2n,nr denotes the total number of intersections between all limit state functions of
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the elementary failure domains and the line /;. The boundary values are set as C{o] = —o0 and
C[jnF 11 = 1090, while the intermediate values cfl], cee c{nﬂ correspond to the sorted entries of C7 in
ascending order. Each segment [c{m_u, cfm]], form =1,...,np + 1, defines a segment of the line

l; where the number of overlapping elementary failure domains remains constant.
To track how the overlap between elementary failure domains changes between two consecutive

segments, we define the vector V7, whose entries, v;;” and v}, are called transition indicators:

. . . T
Vi={vd=-1 vl =41}, fori=1,. . m; k=1 nr (42)

where each element in V7 is associated with a corresponding distance in C?. The value +1 is
assigned to each V;_ 7 and —1 to each Vi) /. These values indicate whether an elementary failure
domain becomes active (+1) or inactive (—1) when traversing the line /; in the direction of
the important direction ;. To align the transition indicators with the sorted vector Cl. a
corresponding sorted transition indicator vector V7, is introduced. This vector is constructed by

applying the same permutation used to sort C? to the elements of V7, and is extended by including

two auxiliary entries at the boundaries. Specifically,

» ) ) ) ) T
J . J J J J
VSOI‘t — {V[O]’ V[l]’ ey V[”F]’ V[Tlp—‘rl]} ) (43)

where the first and last elements are auxiliary values defined as Vﬁ)} =0 and anF ] = 0, included

to match the structure of €7 in order to simplify the numerical implementation. This vector

allows computing the number of active elementary failure domains in each segment [cfm_l], cfm]]
via a cumulative sum over 1/[7'1} to V[j;n_l], form=1,...,nr+ 1, as explained later in this section.

5.3.2. Definition of the Integration Domain

To define the integration domain Qy, recall that integration is performed only within the failure
domain Fy; associated with the effective contribution being estimated, ps;; that is, in the intervals
(—00, =f,] U [Bs;, +00) within the line I;. Let My and X, denote the indices in the sorted vector

C? .. such that:

These correspond to the positions in the sorted vector égort that contain the negative and positive

crossing distances associated with Fy . Note that the positive and negative portions of Q|j| can also
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be expressed in terms of segments as:

| My . ey .
Q" = Ul[cfr—uv b 4= U [y gl (45)
r= r=X5+1

The vectors defined in Equations (41) and (43) are illustrated in Figure 8 and Table 1 in
the context of estimating the effective contribution p; 1, where n,, = 1 and ny = ngr = 2. Three
different samples along the coordinate Zf:l are generated to demonstrate how the introduced vectors
can retain useful information irrespective of the sample locations and/or the degree of overlap
between elementary failure domains. The lines I;, lo, and I3 are defined from the samples 27,
2y, and 23, respectively. The domains to be integrated correspond to the positive and negative
portions of Q!, Qg, and Qg, represented by the light blue lines in the figure, where the sorted
crossing distances in C.,, for each l; are also labeled. The table compiles all corresponding
numerical values, including the crossing distances in C2; and C7, the transition indicators in V7,
with their associated entries in V7, and the positions )\g\, and )\33 for each line. A detailed description
of the figure is essential to highlight the challenges that may arise during the implementation of
the method. For lines [; and I3, the samples are generated inside an elementary failure domain,
resulting in three distances being negative and three being positive, respectively. For line [, and
similarly for /5, the number of active elementary failure domains, following the important direction
aq 1, first decreases, and then, increases, as shown by the values in fisjort. In contrast, for line I3,
the pattern differs, as it remains inside at least one elementary failure domain for its entire length.
It is also worth noting that, in the context of estimating p; i, the positions of )\fv and )\33 can
vary significantly when exploring different lines /;. This behavior, although seemingly complex to
assess even in a two-dimensional example, can be readily organized using the quantities shown in

Table 1.
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Figure 8: Schematic representation for estimating the effective contribution p; i, for the case where n,, = 1 and
np = nir = 2, using three different samples.

Table 1: Values of the vectors C7, CJ_ .. Vi and V7 associated with the example presented in Figure 8.

line I; entry in ¢/ entry in'CL entry in W/ entry in V.,  remarks
-1 -1
l]_ 0172 Cﬂl] V172 V[ll] =1
01_,’11 0[12] V1_,i1 V[12] = -1 position A
+1 +,1
€12 cl) V12 Yy = +1
CI’ll 0[14] foil V[14] =+1 position AL
Iy Cl_fQ 0[21] V1_,i2 V[21] = —1  position \%
=2 -2
Ei, cfy V1,2 vy = —1
CIQ 0[23] foiQ V[Qg] =+1 position A%
+,2 +,2
1.2 ey V1,2 Vi = +1
ls Cii3 c?1] V1,i3 Vﬁ] = —1  position A\
ey P i vy =+1  position A}
-, -3
61’2 C:[33] 1/172 V[%] - _1
+,3 +,3
01’2 0?4] V1’2 V[34] — +1
s 5.3.3. Querlap of Elementary Failure Domains
540 The definition of the overlap count vector is introduced to compute the number of overlapping
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elementary failure domains per segment, defined as:

. . T
mJ:{m{,...,mﬁbs} , ng=npg+1, (46)

where ng corresponds to the number of segments within the line /;, and m? is defined as:

. B ;
mi" or=1,..., Ay,
i . A
M. =4mg, r=My+1,...,\p, (47)
. N
miP r=Xp+1,...,ng,

where each m/™ and mJ? represents the number of active elementary failure domains within
the r-th integration segment of Qj_’”(y) and Q;“”(y), respectively, and myg is an integer number
different from zero to facilitate the numerical implementation. These are computed recursively by

accumulating the transition indicators I/[jh] across the segments, as follows:

mﬁl’":nnnT-{-l—l—ZV[]ﬁ], 7”:1"“)‘%’ (48)
h=1
ST S R )
h=1

where the +1 term in Equationi (48) ensures that the first segment starts with n,n; elementary
failure domains active. This term is not required in Equation (49) due to the way the transition
indicators are defined. The elements in m/ determine the denominator used in the integrand of
Equation (24). Intermediate segments between My and X are represented by mq even if they
contain elementary failure domains, since they do not contribute to the integration domain Qy (y).
These segments can be identified by introducing a boolean selector vector k7 = {rl,... x}, }" €

{0,1} with r = 1,...,ng, yielding a vector of dimensions ng x 1, defined as:

|, ore{n N UNL 1, ng),
iy = (50)
0, otherwise,

which indicates the segments that contribute to the integration over QL' Figure 9 illustrates the

values of the overlap count vector m? for the three lines of the example in Figure 8. The values

27



556

557

558

559

560

561

562

563

564

565

566

567

568

569

570

571

572

573

Journal Pre-proof

shown correspond to integration segments where the selector vector satisfies ki = 1. It is worth
noting that, for all lines, the first and last integration segments have an overlap count of n,ny = 2.
For lines [, and [, there are three valid integration segments, while for line I3 there are four. In
addition, it is straightforward to note that the number of negative and positive segments varies

for each line.

~ I 1n on gnl I N I I 1p 25 3p!
S |m%nm1nm1n| I my” I |mépm5pm5p|
g2 ) @ m A, I A I ) @ m A
=}
3 I I I I I I
o I I my" I LomyPmiP o |eh
=1 i I e i I mE A I poml
2 I I I I I 1 |Al
e}

1 1 1 1 1 1

[y <l [y (> (GGl (%>

integration segments

Figure 9: Overlap count vector calculation for the example presented in Figure 8.

5.4. Estimation of the Effective Contribution and Its Sensitivity
The application of the previous definitions leads to a more compact expression for the estima-

tion of the effective contribution p,,(y) shown in Equation (24), expressed as:

o) = 5= (2() ~0(d ). 1)

Analogously, the derivative of the estimation of the effective contribution with respect to the

design parameter y,, based on Equation (30), becomes:

9 . LEN - Ocl, N
oy P ) = > g (qb(cfﬂ) ay{j — () 5;) : (52)

where 8c{r] /0y, denotes the partial derivative of the distance c{r] with respect to the design pa-
rameter y,, the calculation of which is detailed in Section 5.5. It is important to highlight that
with the convention m? = mg whenever xJ = 0, all the denominators in Equations (51) and (52)
remain nonzero. For completeness, Appendix C provides a detailed derivation of Equation (52)
from Equation (30). It is noted that, under the adopted formulation, Equation (52) can also be
obtained by direct differentiation of Equation (51).

The estimation of the effective contribution and its derivative, using Equations (51) and (52),

allows for the computation of the first excursion probability via Equation (24), and its sensitivity
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via Equation (30). For a given exploration line /;, both estimators can be evaluated simultaneously.
This constitutes a significant advantage, as the sensitivity estimation becomes a byproduct of the

first excursion probability estimation.

5.5. Partial Derivatives

The sensitivity of the first excursion probability with respect to a design parameter, as shown
in Equation (29), depends on the partial derivative of the effective contribution of the failure
probability with respect to that parameter. According to Leibniz’s rule [52] and Equation (52),
this quantity also depends on the partial derivative of the crossing distance with respect to the same
design parameter. This partial derivative can be obtained by directly differentiating Equation (38)
and (39) with respect to the design parameter y,:

. _aai,k(y)TR 2L omd aaz‘,k(y)Ta
Ocil(y) _ 0y, T Ty, (53)
Oyq (b, g, ) ’
. _aai,k(y)TR oL i aai,k(y)Ta
Oeii’(y) _ Oy T oy, (54)
Oyq i (te, Y, ) ’

where da; (y)T /0y, denotes the derivative of the vector a;x(y) with respect to the parameter y,,.
Evaluating Equation (53) or (54) is equivalent to performing two sensitivity analyses. In practice,
for a given line [;, these analyses are in addition to the two dynamic analyses required, as shown
in Section 5.2. In order to facilitate the implementation, the derivatives dc; ,;j /0y, and (%Z ,;j /0Yq,

as obtained from Equations (53) and (54), are grouped into the vector DV:

: oc;? c? ’
D! = a“k , al’k , fori=1,...,n,; k=1,...,np. (55)
Yq Yq

Following the same ordering applied to C?, the elements of D7 are rearranged to form the sorted

derivative vector:

sort T

. . . . T
s % 9y O 0% (56)
Ay, Oy, 7 Oyg  Oyq '
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The vector a; ;(y), defined in Section 2.2, depends on the i-th unit impulse response function

hi(t,y). Its derivative can be obtained by directly differentiating Equation (6), resulting in:

aai,k(y) _ Zk: Atem i - tma y) 'l,bm, (57)

where Oh; (t,y)/0y, is the partial derivative of the i-th unit impulse response function with respect
to the design parameter y,. The unit impulse response in Equation (6) is determined by the mass
and damping matrices, the coupling vector, and the spectral properties of the system. Accordingly,
its partial derivative with respect to a design parameter is computed via the chain rule, as described
in Appendix D. It is important to note that, in this work, the partial derivatives of the eigenvectors

and eigenvalues are computed using the method proposed in [39]:

5.6. Summary
The first excursion probability and its sensitivity with respect to a design parameter, using
multidomain Line Sampling applied to a linear systein subjected to Gaussian loading, can be

calculated as follows:

1. Model the Gaussian loading p using the Karhunen-Loéve expansion (see Equation (1)).
2. Specify the mass, damping, and stiffness matrices M, C, and K, the design parameter
vector y, and the response thresholds b (see Equation (2)).
3. Assemble the augmented matrices [M,], [K,], and the vector {g,} (see Equations (3) and
(4)).
4. Compute the vectors a@; x(y) and their derivatives da; (y)/0y, (see Equations (6) and (57)).
5. Multidomain Line Sampling loop for j =1,..., N:
(a) Generate a sample sz in the orthogonal space and define the associated line ; (see

Section 5.1).

(b) For the line [;, compute distances c;, ;7 and cZ,;j (see Equations (38) and (39)) and build
the vector C7 (see Equation (40)). Analogously, compute the transition indicators v, o7
and ;7 and build the vector V/ (see Equation (42)).

(¢) Build the sorted vectors C2,, and V7, (see Equations (41) and (43)).

(d) Identify the negative and positive indices My and M (Equation (44)).

(e) For the line [;, compute the derivative of the distances dc;, ;7 /0y, and 8ci,’€j /0y, (see
Equations (53) and (54)) and build the vectors D7 (see Equation (55)) and DI, (see

Equation (56)).
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620 (f) Build the overlap count vector m? and the selector boolean vector x’/ (see Equa-

621 tions (48), (49) and (50)).

622 (g) Evaluate the effective contribution gy, (y) (see Equation (51)) and its derivative 0 (]53]. (y)) /0y,
623 (see Equation (52)).

62 6. Compute the first excursion probability estimator pr(y) (Equation (23)) and its sensitivity
0pr(y)/0y, (Equation (29)) by averaging the contributions over all N lines.

6!

N
&

626 To facilitate numerical implementation, the steps described above are also provided in pseudo-

s27  code form, as shown in Appendix E.

e 6. Examples

o0 0.1. Querview of the examples

630 This section showcases the application of multidomain Line Sampling to two different problems.
s The first example involves a quarter-car model represented by a two-degree-of-freedom system with
62 non-proportional damping. The second example involves a large-scale finite element model of a
633 16-story building assuming proportional damping. The results are analyzed and compared with
s existing methods in the literature to demonstrate the efficiency of the proposed method.

635 All numerical simulations were performed in MATLAB R2023a on a laptop equipped with
o3 an Intel® Core™ i9-12900H processor (20 cores, up to 4.9 GHz) and 32 GB RAM, running Win-
e dows 11 (64-bit). All computations were executed on the CPU.

ss  0.2. Example 1: Quarter-car model

639 The first example is an idealization of a car’s suspension, modeled as a two-degree-of-freedom
s system and commonly referred to as a quarter-car model, as shown in Figure 11. This model is
s1 based on an example presented in [53]. The behavior of the system is governed by the following

sz pair of ordinary differential equations:

m; 0 Z1(t,y, 2) N c1+cy —co t1(t,y, 2)
0 my ig(t,y,Z) —C9 Ca ig(t,y,Z)
(58)
kl + kg —kg xl(t, vy, Z) . lﬁw(t) + clu')(t)
_kQ k’g .’L’g(t, vy, Z) 0 ’
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where the unsprung and sprung masses of the car are m; = 15 kg and my = 290 kg, respectively.
The tire stiffness is k; = 191000 N/m, and the suspension stiffness is ks = 16200 N/m. In addition,
the non-proportional damping matrix is composed of the tire damping coefficient ¢; = 100 Ns/m
and the suspension damping coefficient ¢, = 2500 Ns/m.

The road profile w(t, z) serves as the load input for the model. It is modeled as a zero-mean
stationary Gaussian random field with a squared exponential covariance kernel, a correlation
length of 3 m, and a standard deviation of 0.01 m. The car is assumed to travel at 25 m/s over
a distance of 125 m. The road profile is discretized into 1001 equidistant points, corresponding
to a total of ngy = 1001 terms, which results in 1001 elementary failure domains. The expansion
is not truncated, since the aim here is to illustrate the performance of the proposed sensitivity

analysis. Time is discretized into intervals of At = 0.005 s, for a total duration of 5 s.

x1073

10 . . 15 . :
81l )
10+
o
« O 1 5
1, &
o
4+ 5
2t
. i ) 0 . .
10° 10! 102 103 10° 10! 102 103
number of dynamniic analyses number of dynamic analyses
(a) Evolution of the first excursion probability estimator with (b) Coefficient of variation of the first excursion probability
respect to the number of dynamic analyses. estimator with respect to the number of dynamic analyses.

Figure 10: Example 1: Evolution of the first excursion probability estimator using multidomain Line Sampling
(mLS).

The car’s suspension design is paramount to fulfilling comfort requirements while driving over
a road profile. Two key response variables can be used to assess this: the acceleration of the
sprung mass and the suspension stroke, defined as the relative displacement between the sprung

and unsprung masses. In this example, the latter is considered, and the response of interest is the

displacement of mass ms with respect to mass my, expressed as n(t, y, z) = |vo(t, y, 2)—z1(t, y, 2)|.
The threshold level associated with the response of interest is set to b = 3.5 x 1072 m. The first
excursion probability for the problem is estimated using mLS, which gives pr = 5.1 x 1073, as

shown in Figure 10a. Furthermore and as observed from Figure 10b, the coefficient of variation
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2 Of the probability estimator is quite low, as it never exceeds 10%.

suspension

car body

At o, iyt
SET
nlty. )t [ nlty
¢ Hj k1 w(t, 2) 7777777
w(t,z)4 e road profile
(a) 2-degree-of-freedom representation. (b) Physical representation.
Figure 11: Example 1: Quarter-car model.
663 The objective is to estimate the sensitivity of the first excursion probability using mLS with
ss Tespect to the design vector y = [yl,yg]T, where y; = m» and y» = ko , and to establish a

e6s comparison with DIS [8] and DDM [29]. The comparison is based on the number of dynamic
s analyses required to obtain a single estimate of the sensitivity and its corresponding coefficient
s7 Of variation. It is important to note that mLS requires two dynamic analyses and two sensitivity
ss analyses per simulation, while DIS and DDM require one dynamic analysis and one sensitivity

o0 analysis.

-5
90 210 : . 100

80t

60 t

40 ¢

Sopr)0.ms (/0]

20+

H H 0 H H
10° 10! 102 10° 100 10! 102 103

number of dynamic analyses number of dynamic analyses

(a) Evolution of the sensitivity estimator with respect to the (b) Coefficient of variation of the sensitivity estimator with
number of dynamic analyses. respect to the number of dynamic analyses.

Figure 12: Example 1: Comparison of sensitivity results associated with ms using Directional Importance Sam-
pling (DIS), the Domain Decomposition Method (DDM), and multidomain Line Sampling (mLS).
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x107°
2 : : 100 : :
—— mLS —— mLS
80 t DIS
= — DDM
S 60 |
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S
=40t
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1l i i 0 . ;
10° 10! 10? 108 10° 10! 102 10°
number of dynamic analyses number of dynamic analyses
(a) Evolution of the sensitivity estimator with respect to the (b) Coefficient of variation of the sensitivity estimator with
number of dynamic analyses. respect to the number of dynamic analyses.

Figure 13: Example 1: Comparison of sensitivity results associated with ks using Directional Importance Sampling
(DIS), the Domain Decomposition Method (DDM), and multidomain Line Sampling (mLS).

The evolution of the sensitivity estimators associated with /o and ks is presented in Figures
12 and 13, respectively, in terms of the number of dynamic analyses performed per simulation.
A total of 1 x 10* dynamic analyses is considered in this example. For the design parameter
mg, Figure 12a shows that all methods converge to a similar value for the sensitivity estimator,
with the mLS estimator exhibiting remarkably stable behavior. This is confirmed in Figure 12b,
where the coefficients of variation of the DDM and DIS estimators reach approximately 10%
with 1 x 10 dynamic analyses, whereas the mLS estimator achieves the same level with only
20 dynamic analyses. Similarly, for the second parameter ko, the sensitivity estimator computed
using mLS achieves a coefficient of variation of 10% after just 50 dynamic analyses, whereas the
other methods again require approximately 1 x 10® dynamic analyses. Note that the discrepancies
between the results at smaller numbers of dynamic analyses are purely due to random sampling
variability, not to bias. All methods yield unbiased estimators, which converge as more dynamic
analyses are accumulated. It is worth noting that, in Figures 12 and 13, the coefficients of variation
obtained with mLS are significantly smaller than those of DIS and DDM and exhibit only a mild
decrease with the number of dynamic analyses. This behavior is a direct consequence of the
way mLS explores the failure domain: each exploration line typically intersects the elementary
failure domain (associated with the effective contribution being estimated) perpendicular to their
boundary, thereby capturing more relevant sensitivity information. In contrast, the directional
approaches (DIS and DDM) explore the failure domain using lines anchored at the origin, so that,

when these lines intersect the elementary failure domains, the effect of parameter perturbations
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is less pronounced and is therefore captured less efficiently in the sensitivity estimates.

In Table 2, the computational effort of the different methods is compared using the speed-up
factor S,, which quantifies the efficiency gains of the proposed technique. The speed-up factor
is computed as the ratio between the number of dynamic analyses N9 required by the reference
method and that required by mLS for each parameter y,, to reach a coefficient of variation of
10%. The last column presents the mean number of required dynamic analyses for estimating one
sensitivity, given by Nmean = (3424 N@) /ny. For the sensitivity with respect to msy, mLS achieves
a speed-up of 32.0 over DIS and 43.0 over DDM. Similarly, for ks, the respective speed-up factors
are 19.9 and 30.7. These results confirm that mLS substantially reduces the computational effort
required, while preserving the accuracy of the sensitivity estimates. A similar behavior is observed
when considering the average computational cost, where mLS achieves a speed-up of 23.33 over

DIS and 34.21 over DDM based on the mean number of dynamic analyses.

Method Opr/0mg N Opp/Oky NG Ninean
mLS 8.75x 107 20 6.29 x 10~7 50 35.00
DIS 1.03 x 107* 640 5.99 x 107 993 816.50
DDM 8.82 x 107° 859 6.05 x 10~7 1536 1197.50
S, (mLS vs DIS) 32.00 19.86 23.33
S, (mLS vs DDM) 42.95 30.72 34.21

Table 2: Example 1: Comparison of sensitivity estimates, number of dynamic analyses (N(@), and speed-up (S,,)
of mLS versus other methods, for a target coefficient of variation of 10%.

Furthermore, the results were validated against finite difference (FD) estimates. For the esti-
mation, a central-difference scheme is used with a total of 2 x 10° independent directional sampling
samples (split equally between forward and backward steps), applying a relative perturbation of
A; = 0.01y; to each parameter. The same random seeds were used in the forward and backward
simulations in order to reduce estimator variance. Table 3 presents the comparison, where the
proposed method achieves a coefficient of variation of 1%, revealing excellent agreement between

the sensitivity estimates obtained using mLS and FD.
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Method 8}5F/8m2 8}5F/(9k2

mLS 880 x 107° 6.14x 1077
FD 8.96 x 107° 6.25 x 1077

Table 3: Comparison of sensitivity estimates using mLS and FD.

709 To further examine the numerical behavior of the estimator, we investigate how the compu-
70 tational effort required for estimating the sensitivities with respect to the sprung mass my and
m  the suspension stiffness ks depends on the magnitude of the first-excursion probability. For each
72 estimator, Figure 14 shows the mean number of dynamic analyses required by mLS to reach a
73 coefficient of variation of 5%. At each probability level, this mean is computed over 500 indepen-
ns dent simulations. Different failure probabilities are generated by varying the response threshold
75 in uniform steps, covering pr € [1077, 107!]. The circles and squares correspond to the simulated
716 probability levels, and the line segments are drawn for visual guidance. For 1077 < pr < 1072,
77 the required number of dynamic analyses grows only slowly: from about 33 to 57 for the esti-
7ns  mator associated with ms, and from about 36 to 81 for the estimator associated with ky. For
70 prp > 1072, the computational effort increases markedly as the failure probability grows. These
20 findings suggest that, for this example, the method becomes more efficient as the failure proba-
71 bility decreases. This trend is consistent with the observations reported in [6] for a comparable

=2 simulation approach.

10*

ey
o
T

mean number of dynamic
analyses (0gz; /05 = 5%)
— —
< <

106 10~° 1074 1073 1072 107!
Pr

[
e}
=}

—
<
N

Figure 14: Example 1: Mean number of dynamic analyses required by mLS to reach a coefficient of variation of
5% for the sensitivity estimator associated with the parameter ks, as a function of the first excursion probability

PF.

723 Estimating the sensitivity with respect to the parameters mq and ks is crucial for analyzing
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vehicle comfort when driving over a road profile. The results shown in Figure 12 indicate that an
increase in the car’s body mass leads to a higher failure probability of the system. This increase
in mass reduces the system’s natural frequency, which in turn results in larger displacements
due to low-frequency perturbations in the road profile. Moreover, as illustrated in Figure 13,
increasing the stiffness ks leads to an increase in the system’s failure probability. This occurs
because a stiffer suspension makes the car react more to irregularities in the road, which increases
the displacements and, as a result, the failure probability of the system. From an engineering
perspective, the sensitivity estimates provided by the analysis offer guidance at the design stage
for tuning the sprung mass and suspension stiffness in order to satisfy comfort and serviceability

requirements.

6.3. FExample 2: 16-story reinforced concrete building

The second example corresponds to a 3D finite element model of a 16-story reinforced concrete
(RC) building, involving 29466 degrees of freedom. This model is based on the example presented
in [37] and is illustrated in Figure 16. Each typical floor of the building includes columns and
beams, modeled as frame elements, as well as slabs, external walls, and a wall core, modeled
as shell elements, as shown in Figure 16a. The frames are represented by black lines; the slabs
by light gray surfaces; the external wall by pale yellow surfaces; and the RC shear wall core by
light blue surfaces. To highlight the most relevant aspects of the problem, the extrusion of the
structural elements has been intentionally omitted in Figure 16. The Young’s modulus for the
reinforced concrete is taken as E'= 2.5 x 10'® N/m?. The floor height is 3.40 m at the first level
and 3.24 m from the second to the sixteenth levels. The slabs and shear walls have thicknesses of
18 cm and 40 cmi, respectively. Moreover, the structure is evaluated for serviceability purposes,
assuming linear elastic behavior. The first 100 modes are retained for the dynamic analysis to
ensure an accurate representation of the response. Extending the scope demonstrated in the
previous example, the proposed method can also be applied to a case with proportional damping.

In this case, 5% classical damping is considered for all modes.
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(a) Evolution of the first excursion probability estimator with (b) Coefficient of variation of the first excursion probability
respect to the number of dynamic analyses. estimator with respect to the number of dynamic analyses.

Figure 15: Example 2: Evolution of the first excursion probability estimator using multidomain Line Sampling
(mLS).

The stochastic ground acceleration acting on the building is modeled as a modulated discrete
white noise process, that is passed through a Clough-Penzien filter [54]. It has a spectral intensity
of S =3 x 1073 m?/s?, a time duration of 7' = 10 s, and is discretized into ny = 1001 time steps
with a duration of At = 0.01 s. The modulation function m(t) associated with the modulated

(hence nonstationary) discrete white-noise input is given by:

(t/5)> 0<t <55
m(t) = 1 5<t<6[s - (59)
G M I

The Clough-Penzien filter is characterized by natural circular frequencies w,; = 15.6 rad/s and
wg2 = 1.0 rad/s, and damping ratios (;; = 0.6 and (2 = 0.9. The Karhunen-Loeve representation
uses the same number of terms as time instants, with ny; = 1001, since the focus of this example
is to demonstrate the performance of the proposed sensitivity analysis rather than to investigate
the effect of the truncation order of the expansion on the results. In addition, the structure is

assumed to start from rest.
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Figure 16: Example 2: 16-story reinforced concrete building model.

The responses of interest correspond to the interstory drifts of the sixteen floors of the build-
ing in both the x and y directions, measured from the geometrical center of each floor during
the application of the stochastic loading. Therefore, there are a total of n, = 32 responses of
interest. The threshold limit is set to 0.2% of the floor height, which corresponds to b;_5 = 0.0068
m for the first floor and bs_35 = 0.0065 m for the remaining levels. This criterion aligns well
with serviceability design purposes. The first excursion probability is estimated using mLS and
involves a large number of elementary failure domains (n,nx; = 32 x 1001 = 32032), and the
evolution of the corresponding estimator with respect to the number of dynamic analyses is shown
in Figure 15a, resulting in pp = 2.1 x 1073, Figure 15b presents the evolution of the coefficient of
variation of the probability estimate. Although this coefficient of variation is not as small as that
observed in the previous example, its decreasing trend is remarkably stable. Indeed, with only
about 100 simulation runs, it is possible to estimate a relatively small failure probability with a
coefficient of variation of about 10%.

The objective is to estimate the sensitivity of the first excursion probability with respect to the
vector y = [y1,...,ys|”, where each component y, represents the thickness of the RC shear wall
core at the (2¢ — 1)-th and (2¢)-th floors. This is illustrated in Figure 16b, where, for instance,

the parameter yg corresponds to the thickness of the RC core walls on the 11th and 12th floors.
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s The information offered by the sought sensitivities has a very insightful impact in the context of

7o decision making, for instance, reliability-based design [33, 27].

0 x1073
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qg=4
-10 . .
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number of dynamic analyses

(a) Evolution of the sensitivity estimator with respect to the
number of dynamic analyses.
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do(ir) /0y, [70]
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(b) Coefficient of variation of the sensitivity estimator with
respect to the number of dynamic analyses.

Figure 17: Example 2: Sensitivity results associated with y,,q¢ = [1,2,3,4] using multidomain Line Sampling

(mLS).
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(a) Evolution of the sensitivity estimator with respect to the
number of dynamic analyses.

So(5r) /0, [70]
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(b) Coefflicient of variation of the sensitivity estimator with
respect to the number of dynamic analyses.

Figure 18: Example 2: Sensitivity results associated with y,,¢ = [5,6,7, 8] using multidomain Line Sampling

(mLS).
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780 The sensitivities were estimated using mLS and the results with respect to parameters y,, ¢ =
71 1,...,4 are shown in Figures 17, while the results with respect to the parameters y,, ¢ =5,...,8
72 are illustrated in Figure 18. The evolution of the sensitivities with respect to the number of dy-
73 namic analyses, shown in Figure 17a, indicates that increasing y,, ¢ = 1,...,4, leads to a decrease
784 in the failure probability of the system. In addition, Figure 17b shows that the calculation of the
785 sensitivities is computationally efficient, requiring 250 and 292 dynamic analyses for the estima-
76 tors associated with y; and ., respectively, to reach a coefficient of variation of 20%. Moreover,
77 the estimators associated with y3 and y4 require 1450 and 978 dynamic analyses, respectively, to
s achieve the same coefficient of variation. The evolution of the sensitivities with respect to the
70 number of dynamic analyses, shown in Figure 18a, indicates that increasing ys leads to a decrease
70 in the failure probability of the system, while increasing the values of y,, ¢ = 6,7,8, raises the
71 failure probability. In this case, to reach a coefficient of variation of 20%, the sensitivity related
792 to y7 requires 148 dynamic analyses, while the one related to ys requires 622 dynamic analyses.
793 In addition, to reach a coefficient of variation of 20%, the sensitivity associated with ys requires
74 856 dynamic analyses, while the sensitivity related to yg requires 5402 dynamic analyses.

795 In order to demonstrate the efficiency of mLS compared with existing methods in the liter-
w6 ature, such as DIS [8] and DDM [29], the results for the sensitivity related to y; are illustrated
77 in Figure 19. It can be observed from Figure 19a that the behavior of the estimator calculated
¢ using mLS is notably more stable with fewer dynamic analyses compared to the other methods.
70 This is confirmed in Figure 19h, where approximately 250 dynamic analyses are required for mLS
s0  to reach a coefficient of variation of 20%, while DIS and DDM require a total of 1632 and 1801
sor dynamic analyses, respectively, to achieve the same coefficient of variation. The observed differ-
sz ences between the estimates at lower numbers of dynamic analyses reflect statistical fluctuations
g3 and are not indicative of bias. All estimators are theoretically unbiased, and the estimates con-
ss  verge to the true values as the number of dynamic analyses increases. In addition, the speed-up
ss factor S, was calculated to evaluate the efficiency of mLS in comparison to DIS and DDM for
sos the sensitivity calculation with respect to all design parameters. The corresponding results are
sor presented in Tables 4 and 5. It is worth noting that mLS outperforms DDM in the calculation
ss  Of all sensitivities, with the lowest speed-up value being 1.05 for the sensitivity related to yg, and
g0 the highest being 30.86 for the sensitivity related to y;. When compared with DIS, mLS outper-

g0 forms in the calculation of sensitivities for five out of the eight parameters, with speed-up values
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ranging from 1.97 to 7.62. The remaining sensitivities calculated using mLS slightly underperform
compared to DIS, with values between 0.57 and 0.94. In general, mLS demonstrates a reduction
in the computational effort for all cases, compared with the other methods that behave better
for specific cases of sensitivities. This is further supported by the speed-up based on the mean
number of dynamic analyses, which is 1.58 when comparing against DIS and 3.36 when comparing
against DDM.

In this example, the results are reported in Tables 4 and 5 for a target coefficient of variation
of 20% for the sensitivity estimates. This choice represents a trade-off between accuracy and com-
putational cost in the context of a large-scale finite element model, where each dynamic analysis
is numerically expensive. For preliminary design studies, a 20% coefficient of variation is typically
sufficient, as the sign and relative magnitude of the sensitivities already provide meaningful insight
into the influence of the different parameters on the failure probability. It should be emphasized
that this target does not represent a limitation of the proposed method: as demonstrated in
Example 1, significantly smaller target coefficients of variation (e.g., 5% or even lower) can be

attained at increased computational cost.

0 : : 100
80
c§> 0.005 éﬁ 60
= S
S = 40
< -0.01 (QS
DIS 20
—— DDM
-0.015 : : 0 : :
0 1000 2000 3000 0 1000 2000 3000
number of dynamic analyses number of dynamic analyses
(a) Evolution of the sensitivity estimator with respect to the (b) Coefficient of variation of the sensitivity estimator with
number of dynamic analyses. respect to the number of dynamic analyses.

Figure 19: Example 2: Comparison of sensitivity results associated with y; using Directional Importance Sampling
(DIS), the Domain Decomposition Method (DDM), and multidomain Line Sampling (mLS).
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Method 8}5F/8y1 N(l) 825F/6y2 N(2) 8]5F/8y3 N(S) (925}7‘/(9244 N(4)
mLS —8.0x1073 250 —5.1x10"3% 292 —1.9x1073 1450 —3.4x10~2 948
DIS —6.8x107% 1632 —3.8x1072 1336 —2.5x1073 823 —3.0x10~3 708
DDM —8.6%x1073 1801 —3.9x1073 3341 —2.1x1073 6720 —3.8x1073 2607
S, (mLS vs DIS) 6.53 4.58 0.57 0.75
S, (mLS vs DDM) 7.20 11.44 4.63 2.75

Table 4: Example 2: Sensitivity estimates for y,, ¢ = 1,...,4, number of dynamic analyses (N(@), and speed-up
(S.) of mLS versus other methods, for a target coefficient of variation of 20%.

Method Opr/dys NO  9pp/dys NO©  0pr/dy; N - 9pp/dys N©® Niean
mLS —3.3x107% 856 6.3x107% 5402 1.3x1073 148 7.1x107% 622 1246.00
DIS —2.8x107% 1684 6.7x107% 5059 2.0x1073 1128 7.4x10~% 3392 1970.25
DDM —2.3x1072% 5660 1.0x1073 5685 1.1x1072 4568 1.1x10~3 3102 4185.50
S (mLS Vs DIS) 1.97 0.94 7.62 5.45 1.58
S, (mLS vs DDM) 6.61 1.05 30.86 4.99 3.36
Table 5: Example 2: Sensitivity estimates for y,, ¢ = 5,...,8, number of dynamic analyses (N(9)), and speed-up

(S.) of mLS versus other methods, for a target coefficient of variation of 20%.

The variation in the number of dynamic analyses required to estimate the different sensitivities,
as especially seen in Table 5, is mainly due to the effect of each parameter on the geometry
of the elementary failure domains. This is reflected in how the distances c[fﬂ] change along an
exploration line /; when varying a specific parameter. Parameters that induce stronger and more
global modifications in the system response generate larger changes in the crossing distances. In
contrast, parameters whose influence is weaker for the entire system, or more localized, lead to
smaller sensitivity magnitudes. In both cases, the variance of the estimator depends on how much
these induced changes vary from sample to sample: if the impact on the crossing distances remains
relatively stable across the exploration lines, the estimator variance is reduced; otherwise, larger
sample to sample fluctuations lead to an increase in variance. The different order of magnitude and
convergence patterns observed for the sensitivities associated with the parameters y, in Figures 17
and 18 are a direct manifestation of this same effect.

From a physical point of view, the negative sensitivities with respect to y,, ¢ = 1, ..., 5, indicate
that increasing the thickness of the walls associated with these design parameters helps reduce

the maximum displacements of the building and, consequently, the failure probability. On the
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other hand, the positive sensitivities related to y,, ¢ = 6, ...,8, which indicate an increase in the
thickness of the walls of the upper floors (from the 11th to the 16th floor), generate a rigid-body
effect at the upper part of the building, causing an increase in the maximum displacement and,
consequently, in the failure probability of the system. It is important to note that, in magnitude,
the positive sensitivities are smaller than the negative ones, which implies that changing the
parameters y,, ¢ = 1,...,5, has a greater effect on the failure probability. The sensitivity estimates
provide useful guidance for improving the building’s design, especially in early decision-making

stages, by identifying the structural parameters that most strongly influence the system reliability.

7. Conclusions and outlook

This work applies multidomain Line Sampling (mLS) to estimate the sensitivity of the first
excursion probability in linear systems with non-proportional damping under stochastic Gaus-
sian loading. Sensitivities are computed as partial derivatives of the first excursion probability,
incorporating derivatives of the system’s spectral properties, eigenvalues, and eigenvectors.

The sensitivities are computed using mLS, which requires fewer dynamic analyses, offering
improved efficiency and stability compared to Domain Decomposition Method (DDM) and Direc-
tional Importance Sampling (DIS). A key advantage of mLS over DIS lies in its failure domain
exploration approach: each exploration line in mLS provides information on the derivative of in-
dividual elementary failure domains, while DIS, along a single direction, offers information only
on the derivative of the union of all failure domains. Furthermore, a key advantage of mLS over
DDM is its perpendicular approach to each elementary failure domain, allowing for more precise
sensitivity estimation, whereas DDM follows a directional approach, capturing less information
about the sensitivity of the limit state function. Moreover, mLS has demonstrated high efficiency
in calculating all sensitivities, whereas DIS and DDM are slightly outperformed in calculating
some specific sensitivities.

Potential directions of future research could explore the following:

o The direct application of mLS to the failure probability integral, rather than to the estima-

tion of the effective contribution.

o The effect of the weights as a mass probability function for estimating the effective contri-

butions.
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o The estimation of sensitivities with respect to additional model parameters, such as excita-

tion parameters and response thresholds.

o The implementation of the proposed method in reliability-based design optimization (RBDO)

problems.

o Extension of the proposed method to systems where the elementary failure domains are
weakly non-Gaussian, in line with recent developments on directional sampling methods for

non-Gaussian excitation [55]

e An extended formulation of mLS for settings in which, in addition to the stochastic loading,
selected structural parameters are also treated as random variables, particularly in cases
where this parametric uncertainty is comparable to or dominant over the excitation uncer-

tainty.

The above-mentioned issues are currently being investigated by the authors.
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Appendix A. Gradient of the failure probability

The expression in Equation (15) is derived by rewriting the first excursion probability from
Equation (10) as:
pe() = [ H(=gly.2)fz(z)dz. (A1)
z€R"KL

where H(-) denotes the Heaviside step function. Differentiating Equation (A.1) with respect to a

design parameter y, yields:

ap;;qy) T /zER”KL 5(_g<y’ z))wfz(z) dz, gq=1,...,ny, (A2>
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where (-) denotes the Dirac delta function. Using the identity [56]:

[ r@p ey de= [ ||vf}§2>|| o, (A3)

with fi(a) an arbitrary function, f>(x) a differentiable function with a non-zero gradient at the
point where fs(x) = 0, and do a differential surface element, Equation (A.1) leads to the following

expression for the gradient of the failure probability [57]:

Ipr(y) 99(y, 2) 1
= — z dS, - ]., e ,n . A4
8yq /g(y,z):() 8yq ||Vzg(y’ Z)H fZ( ) q v ( )

Appendix B. Brief overview of Line Sampling

Line Sampling [49, 58] aims to estimate the failure probability for performance functions that
are weakly or moderately nonlinear [59, 60]. For its deployment, it is assumed that a reliability
problem is cast in the standard Gaussian space using an iso-probabilistic transformation. Then,
it is necessary to determine the so-called important direction ~y, which is a unit Euclidean norm
vector originating at the origin and pointing toward the nearest point on the failure domain.
This important direction can be determined using different methods, as presented in [49, 61].
Figure B.20 contains a schematic representation of a performance function in a two-dimensional
space along the so-called important direction . Due to the rotational invariance of the Gaussian
distribution, the Gaussian variable z in the n-dimensional space R" can be expressed in terms of
a rotated coordinate system as:

z=Rz' +~2ll, (B.1)

where R is an nx (n— 1) matrix; 2+

is an (n—1)-dimensional vector representing the coordinates in
the hyperplane orthogonal to 4; and 2!l is a scalar representing the coordinate along the direction
parallel to . The orthonormal basis of the new coordinate system is defined by the square
matrix [R,~]. Then, it is possible to demonstrate that 2l = 472z and 2+ = R”z, both of which
are associated with standard Gaussian distributions in one dimension and (n — 1) dimensions,

respectively. It is important to note that, for practical purposes, an explicit form of the matrix R

is not required (as explained later in Section 5.1).
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Figure B.20: Schematic representation of Line Sampling technique.

016 Once the problem is formulated in Gaussian space and the important direction has been de-
a7 termined, the Line Sampling scheme operates by generating zjl, J=1,..., N samples distributed
as according to a standard Gaussian distribution in (n—1) dimensions, where N denotes the number
a9 of samples lying in the hyperplane orthogonal to the important direction ~ or, equivalently, along
o0 the coordinates sz. Then, lines are generated from these samples, denoted as [;, 7 = 1,..., N,
o1 which are parallel to the important direction v and pass through the aforementioned samples sz.
o2 Finally, the numerical integration is performed along the one-dimensional lines within the failure
o3 domain, and the failure probability is estimated by averaging their contributions. The advantage
os of employing the rotated coordinate system is that it reduces the multidimensional integration
ws problem to one-dimensional line integrals in standard Gaussian space, which can be evaluated
ws efficiently. The entire process is illustrated in Figure B.20, where the performance function is
o7 denoted as g(y, z).” The generated samples are zi, 23, and 23, and the corresponding lines
os generated from these samples are denoted as [y, Iy, and [3, respectively. The integration over
oo the failure domain is represented by the light blue line. Note that, since this is a bidimensional

1

o0 example, z— corresponds to a scalar, whereas in high-dimensional problems, it corresponds to a

931 vector.

2 Appendix C. Derivative of the effective contribution p,; (y, zJL)

033 The dependence of the effective contribution on the design vector y is explicitly represented

¢ through the integration domain Q(y), as discussed in Section 4.2 and shown in Equation (30).

47



935

936

937

938

939

940

941

942

943

944

Journal Pre-proof

This derivative can equivalently be expressed in terms of the indicator function I, ,. Considering

the exploration line I;(u) = R,z + o, u, and the integration domain Q”( ) decomposed into

5]]

(=00, =B, (y)] U [Bs,(y), +00), Equation (30) can be written as:

a - 1 o
aiyqps]‘(ywzj ) -

o [ B, I, (Ij(u),y) o0 I, (Li(uw),y)
d o -
9vs (/oo SIS I ) T2 ) SIS T (), 9)

Foy 0]
(1)

where along the exploration line the distribution is standard Gaussian, hence f,j (u) = ¢(u).
%
Using the definitions introduced in Section 5 for the crossing distances c[]r] (y), the overlap

count m{r], and the selector H{T}, it is possible to write:

I, (1 Zn (F (- o) = (= cyw)). (C.2)

55 I ((w).) = 3 iy (B (0= _y(w) — H(u=— ). (€3)

h=1/¢=1

Thus, the fraction from Equation (C.1) can be expressed as:

I, (Ii(u),y) S wly
Zanl Z?:Tl IFh,Z (lj(u)’ y) r=1 mfr]

(H(u - cﬂ_l](y)> - H(u - c[{] (y))) (C.4)

The derivative of the Heaviside function with a moving threshold is given by

8C[jq.«] (y)

g H(u =) = —0(u—cyv) v,

8yq

Therefore, differentiating Equation (C.4) with respect to the design parameter y, yields:

3 IF,, (4 (u), y) s er ; ; ;
Shiy S I, (L (U),y)] :;m[f]] <5<“_Cm(y)) Oy,ly(y) =0 (=l (®) Dy 1(y)>'
(C.5)

Finally, using the sifting property [62] [0 &(u)d(u — ¢)du = ¢(c) in Equation (C.1) with
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s Equation (C.5) gives:

9

5

0 < jr j j j ‘
gy P (:2) = D :j{]] (¢(c§]<y>) Dy, () — d(cl_yy(w)) 8ch¢_1]<y>), (C.6)

s which is Equation (52).

9

5

w7 Appendix D. Derivative of unit impulse response function

=

048 The unit impulse response function in Equation (6) can be rewritten as
2np
r=1
a9 where s =1,...,n,, with
T T
Vi @-(Y)or(y) gu(y
Ari(y) = (T) (IR ), (D.2)
& (y)" M, (y)9:(y)
B,(t,y) = MW, (D.3)

so for r = 1,...,2np. The partial derivative of h;(¢,y) with respect to the design parameter y,,

o1 where g =1,...,ny, is given by
Ohi(t,y) TR (aAM<y) 0B, (t, y))
— : BT t, ‘|‘ Ar,i . D4
D ; D, (t.y) (y) o (D.4)

952 Deﬁning

A () = o ()b (1) 9.(y), AP () = & (y) Ma(y): (v),

53 the derivatives in Equation (D.4) are expressed as

0A.(y)  (0A (w) g, ARy 1
) _ i Al2} _ Ai l,} T , D.5
ayq ( ayq T (y) s (y) ayq (AiQ})Q ( )
aBr(ta y) _ teATt%. (DG)
Y, Y,
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Then, the terms in Equation (D.5) are computed as

A W) 1 (09 1 ! 70g
e =% i rda + r - a + T . ’ D.7
yq 7 ( Yy g s ( Yq g yq )) ( )
DAZ 8(,2')T <8M 0 )
L= - Ma r+ ;1: z r + Ma . . D.8
Y, dyq oo Yy ¢ yq (B3)

To evaluate these expressions, the derivatives of the eigenvalue A,(y) and eigenvector ¢, (y)
with respect to y, are required. These can be obtained by solving the system proposed in [39],

which decouples the sensitivities of each eigenpair:

0, B (8Ka o 8Ma> &
K,-\M, —M,¢, dy, | _ 9y, “ou, ) D)
T O\, 1 .0M, '
—¢,. M, 0 o ——
9Yq 27" 0y,

This formulation assumes mass-normalized mode shapes, i.e., ¢L(—M,)¢, = 1, and applies
when eigenvalues are distinct. The main advantage of this approach is its independence from the

remaining eigenpairs, which simplifies derivative evaluations in modal truncation scenarios [63].

Appendix E. Pseudo-code for mLS implementation

For ease of numerical implementation, the following pseudo-code summarizes the procedure
described in Sectionb.6, explicitly listing the variables involved at each step together with their

governing equations.
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Pseudo-code 1: Numerical workflow of the mLS-based sensitivity estimator

Step 1: Representation of Gaussian loading:
p; Eq. (1)

Step 2: Definition of structural system:
M, C, K, y,b; Eq. (2)

Step 3: Formulation of augmented matrices:
[M.], [K.], {g.}; Eas. (3)-(4)

Step 4: Calculation of spectral vectors:
i, Oy,air; Egs. (6),(57)

Step 5: mLS loop:

for j =1to N do

(a) zj, Ij; Sec. 5.1

(b) cf,’cj, vf,;j; Egs. (38)—(42)

(€) Clorts Viows Eas. (41),(43)

(d) Xy, Xp; Eq. (44)

(e) 9c;i /Oy, D?, Dlowy; Eas. (53)~(56)

(f) m?, k7; Egs. (48)—(50)

(8) Ds;» Oy,bs,;; Eas. (51),(52)

Step 6: Aggregation:
Pr, Oy, Pr; Egs. (23),(29)
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