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Abstract

Determining the probability distribution of random variables plays a key role in structural
reliability analysis. Existing three-parameter distributions based on third-moment normal
transformations are widely used due to their simplicity and flexibility. However, their
applicability is limited to specific combinations of the first three moments of random variables,
which limits their practical use in engineering. To address this limitation, this study proposes a
novel three-parameter distribution derived from a modified exponential third-moment normal

transformation, which is capable of fitting arbitrary first three moments. The parameters of the
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proposed distribution are explicitly defined by these moments. Unlike the existing three-
parameter distributions, it naturally reduces to the standard normal distribution when the
skewness is zero. Moreover, it remains valid over the entire support region of random variables
under varying skewness conditions. The flexibility and robustness of the proposed distribution
are demonstrated through accurate approximations of several well-known theoretical
distributions and real-world datasets. In addition, four numerical examples further demonstrate
its applicability and high accuracy in structural reliability analysis.

Keywords: three-parameter distribution; the first three moments; exponential third-moment

normal transformation; structural reliability analysis; mathematical constraints

Introduction

The characterization of probability distributions of random variables is fundamental to
reliability analysis within the framework of uncertainty quantification (Li et al. 2026; Low 2013;
Zhao et al. 2018). Over the past few decades, numerous methods have been developed for
approximating the probability distributions of random variables across various engineering
fields, and these methods are typically classified into two main types. The first type is non-
parametric distributions, which do not require a priori information or distribution assumptions.
Common methods for reconstructing non-parametric distributions include the kernel density
estimation (KDE) (Pan et al. 2022; Wand and Jones 1994), the adaptive kernel density
estimation method (AKDE) (Yu and Xu 2025), and the Mellin transform (Cottone et al. 2010;
Xu and Yu 2023). KDE can be applied to complex problems involving both unimodal and

multimodal distributions. However, it generally requires a large number of samples to achieve
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high accuracy, which may lead to considerable computational costs. AKDE, based on the
smoothing properties of linear diffusion processes, provides a more robust bandwidth selection
than conventional KDE. However, it still encounters difficulties in small probability estimation,
where inadequate bandwidth adaptation may induce tail-drop behavior, leading to an
underestimation of tail density that propagates through integration and results in distortions in
the reconstructed CDF. The Mellin transform facilitates the reconstruction of probability
distributions through the estimation of complex fractional moments; however, it tends to
introduce oscillations in the distribution tail.

The other type is parametric probability distributions (PPD), which are defined by explicit
probability density functions (PDFs) that can be specified using only a few parameters. Early
research on this topic focused on one- or two-parameter distributions (e.g., normal distribution,
lognormal distribution), whose parameters are typically estimated using the mean and standard
deviation. Nevertheless, in practical engineering applications, these distributions may be
inadequate to capture the probabilistic characteristics of an unknown distribution when higher-
order moments play a critical role in distribution modeling. A four-parameter (4P) distribution
model, characterized by the first four moments, is one of the well-developed approaches for
approximating unknown distributions. The distribution families, including the Pearson system
(Pearson et al. 1979), the Johnson system (Liu et al. 2018), and the Burr system (Kleiber and
Kotz 2003), are capable of flexibly representing the distributions of random variables. However,
their implementation in practice is often complicated, particularly at the interfaces between
different distribution types. Moreover, the PPD models with invariant forms, such as the

generalized lambda distribution (Fournier et al. 2007; Zhu and Sudret 2021) and extended
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generalized lambda distribution (Acar et al. 2010), may also be attractive in practical
applications. However, due to their quantile-based definitions, explicit PDF and CDF
representations are generally unavailable, which complicates analytical treatments.
Furthermore, their effective flexibility is constrained by parameter validity conditions required
to ensure monotonicity, which may lead to numerical instability when fitting specific high-order
moments. Based on the fourth-moment normal transformation, a class of PPD models is
developed through a series expansion of orthogonal polynomials, such as the Gram-Charlier
(Wallace 1958; Wang et al. 2025), Fisher expansion (Fisher and Cornish 1960). Yet, these
models typically produce relatively large errors. As an improvement, the Hermite model
(Denoél 2025; Winterstein 1988) and cubic normal transformation (Zhao et al. 2018) have been
widely applied in the engineering community. Nevertheless, estimating these models remains
challenging due to the complexity of their analytical forms and the difficulty involved in
parameter evaluation.

Owing to their simplicity and flexibility, three-parameter (3P) distributions have attracted
considerable attention for approximating target probability distributions. Common distributions
include the 3P Weibull (Kundu and Raqgab 2009), generalized log-gamma (Agostinelli et al.
2014), Exponentiated-Weibull (Mudholkar and Srivastava 1993), modified Weibull (Lai et al.
2003), and generalized power Weibull distributions (Nikulin and Haghighi 2006). These models
are typically constructed as extensions of the popular two-parameter distributions. To estimate
their parameters, a variety of methods have been developed, such as maximum likelihood
estimation (Brunk 1955), Bayesian estimation (Nassar and Eissa 2005; Zhao et al. 2025), and

the simulated annealing algorithm (Abbasi et al. 2006). Nonetheless, significant challenges still
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arise in parameter estimation when these methods are applied.

Another commonly used 3P distribution is derived through a normal transformation based
on the first three moments (mean, standard deviation, and skewness), which can be easily
obtained from statistical data. Based on the quadratic polynomial normal transformation, Zhao
et al. (Zhao and Ono 2000; Zhao et al. 2001) proposed the square normal distribution, which
can effectively capture the statistical characteristics of random variables. However, the
parameter estimation for this distribution involves solving equations with square roots and
inverse trigonometric functions, and the skewness is limited due to the presence of square root
terms in the normal transformation. Tichy (Tichy 1994; Tichy 2012) proposed a 3P lognormal
distribution based on a logarithmic normal transformation, which can cover a wide range of
skewness values. However, this distribution still requires computations involving logarithmic
terms and fractional power functions. In addition, neither of these distributions can degenerate
directly into the standard normal distribution. Furthermore, these distributions are inherently
limited in their ability to represent arbitrary first three moments of random variables due to the
mathematical form of their distribution model.

To overcome these limitations, this study proposes a flexible 3P distribution constructed
based on a modified exponential third-moment normal transformation (Cai et al. 2025), which
is capable of fitting arbitrary first three moments. The rest of the study is organized as follows.
Section 2 presents the detailed derivation and shape characteristics of the proposed distribution
model, and compares it with existing 3P distributions under different skewness levels. Section
3 validates the flexibility of the proposed distribution by approximating several well-known

theoretical distributions and four real-world datasets. Section 4 presents four numerical
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examples to demonstrate the applicability of the proposed distribution model for structural

reliability analysis. Finally, Section 5 summarizes the findings of this study.

Proposed constraint-free moment-based three-parameter distribution
Basic formulation
Without loss of generality, an independent random variable can be standardized as
Xy=(X-uy)/ oy (1)
where X is an independent random variable; £, is the mean of X; and o is the standard
deviation of X; X is the standardized random variable.

According to the principle of equal probability transformation, the CDF of the standardized
random variable X ¢ is identical to that of a standard normal random variable (Rackwitz and
Flessler 1978). This relationship can be written as

F(xg) = O(u) 2
where F'(x, ) represents the CDF of x; ; u is the corresponding realization of the standard normal
random variable; and @(-) represents the CDF of the standard normal random variable.

By differentiating both sides of Eq. (2) with respect to xg, the probability density function

(PDF) of x can be obtained as

Fx) = = 3)

N

where f(xg) represents the PDF of the standardized random variable; and ¢(-) represents the
PDF of the standard normal random variable.
As shown in Eq. (3), once the relationship between u and X, is specified, the PDF of xg can

be obtained accordingly. In other words, specifying the transformation function between u and
6
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X (i.e.,u =D '[F(x,)]) allows for direct computation of the PDF of x using Eq. (3).

Proposed 3P distribution based on exponential third-moment normal transformation

For moment-based distributions, the probability density functions (PDFs) with positive and
negative skewness are mirror-symmetric (Low 2013; Xu and Kong 2018). Motivated by this
property, the proposed distribution is expected to satisfy a similar symmetry condition. To
account for the influence of skewness, the PDF defined in Eq. (3) is reformulated to explicitly
include both the standardized variable x¢ and the skewness ¢, , as arguments. This formulation
allows the mirror symmetry condition to be clearly stated by reversing the signs of both
variables, as follows:

S (g, 3y ) = f(=Xg,—0t35) 4)
where f(xg,0;, )denotes the PDF of the proposed distribution evaluated atxgand &, ; and
f(=xg,—a;, ) denotes the same PDF evaluated at their respective negated values.

By substituting Eq. (3) into Eq. (4), the mirror symmetry condition can be rewritten as

dO[Fxgap)] oo o dOT[F(=xg,—ay,)]
T O P e ) T R

¢(®_1[F(xsaa3x)])‘

where F(xg,0;, ) denotes the CDF of the proposed distribution evaluated at x; and &, ;
F(=x,,—a,, ) denotes the same CDF evaluated at their respective negated values.

To ensure that the equality in Eq. (5) holds for all possible values of x; and &5, , two
mathematical conditions must be satisfied. First, since ¢(-) is a positive definite function, the
#(-) terms on both sides of Eq. (5) must be equal. For notational simplicity and clarity, the
normal transformation function ®'[F(x,a;,)]is hereafter denoted by u(xg, ;). The first

condition can then be expressed as
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Pu(x, ) = p(u(—xg,—s ) (6)
Second, the derivative terms on both sides of Eq. (5) must also be equal, which is expressed
as

du(xg,0;,)  du(—xg,—a,)
dxg  d(-xg) (7)

Given that ¢(-) is an even function, the first condition requires that the inputs to #(-) on both
sides of Eq. (6) exhibit either symmetry or anti-symmetry. The second condition requires that
the normal transformation function on both sides of Eq. (7) must be anti-symmetric, thereby
ensuring that the sign change in the denominator is appropriately compensated by the sign of
the numerator. To simultaneously satisfy Eqgs. (6) and (7), the anti-symmetric property is
adopted as the final condition. This property ensures that when the sign of skewness is reversed,
the PDF of the standardized random variable exhibits mirror symmetry. This anti-symmetric
property can be expressed as

U(Xg, Q) = —U(=Xg, Qs ) )

This anti-symmetry condition provides a clear mathematical expression of the inherent
mirror symmetry of moment-based distributions, serving as the structural requirement that the
normal transformation must satisfy when used to construct such distributions. To construct a 3P
distribution that satisfies the anti-symmetry property defined in Eq. (8) while preserving a
simple analytical form and accommodating arbitrary combinations of the first three moments,
an exponential third-moment normal transformation (Cai et al. 2025) is adopted as the
foundation, which is expressed as:

a
u(xs,a3X)— . [5+3exp(—2—= % S( X

a3X
-+ 6 ©)



176

177

178

179

180

181

182

183

184

185

186

187

188

189

190

191

192

193

194

195

This exponential normal transformation was originally chosen (Cai et al. 2025) because it is
free from mathematical constraints and possesses a simple, smooth, and well-behaved structure.
The original form of this transformation allows mapping random variables to the standard
normal space with arbitrary first three moments; however, it does not satisfy the anti-symmetry
condition required in Eq. (8). To address this issue, the transformation is slightly modified to

enforce anti-symmetry. The modified exponential normal transformation is defined as:

X o X, |O a
u(xs,%x)=§S[5+36Xp(%(%—1))]+% (10)

As shown in Eq. (10), the modified transformation can still be used for arbitrary combinations
of the first three moments.

Differentiating both sides of Eq. (10) with respect to X, yields:

du 5 3 oL X |(X | O v X |(Z |
- =4 X 1+M i_l X €X Z3x7s (173X -1 11

Hence, the derivative du/dx is strictly positive for all pairs (@, X) . A rigorous proof of
this result is provided in the Appendix. Therefore, the exponential normal transformation is
strictly monotonic, which guarantees the validity of the resulting PDF.

Substituting Eq. (11) into Eq. (3), the PDF of the proposed distribution is derived as

_ 5+3(Bxg +1)exp(Bxy) 1oxs Ayy
S(xg,05,) = 8\/% exp( 2[ 3 (5+3exp(Bx,)) + 6 ") (12)

where the parameter B is introduced to simplify the expression of the PDF and is defined as

The parameters of the proposed distribution are explicitly and uniquely determined by the

first three moments, without requiring complicated parameter estimation procedures, resulting
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in a simple and well-defined parameter space.
The corresponding CDF of the proposed distribution can be obtained by integrating its PDF:
F(xwasx):f;f(taasx)dt (14)
where ¢ is the integration variable ranging from (-0, Xy |.
In the special case of zero skewness (a;, =0), the normal transformation in Eq. (10)
simplifies to
u(xg,0) = xg (15)
and the resulting PDF reduces to the standard normal distribution:
S (x5,0) = p(u) (16)
In summary, the proposed distribution is based on a modified exponential normal
transformation, resulting in a simple and unified analytical framework. Owing to this
transformation-based construction, the distribution shape varies smoothly and continuously
with the prescribed moments, leading to improved numerical stability and a robust probability

model for practical applications.

Shape of the PDF/CDF of the proposed distribution

To investigate the shape characteristics of the proposed distribution, Figs. 1 and 2 present the
PDFs and cumulative distribution functions (CDFs) under different skewness levels, with a
mean of 1.0 and a standard deviation of 0.1. The observations from Figs. 1 and 2 are
summarized as follows:
(1) The PDF of the proposed distribution is skewed to the left relative to the standard normal

distribution when o;, >0, and to the right when &, <0 . This indicates that the proposed

10



218  distribution effectively captures the characteristics of skewness. Moreover, as the absolute value
219 of a;,increases, the degree of skewness of the curve also increases.

220  (2) The CDF of the proposed distribution approaches zero at the lower bound and converges to
221 1.0 at the upper bound, indicating the completeness of the proposed distribution.

222 (3) The proposed distribution is non-negative over the support region, thereby ensuring its

223  validity as a probability distribution model.
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Comparison with existing 3P distributions under different skewness

To assess the applicability of the proposed distribution, Fig. 3 compares its PDFs with those
of three commonly used 3P distributions, including the 3P Gamma, square normal, and 3P
lognormal distributions, for skewness values ranging from 0 to 3.0, with a mean of 1.0 and a
standard deviation of 0.1. It can be observed from Fig. 3 that:
(1) When the skewness is zero (see Fig. 3(a)), the proposed distribution reduces to the standard
normal distribution, whereas the other three 3P distributions cannot directly reduce to the
standard normal distribution.
(2) When the skewness is small (see Fig. 3(b)), the PDFs of the four 3P distributions exhibit
only minor differences. As the skewness increases (see Figs. 3(b)-3(f)), the differences among
these distributions become more pronounced.
(3) At a skewness of 3.0 (see Fig. 3(f)), the square normal distribution becomes undefined due
to its inherent limitation in skewness, which restricts its valid range to 22 < oy, < 242
(Zhao et al. 2001). In contrast, the proposed distribution covers a broader skewness range.
(4) As skewness increases, the applicable range of random variables for existing 3P distributions
progressively narrows. In contrast, the proposed distribution remains well-defined over the

entire region, thereby exhibiting broader applicability.

—— 3P Lognormal — 3P Lognormal
Square Normal b — Square Normul_
4 AN T 3P Gamma i ~== 3P Gamma

= = =The Proposed

= = =The Proposed

- - = The Proposed a4
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Fig. 3. Comparison of the PDFs of four 3P distributions with different skewness

Approximation of theoretical distributions and real-world datasets

The flexibility and robustness of the proposed distribution are demonstrated in this section

by approximating several well-known theoretical distributions and real-world datasets.

Theoretical distributions

In this subsection, several well-known theoretical distributions, including the Gamma,
lognormal, Gumbel, inverse Gaussian, Weibull, and Beta distributions, are selected to evaluate
the flexibility of the proposed distribution. The PDFs of these selected distributions, along with

their first three moments, are summarized in Table 1. Based on these moments, the PDFs of the

proposed distribution can be readily simulated.

Table 1. Parameters and first three moments of the distributions

o Parameter First three moments
Distribution PDF TVD
o f  Mean S.D. Skewness
Lognormal —0.001 0.05 I 005 0.150 0.0027
S = el L X%y
RERNGY: 2B
x>0 —0.005 0.100 1 0.1  0.301 0.0032

—0.043 0294 1 03 0927 0.0105
—0.154 0555 1 0.6 2.016 0.0442

13
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Gumbel exp[(x— ) / x—a),, 0977 0.039 1 005 1.14 00203
wmbel ) = SR DAl oy exp =2y
B B
0955 0078 1 0.1 114 00203
0865 0234 1 03 114 00203
0730 0468 1 06 114 00203
Inverse x— ) 1 400 1 005 015 0.0017
F@)= =L exp- BE=2
2rx 2xe
Gaussian
x>0 | 100 1 01 03  0.0030
1 1111 1 03 09  0.0067
1 2778 1 06 18 0.0416
Gamma e %3] 400 0.0025 1 005 0.10 0.0012
S(x)=
I'ex)
x20 100 001 1 01 020 00022
1111 009 1 03 060 00051
2778 036 1 06 120 00182
Weibull . X, 24950 1.022 1 005 —0918 0.0150
o S =apx expl- ()]
x>0 12153 1.043 1 0.1 -0715 0.0058
3714 1108 1 03 —0.026 0.0195
1717 1121 1 0.6 0850 0.0330
Bet 332,633 142.55 0.7 0.021 —0.080 0.0013
o PRNRACEY. et ;
L(e)I'(B)
0<x<l 186.800 80.057 0.7 0.028 —0.106 0.0019
119300 51.129 0.7 0.035 —0.133 0.0027
82.633 35.414 0.7 0.042 —0.159 0.0036

Note: S.D. denotes the standard deviation; o and f are parameters of the selected distribution.

Fig. 4 compares the PDFs of the selected distributions (red solid lines) with those of the

proposed distribution (blue dashed lines). As shown in Fig. 4, the red solid lines and blue dashed

lines are in close agreement, indicating that the proposed distribution can approximate various

commonly used distributions under different combinations of the first three moments,

demonstrating its good flexibility and adaptability.
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Fig. 4. Comparison of PDFs between the proposed distribution and well-known distributions

264
265 To further assess the quality of the approximation, the Total Variation Distance (TVD),
266  denoted byd, is defined as

267 5=%J-j:|fl(x)—f2(x)|dx (17)
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where f1(x) is the PDF of the selected distribution; f>(x) is the PDF of the proposed distribution.

The results of ¢ for each case are also listed in Table 1. It can be seen from Table 1 that the
results of all ¢ values are very close to zero, which indicates the proposed distribution
demonstrates a high degree of accuracy in approximating the selected theoretical distributions

under different combinations of the first three moments.

Real-world datasets

In practical engineering, the distribution of statistical data is often a great concern. To further
evaluate the feasibility of the proposed distribution for approximating real-world scenarios, four
datasets, referred to as Sets A, B, C, and D, are analyzed in this subsection. Specifically, Set A
represents extreme wind speed data from the United States for 1990-2009, provided by the
National Institute of Standards and Technology (NIST 2023). Set B represents precipitation data
from Jimunai, located in the Irtysh River Basin, for the period 1961-2015, provided by the
National Tibetan Plateau Data Center (NTPDC) (Zhang 2021). Set C represents the moment
coefficients of a super high-rise building obtained from high-frequency force wind tunnel tests
(Xu et al. 2021). Set D represents air temperature observations in the upper reaches of the Amu
Darya in Tajikistan at altitudes ranging from 400 m to 4,000 m for 2019-2022, provided by the
NTPDC (Lan 2023). The sample sizes and the first three moments of these datasets are
presented in Table 2.

Figs. 5(a)—(d) present the histograms of Sets A—D, together with (i) the approximated PDFs
of the 2P distributions, including the normal, 2P lognormal, and inverse Gaussian distributions,

whose means and standard deviations are equal to those of the datasets, and (ii) the

16
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approximated PDFs of the 3P distributions, including the 3P lognormal, square normal, and the
proposed distributions, whose first three moments are equal to those of the datasets. The results
of the Chi-square tests (Alfredo and Wilson 1975) for all six distributions are summarized in
Table 3. The findings from Figs. 5(a)—(d) and Table 3 can be summarized as follows:

(1) Among the six distributions, the 2P distributions exhibit the greatest deviations from the
histograms of the datasets. Furthermore, when the dataset contains negative values, as in Sets
C and D, the 2P lognormal and inverse Gaussian distributions are inapplicable because their
definitions are restricted to the positive domain.

(2) The 3P distributions provide a closer approximation to the histograms than the 2P
distributions. However, when the skewness is large, as observed in Sets A and B, the square
normal distribution exhibits a relatively narrow support region that fails to cover the entire
region of the datasets.

(3) The proposed distribution provides a closer approximation to the histograms than both the
2P distributions and the other 3P distributions, consistently covering the entire range of the
datasets in all four cases. In particular, for Set C, the 3P lognormal and square normal
distributions are inapplicable, as their definition are restricted to zero skewness. In contrast, the

proposed distribution reduces to the standard normal distribution and remains a close

approximation.
Table 2. The sample size and the first three moments of the datasets
Set Sample size First three Tno.ments
Mean Standard deviation Skewness

A 12153 36.411 5.996 1.187
B 660 17.623 13.786 1.676
C 3122 0 0.102 0

D 25488 —1.753 11.927 —0.353
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Fig. 5. Comparison of the proposed distribution with selected distributions in fitting datasets

310
311 Table 3. Results of the Chi-square test for 2P and 3P distributions
Goodness of fit

Set Normal 2P Lognormal Inverse Gaussian 3P Lognormal  Square normal  Proposed
A 6326.77 988.79 986.42 343.62 N.A. 262.01
B 135.30 18.52 13.64 9.66 N.A. 6.65
C 18.82 N.A. N.A. N.A. N.A. 18.82
D 1195.08 N.A. N.A. 701.146 706.332 654.084

312  Note: N.A. indicates that the distribution is not applicable.

313
314  Application in reliability analysis
315 To further validate the applicability and accuracy of the proposed distribution for reliability

316  analysis, four numerical examples are studied. Example 1 investigates a simple nonlinear limit-
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state function as a preliminary test. Example 2 considers a two-degree-of-freedom system to
demonstrate the applicability of the proposed distribution to highly nonlinear limit-state
functions. Example 3 applies the proposed distribution to a Duffing oscillator subjected to
Gaussian white noise to analyze a structural dynamic reliability problem. Example 4
demonstrates the applicability of the proposed distribution to a seepage reliability problem

modeled using the finite element method.

Example 1: Simple nonlinear limit-state function

The first example investigates a simple nonlinear limit-state function(Luo et al. 2024), which

is defined as

X, -3 (X,-0l1
G(X)—X3+( s j ( 3 j+3.6 (18)

where X1, Xz, and X3 follow independent standard normal distributions.

The first four moments of the random variable G(X) are estimated using Monte Carlo
simulation (MCS) with 10¢ samples, yielding y;=8.076, o0,=2.935, a,;=0.777, and a,;

=3.936. Based on these moments, the PDFs and CDFs reconstructed using the 3P Gamma
distribution, 3P lognormal distribution, square normal distribution, the proposed distribution,
the 4P GLD, the 3P GLD, the Gram-Charlier expansion, and the Fisher expansion are shown in
Figs. 6(a) and 6(b), with the MCS results serving as a reference. As shown in Fig. 6(a), the PDFs
obtained from the Gram-Charlier expansion and the 3P GLD exhibit clear deviations from the
MCS PDF. The PDFs of the 4P GLD and the square normal distribution display slightly lower
peak values compared with the MCS result. The PDF obtained from the Fisher expansion
closely matches the peak of the MCS PDF, although noticeable discrepancies appear in the left

tail. In contrast, the PDFs reconstructed using the proposed distribution, the 3P Gamma

19



340

341

342

343

344

345

346

347

348

349

350

351

352

353

354

355

356

357

distribution, and the 3P lognormal distribution show close agreement with the MCS results. In
Fig. 6(b), it can be seen that the square normal distribution, the Fisher expansion, and the 4P
GLD do not fully cover the support region of G(X), resulting in a pronounced truncation of
their CDFs. Furthermore, the CDFs obtained from the Gram-Charlier expansion, the 3P GLD,
the 3P lognormal distribution, and the 3P Gamma distribution exhibit discernible deviations
from the MCS CDF in the left tail. In contrast, the CDF of the proposed distribution shows
excellent agreement with the MCS results, indicating its high accuracy in reconstructing the
distribution. Moreover, the MCS results inherently exhibit sampling variability, and the 95%
confidence interval (CI) is presented in Fig. 6(b). The proposed distribution lies within this

confidence interval, confirming that the estimated CDF is sufficiently accurate.

0.2 T T 100 E T T
3 - ——Mcs
Cmes - = = MCS 95% CI

— 3P Lognormal — 3P Lognormal

L S Square Normal
0.15 = E— 3P Gamma
= = = The Proposed
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4P GLD
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******** Fisher Expansion -

4P GLD
----3PGLD
e Gram—Charlier
-------- Fisher Expansion

0 5 10 15 20 25

10 15 20 25
G(X) G(X)
(a) PDF (b) CDF

Fig. 6. PDF and CDF in Example 1

Table 4 summarizes the L2 norms, reliability indices, and failure probabilities of the eight
models, with the L2 norms calculated using the MCS results (10° samples) as reference. As
shown in Table 4, the proposed distribution exhibits the smallest L2 norm value (3.413x107%),
indicating that it is the closest to the MCS results. In the reliability analysis, the results obtained
from the square normal and 3P Gamma distributions, the 4P GLD, and the Fisher expansion are

not applicable due to their limited support region. Moreover, the 3P lognormal distribution, the
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3P GLD, and the Gram-Charlier expansion yield considerable relative errors in the reliability

index, at 4.989%, 43.843%, and 14.135%, respectively. In contrast, the proposed distribution

yields a reliability index of 4.478, which is the closest to the MCS result of 4.450 in this example.

Therefore, the results demonstrate the high accuracy and broad applicability of the proposed

distribution model for this simple nonlinear problem.

Table 4. Comparison of reliability analysis results obtained from different models (Example 1)

Method MCS Proposed SN 3P Gamma 3P lognormal 4P GLD 3P GLD GC FE
L2 norm - 3.413x103  8.352x103  3.965x1073 6.336x1073 1.039x102  6.370x102 3.363x102  1.415x107
Py 43x10°%  3.760x10°¢ N.A. N.A. 1.486x10°° N.A. 6.234x1073  6.649x107 N.A.
s 4.450 4.478 N.A. N.A. 4.672 N.A. 2.499 3.821 N.A.
ep (%) - 0.629 N.A. N.A. 4.989 N.A. 43.843 14.135 N.A.

Note: Prindicates the failure probability; f indicates the reliability index; e indicates the relative error of the reliability index
between the distribution and the MCS. SN indicates the square normal; GC indicates the Gram-Charlier expansion; FE indicates

Fisher expansion.

Example 2: Strongly nonlinear limit-state function

The second example considers a two-degree-of-freedom oscillator system (Kiureghian and
Stefano 1991) subjected to white noise excitation with a spectral intensity So, as illustrated in
Fig. 7. The system is characterized by masses m, and m;, natural frequencies wy, and wy, spring
stiffnesses k, and ks, and damping ratios z, and zy, where the subscripts p and s refer to the

primary and secondary oscillators, respectively. The limit-state function is defined as

G(X)=F, -3k, | 220 e (Gorialo,
40| ¢,6 (452 +02)+ 5 4o,

(19)

in which,

o, = ,/kp /m, (20a)
o, =k, /m, (20b)
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o, =(0,+,)/2 (20c)

¢.=(¢,+¢,)/2 (20d)
y=mg,/m, (20e)
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where F denotes the force capacity of the secondary spring; w, and z, denote the average
frequency ratio and damping ratio, respectively; g denotes the mass ratio; gy denotes the

optimization parameter.

Fig. 7. Two-degree-of-freedom primary secondary system

In this example, eight parameters are treated as random variables, with their probability

information provided in Table 5. The first four moments of G(X) are calculated as 1,=17.491,

0,=10.117, a,;=1.214, and «a,;=5.720, respectively, which are provided by MCS with 10°

samples. Using these moments, the PDFs and CDFs of the eight parametric models were
obtained and are presented in Figs. 8(a) and 8(b). Fig. 8(a) illustrates that the PDFs derived
from the proposed distribution and the 3P lognormal distribution closely match the histogram
obtained from MCS, whereas those of the other six parametric models exhibit noticeable
deviations. Notably, the parameters determined from the first three moments constrain the
support region of the square normal distribution, resulting in truncation of its left tail, while the
Gram-Charlier expansion displays pronounced oscillations in the right tail. Fig. 8(b) shows that

the CDF of the proposed distribution is in good agreement with the CDF derived from MCS,
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401  whereas the CDFs of the other seven parametric models exhibit significant discrepancies. In
402  particular, the CDFs of the Gram-Charlier expansion, the 4P GLD, and the square normal
403  distribution fail to capture the tail region of the target distribution, with truncation observed in
404  the left tail. Furthermore, the CDF estimated by the proposed distribution lies entirely within
405  the 95% confidence interval of the MCS, thereby confirming the accuracy and robustness of
406  the proposed distribution in this example.
407
408 Table 5. Probability information of random variables (Example 2)
Variable Distribution Mean C.O.V. Skewness
mp (kg) Lognormal 1.00 0.05 0.150
ms (kg) Lognormal 0.01 0.05 0.150
ky, (N/m) Lognormal 1.00 0.10 0.301
ks (N/m) Lognormal 0.01 0.10 0.301
& Lognormal 0.05 0.15 0.453
& Lognormal 0.02 0.15 0.453
Fy (N) Lognormal 25 0.40 1.264
So (N) Lognormal 100 0.25 0.766
409 Note: C.O.V. indicates the coefficient of variation.
410
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N 3 — Square Normal Square Normal
0.04 £ W T 3P Gamma 4 10T E 4 3P Gamma E
' H | = = = The Proposed - = = The Proposed
i N 3 4P GLD 4P GLD
i \ - - - - Tukey lamb(%a B .- 3PGLD
i ; o -GAram—Charlle.r """ Gram—Charlier  §
' -—-=-= Fisher Expansion - Fisher Expansion ;
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G(X) G(X)
(a) PDF (b) CDF
Fig. 8. PDF and CDF in Example 2
411
412 Furthermore, Table 6 summarizes the L2 norm and the reliability analysis results derived
413  from eight models to further evaluate the accuracy of the proposed distribution. As shown in
414  Table 6, the proposed distribution yields a relatively small L2 norm value of 9.504x1073,
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415  indicating an acceptable level of approximation accuracy. In the reliability analysis, it is worth
416  noting that the 4P GLD, the square normal distribution, and the 3P Gamma distribution are
417  inapplicable due to their limited support regions. Although the 3P lognormal distribution, 3P
418  GLD, Gram-Charlier expansion, and Fisher expansion can be used to compute the reliability
419  index, they exhibit relatively large errors of 4.095%, 34.298%, 8.490%, and 22.690%,
420  respectively. In contrast, the reliability index derived from the proposed distribution (2.619) is

421  incloser agreement with the MCS result (2.662) than the indices obtained from the other models.

422
423 Table 6. Comparison of reliability analysis results obtained from different models (Example 2)
Method MCS Proposed SN 3P Gamma 3P lognormal 4P GLD 3P GLD GC FE
L2 norm - 9.504x103  3.512x102  1.922x1073 7.559%1073 1.201x102  4.807x102  4.638x102 1.552x1072
Pr 3.884x1073  4.416x107 N.A. N.A. 2.797x1073 N.A. 4.017x102  7.424x103  1.987x1072
p 2.662 2.619 N.A. N.A. 2.771 N.A. 1.749 2.436 2.056
ep (%) - 1.615 N.A. N.A. 4.095 N.A. 34.298 8.490 22.690
424

425  Example 3: Duffing oscillator under Gaussian white noise

426 The third example investigates a Duffing oscillator with uncertain parameters subjected to
427  Gaussian white noise and governed by (Ding and Xu 2021)

428 YO)+yY () +Y )+ €Y’ () = G(¢) 1)
429  where Y(¢), Y (), and Y (t) represent the displacement, velocity, and acceleration at time ¢,
430  respectively; G(¢)represents the Gaussian white noise; e represents the parameter controlling
431  the degree of non-linearity in the restoring force; g represents the damping control coefficient.
432 Both g and e follow lognormal distributions with means of 0.5 and 0.3, and standard deviations
433 0of 0.2 and 0.1, respectively.

434 The Gaussian white noise is expressed as

435 G(t,) = 0t )N27S | At (22)

24



436

437

438

439

440

441

442

443

444

445

446

447

448

449

450

451

452

453

454

455

where . = kAt (for k=0, 1, ..., n;) represents discrete time; Az =0.01 seconds represents the time
interval; 7' = 30 seconds is the time period; S = 1 is the spectral intensity; and 6(¢x) represents
the random variables involved in the Gaussian white noise, each following a standard normal
distribution. The total number of these variables is n; = T /At + 1 = 3001, and the total number
of all random variables is 2 + n; = 3003.

In this example, the primary quantity of interest is the maximum absolute displacement over
the time interval [0, 7], denoted by Z = max,, {|Y (t)|} Then the failure probability of the
stochastic system is given by

P, =Pr{Z =max {|Y ()|} > by,,. V1 €[0.T]} = L‘” £,(2)dz (23)
where biim= 6.5 represents the threshold that limits the symmetric bounds of the safe domain.

In this context, the first four moments and the entire distribution of Z are of great concern in
reliability analysis. Using MCS with 10¢ samples, the first four moments of Z are obtained as
u,=3.678, 0,=0.667, a,,=0.527,and a,,=3.520. Subsequently, the PDF and probability of
exceedance (POE) curves of Z are reconstructed for the eight parametric models based on these
moments, as shown in Fig. 9. Fig. 9(a) shows that the PDFs reconstructed by the square normal
distribution, the 3P GLD, and the Gram-Charlier expansion deviate from the MCS results,
whereas those of the proposed distribution and the other models closely match the MCS results.
Fig. 9(b) indicates that the POE curve of the proposed distribution closely matches the MCS
results and lies entirely within the 95% confidence interval, demonstrating the accuracy of the

proposed distribution in this example.
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Fig. 9. PDF and POE in Example 3

456
457 Furthermore, the L2 norm and reliability analysis results for the MCS and eight parametric
458  models are presented in Table 7. As shown in Table 7, the proposed distribution produces a
459  relatively small L2 norm value, indicating its good overall approximation performance.
460  Moreover, the reliability index computed using the proposed distribution (3.269) is closest to
461  that obtained by MCS (3.268). These results demonstrate the good accuracy of the proposed
462  distribution in this example.
463
464 Table 7. Comparison of reliability analysis results obtained from different models (Example 3)
Method MCS Proposed SN 3P Gamma 3P lognormal 4P GLD 3P GLD GC FE
L2 norm - 7.316x10°3 1315102 8.460x10°3  3.483x10°  1219x102  8.461x102  3.147x102  1.446x1072
Py 5420x10*  5388x10*  4.308x10*  4.348x10*  5.142x10*  6.826x10*  2.186x10*  1.582x10*  8.787x10°°
B 3.268 3.269 3.332 3.330 3.283 3.202 3.517 3.601 3.752
ep (%) - 0.031 1.958 1.897 0.551 2.020 7.619 10.190 14.810
465
466  Example 4: Seepage problem
467 The fourth example investigates the steady-state confined seepage beneath a dam (Dang et
468  al. 2025; Valdebenito et al. 2018). This dam is founded on an impermeable rock layer, above
469  which lie two permeable soil layers: a silty sand layer with a thickness of 15 m and a silty gravel

26



470

471

472

473

474

475

476

477

478

479

480

481

482

483

484

485

486

487

488

layer with a thickness of 5 m. A water column with a height of #p m is maintained on the
upstream side of the dam. The hydraulic head 4w over the impermeable layer is given by Ay =
hp+20 m. To mitigate excessive seepage, a cut-off wall is installed at the base of the dam. Water
flow is assumed to occur solely through the two permeable layers from segment AB to segment

CD. The hydraulic head is governed by the following partial differential equation, expressed as

2 2
ko, P yg P o212 (24)
T Ox “ 0Oy

where x and y represent the horizontal and vertical coordinates, respectively; kw,; and £y,
represent the horizontal and vertical permeabilities of the i-th layer, respectively. The

probability information of random variables is listed in Table 8.

Table 8. The probability information of the random variable

Variable Distribution Parameter 1 Parameter 2
kxx.1 (1077 m/s) Lognormal 5 0.50

kxx, 2 (107° m/s) Lognormal 5 0.15
kyy,1 (1077 m/s) Lognormal 2 0.15

kyy, 2 (107 m/s) Lognormal 2 0.15

hp (m) Uniform 7 10

Note: For /p, parameters 1 and 2 refer to the lower and upper bounds, respectively;
For the other variables, parameters 1 and 2 refer to the mean and C.0O.V., respectively

The boundary conditions associated with Eq. (24) consist of the hydraulic head along
segments AB and CD, while no-flow conditions are imposed on the remaining boundaries, as
previously described. Eq. (24) is solved using the finite element method with 1628 quadratic
triangular elements and 3413 nodes, as illustrated in Fig. 10. In this example, the hydraulic head
is determined by fixing the random variables at their means, as presented in Fig. 11.

Subsequently, the seepage flow g(X) on the downstream side of the dam is calculated as

9(X)==] k. %dx (25)
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where k> represents the vertical permeability of the second layer.
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Fig. 10. Schematic diagram of the confined seepage under the dam
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Fig. 11. Schematic diagram of the hydraulic head

In this example, the failure event is defined as the seepage flow exceeding a prescribed

threshold. The failure probability is formulated as

P, =Pr{g(X) > gy} = [ " g(x)dx (26)
where ¢, denotes the threshold value of 22 L/h/m.

Using MCS with 10° samples, the first four moments of ¢(X) are obtained as 1, = 10.209, o,
=2.723, a;,=0.741, and «,,=3.872. The response PDF and complementary CDF (CCDF)
curves are obtained using MCS and eight parametric models, including the 3P Gamma

distribution, 3P lognormal distribution, square normal distribution, the proposed distribution,

3P GLD, 4P GLD, Gram-Charlier expansion, and Fisher expansion, as shown in Fig. 12. Fig.
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12(a) shows that the PDFs of the square normal distribution, 4P GLD, 3P GLD, and the Gram-
Charlier expansion deviate significantly from the MCS results. In contrast, the PDFs of the
proposed distribution, 3P Gamma, and 3P lognormal distributions closely match the histogram
generated by MCS. Moreover, as illustrated in Fig. 12(b), the CCDFs of the 3P lognormal
distribution and 4P GLD deviate from the MCS results when the CCDFs are below 1073, while
those of the Gram-Charlier and Fisher expansions show notable deviations below 1072, The
CCDF of the 3P GLD also deviates when it falls below 10~!. By comparison, the CCDFs of the
proposed distribution, 3P Gamma distribution, and square normal distribution closely match
the MCS results and lie entirely within the 95% confidence interval, confirming the suitability

of the proposed distribution for reliability analysis.
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Fig. 12. PDF and CCDF in Example 4

To further evaluate the accuracy of the proposed distribution, Table 9 summarizes the L2
norm and reliability analysis results obtained using MCS and eight parametric models. As

shown in Table 9, the proposed distribution yields the smallest L2 norm value of 2.951x1073,
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516  indicating that it is closest to the MCS result. Moreover, the reliability index estimated by the
517  proposed distribution is 3.176, which is closest to the results from the MCS (3.171) compared
518  to the other models. Overall, the proposed distribution exhibits good agreement with the MCS
519  results in this example, demonstrating its accuracy for reliability analysis.
520
521 Table 9. Comparison of reliability analysis results obtained from different models (Example 4)
Method ~ MCS Proposed SN 3P Gamma 3P lognormal 4P GLD 3P GLD GC FE
L2 norm - 2.951x1073  8.370x10°  4.286x10°  3.768x10°  9.514x103  6.034x102  3.038x102  1.293x102
Py 7.6x10%  7.460x10*  7.270x10*  7.286x10*  8.943x10*  8.453x10“4 2.395x10*  1.655x10*  8.164x10°
3.171 3.176 3.184 3.183 3.123 3.140 3.492 3.590 3.770
ep (%) - 0.158 0.410 0.378 1.514 0.978 10.123 13.213 18.890
522
523  Conclusions
524 To match all possible first three moments of random variables, this study proposes a novel
525 3P distribution constructed based on the modified exponential third-moment normal
526  transformation. The flexibility and robustness of the proposed distribution were
527  comprehensively evaluated through comparisons with existing 3P distributions, approximations
528  to well-known theoretical distributions, approximations to real-world datasets, and applications
529  in structural reliability analysis. The following conclusions can be drawn:
530 (1) The proposed distribution can effectively fit arbitrary first three moments of random
531  variables, with a simple analytical form whose parameters are directly determined by these
532 moments.
533  (2) The proposed distribution, unlike existing 3P distributions based on third-moment normal
534  transformations, can reduce to the standard normal distribution when the skewness is zero.
535  (3) The proposed distribution demonstrates high flexibility, enabling accurate approximation of
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well-known theoretical distributions. Moreover, the proposed distribution provides accurate
approximations for four real-world datasets, demonstrating its practical applicability and
robustness.

(4) For simple nonlinear, highly nonlinear, static, and dynamic problems, the proposed
distribution can effectively approximate the response distribution estimated from MCS,
confirming its accuracy for reliability analysis.

In summary, the proposed distribution provides an effective approach to reconstruct an
unknown distribution by fitting its first three moments, making it applicable to various fields.
However, because it relies solely on the first three moments, any noise or bias in these estimates
will be directly propagated to the reconstructed PDF/CDF. Future research will investigate the
propagation of moment-estimation errors through parameter-reconstructed distributions.
Moreover, relying only on the first three moments may limit the ability of the proposed
distribution to accurately capture detailed tail behavior. A promising direction for future work
is to incorporate higher-order moments to further enhance its representational capability. In
addition, the proposed distribution is currently applicable to univariate, unimodal, and
moderately skewed cases. Future research will further evaluate and extend its applicability to
cases with more pronounced skewness. Additionally, future investigations are needed to extend
the proposed distribution to strongly heavy-tailed, highly skewed, bimodal, multimodal, and

multivariate distributions.

Appendix. Proof of the strict positivity of the du/dx

For the probability density function
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f(xs)=¢(u)j—“ A1)
X

S
to be valid, the derivative of the normal transformation must satisty

du/dx, >0, (xg,0,,)

(A.2)
From Eq. (11), the derivative of the exponential normal transformation is given as
du 5 3 ax|0£| ax|a|
—— = D[+ 2 () xexp[ XS (B2 A3
de88[ 2(20 )] 13[2(20 )] (A.3)
Introduce the substitution
z= % (% 1), h(z) =(z+ )&’ (A4)
so that Eq. (A.3) becomes
ﬂ=§+§x h(z) (A.5)
deg 8 8
The first and second derivatives of /(z) are expressed as
hW(z)=¢e(z+2), h"(z)=e"(z+3) (A.6)

and the unique stationary point satisfying #'(z)=0 is z=-2.

Because h"(-2)=e >0, this stationary point corresponds to a strict minimum, given as

h, =h(-2)=(2+1)e” =-¢

(A.7)
Substitution Eq. (A.7) into Eq. (A.3) , the minimum of du/dxg can be calculated as
du 5 3 5
—_— =—+—%x(—-e7)=0.574>0
[dxs Jmin 8 8 ( ) (A7)

Therefore, the derivative du/dx; is strictly positive for all Xg anda;, , establishing that

the exponential normal transformation is strictly monotonic. It follows that

lim u(xg,a,,)=-00, m u(x,,a;, )=+ (A.8)

Xg—>—0

and the CDF automatically satisfies
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F(~o0) = ®(—0) = 0, F(+00) = D(+0) =1 (A.9)

Moreover, the strict positivity of the derivative du/dx, ensures

f(xs)=¢(u)57u20 (A.10)

N

and guarantees proper normalization:
J.M S (xg)dxg = J.ﬂo P(u) dxs = J‘+°° P(u)du =1 (A.11)
—o0 —o0 6le —00

Therefore, the proposed exponential normal transformation yields a valid PDF for any

combination of the first three moments.
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