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Abstract

Geometric uncertainty poses a significant challenge in many engineering sub-disciplines ranging
from structural design to manufacturing processes, often attributed to the underlying manufac-
turing technology and operating conditions. When combined with geometric complexity, this
phenomenon can result in substantial disparities between numerical predictions and the actual
behavior of mechanical systems. One of the underlying causes lies in the initial design phase,
where insufficient information impedes the development of robust numerical models due to epis-
temic uncertainty in system dimensions. In such cases, set-based methods, like intervals, prove
useful for characterizing these uncertainties by employing lower and upper bounds to define un-
certain input parameters. Nevertheless, employing interval methods for treating geometric uncer-
tainties can become computationally demanding, especially when traditional methods like finite
element analysis (FEA) are utilized to represent the system. This is due to the necessity of per-
forming iterative analyses for different realizations of geometry within the bounds of uncertain
parameters, requiring the repeated execution of the meshing process and thereby escalating the
numerical effort. Moreover, the process of remeshing introduces a second challenge by disrupting
the continuity of the underlying optimization problem inherent in interval analysis, further com-
plicating the computational procedure. In this work, the potential of Isogeometric Analysis (IGA)
for quantifying geometric uncertainties characterized by intervals is explored. IGA utilizes the
same basis functions, Non-Uniform Rational B-Splines (NURBS), employed in Computer-Aided

Design (CAD) to approximate solution fields in numerical analysis. This integration enhances
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the accurate description of complex shapes and interfaces while maintaining geometric fidelity
throughout the simulation process. The primary advantage of employing IGA for uncertainty
quantification lies in its ability to control the system’s geometry through the position of control
points, which define the shape of NURBS. Consequently, alterations in the model’s geometry can
be achieved by varying the position of these control points, thereby bypassing the numerical costs
associated with remeshing when performing uncertainty quantification considering intervals. To
propagate geometric uncertainties, a gradient-based optimization (GBO) algorithm is applied to
determine the lower and upper bounds of the system response. The corresponding sensitivities
are computed from the IGA model with a variational approach. Two case studies involving linear
systems with uncertain geometric parameters demonstrate that the proposed strategy accurately

estimates uncertain stress triaxiality.

Keywords: Isogeometric analysis (IGA), Geometric uncertainty, Interval analysis, Variational

Sensitivity Analysis, Stress Triaxiality.

Highlights:
e Proposes Isogeometric Analysis (IGA) to handle geometric uncertainties.
e Geometric uncertainties are propagated without the need for remeshing procedures.
e Incorporates variational sensitivity analysis for efficient propagation of interval uncertainties.

e Validates efficiency through stress triaxiality analysis in both 2D and 3D mechanical systems.

1. Introduction

Geometric uncertainties are prevalent in fields as diverse as aerospace, automotive, robotics,
and civil, mechanical, and biomedical engineering, where precision and robustness are paramount [1].
These uncertainties can pose significant challenges to ensuring the performance and safety of crit-
ical systems. In industrial manufacturing, for example, geometric uncertainties play a critical role
in the design and production process. For such reason, manufacturing geometric uncertainty will
be the focus of this work. Manufacturing geometric uncertainty involves discrepancies between

nominal models and the actual behavior of a component, potentially resulting in inaccuracies in



57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

76

7

78

79

80

81

82

83

84

85

86

87

dimensions, shape, and tolerances of the manufactured part [2, 3]. This phenomenon can con-
tribute to diminished working efficiency, variations in the performance of mechanical systems, as
well as decreased service life and operational reliability [4, 5]. Various sources can contribute to
geometric uncertainties in manufacturing processes. For instance, wear and deflection of cutting
tools may lead to deviations from the intended geometry during machining processes [6]. In-
accuracies and imperfections in the machine tool itself, such as backlash, thermal expansion, or
misalignment, can also introduce geometric uncertainties [7, 8, 9]. Additionally, elastic and plastic
deformation of materials during machining or forming processes may induce deviations from the
desired geometry [10]. Moreover, inconsistent or imprecise fixtures and clamping mechanisms can
introduce variations in part positioning, impacting the final geometry [I1]. Since all these causes
can affect the final operating conditions of the system, such geometric uncertainties must be taken
into account to accurately study the behavior of mechanical components.

The geometry information available during the initial design phase is typically limited and
inaccurate due to the aforementioned manufacturing sources of geometric uncertainty. This lack
of knowledge impedes the development of robust numerical models due to epistemic uncertainty
in system dimensions. In recent years, set-based methods have been developed to address un-
certainty arising from information scarcity [12], [13]. These methods have been widely applied to
estimate system responses resulting from epistemic uncertainty, including fuzzy analysis [14] [15],
imprecise probabilities [16] [17], and interval analysis [I8, 19, 20, 21]. Among these techniques,
interval analysis has proven particularly practical when dealing with limited information [22], 23].
In interval analysis, a parameter affected by epistemic uncertainty is defined by lower and upper
bounds [24]. This approach is especially suitable at an earlier stage of design when only the range
of variation of the uncertain parameters is known, and the available information is insufficient to
determine the nature of the distribution within the interval [25]. Once uncertainty is described by
intervals, it is necessary to propagate this uncertainty to the response of interest (e.g., displace-
ments, strains, and stresses). Traditionally, interval uncertain parameters are propagated through
a finite element model (FE) to obtain information about the extremes of the system response using
a global optimization approach [26]. Nevertheless, performing interval analysis can be computa-
tionally expensive, especially for complex models with numerous uncertain parameters [27]. The
need to repeatedly evaluate the numerical model over different interval realizations increases the

computational cost. This cost is even higher when geometric parameters are uncertain, as in the
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case of manufacturing uncertainties. This is because each of these evaluations requires rebuilding
the finite element geometry (i.e., the mesh), which is costly, time-consuming, and increases the in-
accuracy of the geometry representation. Moreover, a second problem with remeshing procedures
is that it destroys the continuity of the optimization problem underlying interval analysis.

The motivation for this paper is to explore the potential of Isogeometric Analysis (IGA) [2§]
for quantifying geometric uncertainties characterized by intervals. In this technique, geometries
described by Non-Uniform Rational B-Splines (NURBS) based on Computer-Aided Design (CAD)
are used directly in the analysis framework, without performing any geometric approximation
as in the Finite Element Analysis (FEA) [29]. Therefore, the main principle of IGA is to use
NURBS basis functions to construct and manipulate the exact shape of CAD geometries and
as a means for their numerical analysis [30]. Notably, NURBS exhibit meaningful properties,
including non-negativity, unit partitioning, local support, and smoothness, ensuring high-order
continuity between elements [31]. As a result, one of the main advantages of IGA is its geometric
accuracy [32], no matter how coarse the discretization may be [28]. Since IGA allows users to
easily handle complex geometries, this technique seems suitable for uncertainty quantification
(UQ) [31]. To the best of our knowledge, a few applications of IGA for UQ have been developed.
The work of [33] uses the Stochastic Isogeometric Analysis (SIGA) to study the free vibration of
functionally graded plates with spatially varying random material properties. In their work, the
elastic modulus and mass density were considered uncertain properties, which were modeled as
homogeneous Gaussian random fields. Spectral stochastic isogeometric analysis (SSIGA) [34] for
stochastic linear elasticity problems considering spatially dependent uncertain Young’s modulus
has also been investigated. The contribution of [35] proposes an IGA-based framework for solving
the uncertainty problem of composite shells. The work of [36] presents a framework for uncertainty
quantification and robust shape optimization of acoustic structures. The approach is based on
the Boundary Element Method (BEM) and the Polynomial Chaos Expansion (PCE), where an
IGA BEM is used to calculate shape sensitivities. Another contribution of SIGA to the analysis
of shape uncertainty has been proposed by [37], where the authors combine IGA and PCE to
address uncertainty described by random fields. Nevertheless, the application of IGA to quantify
geometric uncertainties under limited data has not been explored. Hence, it is the object of this
work to examine its coupling with interval analysis. When using IGA to model a system, the

geometry can be controlled by the position of the control points that define the shape of the
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NURBS [38]. This is an advantage for quantifying geometric uncertainty. This is because the
control points define the control mesh, which represents the physical structure of the system.
As a result, it is possible to modify the model geometry and obtain the updated field solutions
without going through the remeshing process [39, 40]. Therefore, by manipulating the geometry
through changes in the position of the control points, it is possible to avoid the numerical cost of
performing interval analysis using classical finite element analysis with remeshing.

For the propagation of geometric uncertainties, applying a gradient-based optimization (GBO)
algorithm [41] is proposed to determine both the lower and upper bounds of the system response.
The gradient of the objective function is calculated concerning each geometric uncertain param-
eter, from the sensitivities of the IGA model. Exploiting the key benefit of IGA to manipulate
the geometry, a variational formulation that allows the simultaneous computation of structural
response and sensitivities is applied [42]. A parameterization of the NURBS control point ma-
trix is applied to guide FE users in the use of IGA for uncertainty quantification. The proposed
strategy is tested for estimating uncertain stress triaxiality in a linear 2D hook system with un-
certain radius and thickness, and in a linear 3D horseshoe shape with four uncertain geometric
parameters.

The rest of the paper is organized as follows. The governing equations for the class of systems
considered in this work are presented in Section [2J The definition of the response of interest as
well as the influence of geometric uncertainty on the associated stress triaxiality response is also
explained. Section |3| presents the approach used to describe the uncertain parameters associated
with the geometry using interval analysis. The disadvantages of interval analysis for uncertainty
propagation in the context of FEA are discussed in detail. Section [] provides the basics of IGA
analysis and the formulation of the sensitivity analysis. The applied uncertainty propagation
scheme is presented in Section [ using the GBO algorithm. The implementation of the proposed

technique is illustrated and discussed in Section [} Conclusions are drawn in Section [7]

2. Formulation of the problem

2.1. Governing equations

Consider a linear system under the influence of static loads. It is considered that the parameters
that characterize the geometry of the system (e.g., lengths, thicknesses, curvatures) cannot be

accurately determined due to problems such as lack of knowledge, vagueness, and imprecision of
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data resulting from manufacturing processes. Consequently, the geometric input parameters are
affected by epistemic uncertainty. These parameters are collected in a vector @ of dimension n,.
Typically, a set of partial differential equations (PDEs) must be solved to perform a structural
design calculation for this system. The approximate solution of these PDEs is usually provided
by a numerical model M(x). This numerical model M(x) can be constructed using the Finite
Element Method (FEM) [43], Finite Difference Method (FDM) [44], Boundary Element Method
(BEM) [45], or Isogeometric Analysis (IGA) [28], among others. Note that the model M/(x)
depends on the geometric uncertain parameters x. In addition, through the application of these

methods, the model yields a response y, which is defined as,

M(z) : y = m(x) (1)

where m is a response function operator that maps the geometric uncertain input parameters
x to the output response y. This response can encompass various quantities of interest, such as
displacements, stresses, or strain fields. Note that the behavior of the system, given by its response
y, is influenced by uncertain geometric variables  during the mapping with m. As a result, the
response of the system is subject to uncertainties as well. The response of interest considered in
this paper is discussed in Section

Notably, the construction of the numerical model M(x) using the traditional finite element
method can involve significant computational effort, especially when the uncertainty relates to ge-
ometry. Firstly, a large number of degrees-of-freedom are typically required to discretely represent
a system with traditional FEA, to accurately capture its real behavior. This becomes especially
challenging when dealing with complex geometries. Secondly, the discretization step involves
defining a finite element mesh that approximates the system’s real geometry. To capture uncer-
tainties in the geometry, this mesh needs redefinition whenever the geometry changes. As a result,
the numerical model M (x) must be constructed at a high level of detail to accurately capture the
complex geometry of the system and is further dependent on the mesh definition. Consequently,
obtaining a solution for Eq. may not be straightforward in the presence of geometric uncer-
tainty. Therefore, exploring alternative methods becomes essential to reduce computational costs
and increase efficiency when analyzing systems with complex geometries and uncertain parame-
ters. Hence, this paper investigates Isogeometric Analysis (IGA) as an alternative method due to

its advantages in handling geometry. The basis of this technique will be discussed in Section [}
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2.2. Stress triaziality

As mentioned above, it is of interest to investigate a response related to the system defined
in Eq. , e.g. for design purposes. In mechanical analysis and especially in manufacturing
design, users are interested in studying damage states [46], as well as initiation of fracture pro-
cesses [47]. For this purpose, analyzing the stresses resulting from the numerical simulation M ()
is crucial. In particular, stress triaxiality is one of the most important factors in controlling such
problems [48]. The stress triaxiality index provides useful insight into material performance under
complex loading conditions. This helps in the design and optimization of structural components
to improve performance and service life. By definition, stress triaxiality ost(x) is the ratio of
the hydrostatic stress om(x) to a deformation-related deviatoric stress contribution oy (x). In

mathematical terms,
el 2)
ov(x)

g ST(a:) =
where, for general plane stress conditions, the hydrostatic stress corresponds to,

O'11<£C) + 022<£C>
2

(3)

JM(w) =

where 017 and 099 are the principal stresses, and the deviatoric stress contribution can be consid-

ered as the equivalent von Mises stress,

ov(z) = \/ ot () + 035(®) — on ()02 () + 301,(z) (4)

where o15() is the shear stress.
If the analysis is performed in a 3D system, then the hydrostatic stress is equivalent to the

following

(@) = Str (o(@)). (5)

where o is the Cauchy stress tensor.

In the same way, the equivalent von Mises stress corresponds to,
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where o33 is the principal stress, and g93 and o3; are the shear stresses.

Note that since it is assumed that the geometric properties of the system are affected by
epistemic uncertainty, the stress triaxiality ost(x) also depends on these geometric uncertainties,
which are collected in the vector &. Moreover, this uncertainty is also reflected in the von Mises
ov(x) and hydrostatic oy (x) stresses. For example, consider a plate whose thickness varies along
its domain. This variation can cause differences in hydrostatic stress at different locations, re-
sulting in different magnitudes of stress triaxiality along the plate domain. In addition, if the
plate has holes, inaccuracies in the shape, curvature, and location of the holes can cause stress
concentration effects that change the stress state in the vicinity of the holes, thus varying the
stress triaxiality.

Once the response of the system (ost(x) for this work) and the n, geometric uncertain param-
eters are identified, the next step is to characterize the uncertainty in those parameters. There
are several techniques to characterize the uncertainty that affects stress triaxiality. One way is to
resort to interval analysis following a set-based method. The next section discusses the essential

definitions for incorporating this uncertainty using interval analysis.

3. Interval analysis

3.1. Interval theory

At an early design stage, the available data concerning the location of holes, thicknesses of
elements, lengths, and shapes can be highly affected by epistemic uncertainty. In these cases,
the source of uncertainty is due to a lack of knowledge produced by, for example, manufacturing
processes, as was discussed in the previous sections. Typically, this data is not sufficient to build a
robust numerical model to predict the behavior of mechanical components. One way to represent
this type of uncertainty is to resort to interval analysis [24]. This technique has been extensively
studied in finite element analysis to characterize the uncertainty in system input parameters (e.g.,

material properties and loading conditions) [49]. An interval or interval scalar is a convex subset



22 of the domain of real numbers R. An interval-valued parameter z! is defined by,

N

o' =[z7]={reR[z<a <7} (7)

23 where z represents the lower bound and Z corresponds to the upper bound of z!. Therefore, z!

24 contains all possible values that an uncertain input parameter can take, with no assumption made

N

»s regarding the likelihood of those values [19]. For a better description of an interval quantity, the

N

2

N

s center or midpoint p,s and the interval radius Az’ are usually defined. The center of the interval

27 is defined as,

N

T+ 7
Hot = = (8)
28 and the interval radius corresponds to,
r—x
Ax! = = 9)
2
220 In most cases, there is more than one uncertain parameter. In this situation, the definition of

I

230 an interval vector is useful. An interval vector &’ is a vector in which each element is an interval,

W

4 I\
Iy

T3
' ={ " p={zeR" |z e} (10)

» with &/ € IR?, the domain of closed real-valued interval vectors of size a. Similarly, interval

22 matrices are defined in TR**® following the expression,

\
1 I 1

Tip Tig - Ty
I I I
I _ 21 22 2b - axb I
XT=¢ 7 7 7 H={XeR"|um;ecaf} (11)
I I I
L La1 Loz "0 Lgp )

233 In Eq. and , all indices in interval vectors and matrices are assumed to be independent.
2 Consequently, an a-dimensional interval vector describes a hypercube in a-dimensional space. The

2 lower and upper bounds of the interval scalar entries in the interval vector ! determine the vertices
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of this hypercube [49] 26].

3.2. Interval analysis

The basic idea of interval analysis is to search, from a hypercube ! representing the uncer-
tain input parameters, for those parameter realizations that yield the extreme response of the
system [26]. If the n, uncertain geometric parameters & of Eq. are characterized through
intervals (that is, '), then the response of the system y will be approximated by the smallest
hypercube y’. Typically y! is calculated following a global optimization approach. In the case
that the response of interest is scalar y!, e.g. stress triaxiality (see Eq. ), the optimization

problem corresponds to,

y = min m(x) (12)

- zex!

y = maxm(z) (13)
Trex

where y! = ly, 9] is the interval response of the system which is defined by its lower y and upper
y bounds. In the context of the global optimization approach (see e.g., [50], [51]), repeated de-
terministic analyses are required to find the lower and upper bounds of the response, exploring
various realizations of the uncertain geometric input parameters. Undoubtedly, the numerical
cost associated with finding both bounds of the response is directly influenced by the nature of
m(x) and, hence, the response. If the response of the deterministic system varies monotonically
concerning the uncertain parameters, the Vertex Method [52], ensures an exact result for opti-
mizing the interval problem defined in Eq. and . On the contrary, if the behavior of m
is non-monotonic, the accuracy of this approach quickly breaks down due to the limited number
of sample points considered to find y’ [26]. For the cases where m is non-monotonic, the opti-
mization procedure can be performed using black-box optimization routines [53] [54] or surrogate
models [55, [56]. Note that the use of surrogate models helps to reduce the cost of finding y and
9. Nevertheless, the main challenge in this context is to build an accurate approximate response
model, which can be quite difficult to achieve when the uncertainty is in the geometry.

The method used to construct M(x) also has a strong influence on the numerical cost of
finding the response of interest (solution of Eq. and ) Especially when using the finite
element method and considering that the uncertainty is in the geometry, it would be necessary
to modify the discrete representation of the system (i.e. the mesh) for each of the realizations

required to find the bounds of the response during the optimization stage. This disadvantage is
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caused by decoupling the meshing procedure and the numerical calculation of the field responses.
One way to deal with this difficulty is to use a method that allows one to handle both geometry
and solution fields simultaneously. The following section presents Isogeometric Analysis as a viable

alternative for propagating geometric uncertainty:.

4. Isogeometric analysis model

4.1. Structural response

The Isogeometric Analysis (IGA) was first proposed by Hughes et al., [28], as a means to
parametrize the geometry associated with solid bodies analyzed using Finite Element Analysis
(FEA). Both methods share basic ideas, however, in contrast to FEA in IGA the geometry
of the analyzed structure is not approximated by polynomial shape functions (e.g. Lagrangian
basis functions) but described by a smooth geometry description used in Computer-Aided De-
sign (CAD). Mostly, these descriptions are based on Non-Uniform Rational B-splines (NURBS).
NURBS curves, surfaces, and volumes can be defined by knot vectors & and control points. The

knot vectors must have n + p + 1 increasing entries called knots &; of the form

E={4& .. .&pr1) (14)

and define the parametric space as well as the NURBS order p. It also defines the CP~'=* continuity
conditions at the knots, where k& denotes the number of repetitions of a specific knot in the knot

vector E. Further, n is the total number of NURBS basis functions that are defined by,

N, . ' Nep
R, (&) = wW—(E()g)’ 1<i<p+1, with W() = ;wiNi,p(ﬁ), (15)

where ng, is the total number of NURBS control points, w; > 0 are weight factors and 1V;, are
B-spline basis functions of order p defined by the Cox-de Boor recursive formulas, cf. e.g. [30, 39].

NURBS curves C(&) and surfaces S(§,n) are respectively described by,

C(§) = Z Rip(§)Ps, S(&,m) = Z ZRz‘,p(f)Rj,q(n)Pi,ja (16)

i=1 j=1

where P stores the control point coordinates, and m and ¢ correspond to the number of NURBS

basis functions, and the NURBS order in the second space dimension, respectively. Note that
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n represents a second parametric dimension (i.e. knots in the direction of the second space
dimension), which is collected in the knot vector H. This knot vector H can be defined following
Eq. . Note also that this description can be extended to define volumes, which requires the
addition of a third parametric coordinate.

In this work, problems of linear elasticity are tackled, as introduced in Section [2 Similar to
standard FEA formulations, the starting point to define the field responses is the Weak Form of
Equilibrium

R(U,V)z/ﬂe(u);(c;g(v)dv_/

b-VdV—/ t-vdA, (17)
Q o0

where R(u, v) represents the residual form of the equilibrium equation, € denotes the linear strain
tensor, and C is the fourth order linear elasticity tensor. u and v are the displacement field and
test function vectors (also known as virtual displacement field), and b and t are the body and
traction force vectors, respectively. The physical space domain €2 is discretized using sub-domains
called elements or knot-spans €. that are defined in the parametric space {2 by the structure of

the knot vectors (i.e., E and H in two-dimensional cases).

Element approximations of geometry X", displacements u” and test functions v" read,

e e e
cp Nep Nep

X" = Ri(&n)Pi=NP,, u" =% Ri(&nu =Nu, v'=3 Ri(&nv;=Nv,  (18)

i=1 i=1 i=1

n

where R;(§,n) = Rip(§)R;4(n), N is the matrix of shape functions, and ng, is the number of
control points of an element €2.. P., u., and v, are the control point matrix, displacements, and
test functions, per element, respectively.

Using this matrix notation, the symmetric linear strains can be approximated by,

ne

s(uh) = Z Biui = Bue and €(Vh) = Z Bivi = BV67 (19)
=1

=1

with the strain-displacement matrix B and the matrix of shape functions N given by,

Riz 0 ... Re. O
i Rl 0 ... Rge O

B=|0 Ry, .. 0 R ,| and N= P : (20)
g 0 R ... 0 Ry
Rl,y Rl,w Rngp,m Rngp,x "

12
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It is important to highlight that the discretized matrix form of the weak equilibrium equation (see

Eq. ) only differs from the FEA formulation by the choice of the shape functions, viz.

e

R.=v/R.,=v] U B'CBdV u, — / N'bdV — / NTtdA} =v, [Ku, —f], (21)
€ e 8Qe

where R, is the residual of the elemental equilibrium equation, R, represents the elemental internal

force vector, and C is the constitutive matrix, which characterizes the material properties.
Assembling all elements and identifying the first integral of Eq. as the element stiffness

matrix K., and the other two as element force vector f., and excluding the trivial solution v = 0,

the discrete system of equations for solving the solution of the displacements reads,

Ne

U [Keu, — f.] = Ku— F =0, (22)

e=1
where (J'¢ | represents a union operation over all ny elements in the discretized domain, K is the
stiffness matrix of the system, F is the force vector, and u the displacement. It is noteworthy
that, unlike FEA, in IGA the response in displacements is given in the positions of the control
points. With the solution of Eq. any response function of interest can be computed within a
post-processing step similar to FEA [29]. In this study, the so-called stress triaxiality is focused,
cf. Eq. . To provide a clearer understanding of how the system’s response is obtained at
control points, Figure [I] illustrates the key domains involved in integration in the IGA process,
emphasizing the transition from the physical domain to the parametric and parent domains (red
arrows in the figure). Figure [I] first shows the physical domain in light blue, which represents
the actual geometry of the system under study. For real-world problems, this domain is often
complex and may include curved shapes, as shown in the figure. Within this domain, an element
Q. is highlighted in orange to indicate the current region where the analysis is being performed.
Note that given the definition of the control points and knot vectors, four elements are used
to represent the system. Also, note that the control points are not necessarily part of physical
space. Moreover, observe that the control points are connected by the control mesh. The physical
domain is then mapped onto the parametric domain (see element €.). Unlike traditional FEA
where the physical space is directly discretized, IGA relies on this intermediate parametric space.
The parametric domain is structured in a grid format defined by knot-related coordinates. The

dimensions and continuity of this space are determined by the associated knot vectors and the
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order p of the NURBS, as shown in Egs. and . This parametric domain plays a critical
role in the IGA process because it allows for the accurate representation of elements within the
physical domain using NURBS-based shape functions. Finally, the elements within the parametric
domain are further mapped to the parent domain, a standardized space commonly used in FEA.
The solution of the PDE is ultimately obtained at the knots within the parametric domain and
then mapped back into physical space. For this mapping, it is necessary to construct a mesh in
physical space for visualization purposes. Furthermore, using post-processing techniques, like in
FEA, it is possible to obtain the desired response of interest [30]. A detailed explanation of the
mappings used to integrate in Isogeometric Analysis can be found in [28]. It is important to note
that while mesh refinement techniques exist within the IGA framework, they are beyond the scope
of this study and are not explored in this work.

Since the objective of this work is to apply a gradient-based optimization scheme to propagate
efficiently the geometric uncertainties during the interval analysis, the next subsection discusses

the procedure to obtain the sensitivities of the response.

Physical domain Parent domain
Control mesh

7 A
. Control points

\J

\
\
\
D
2
Iy

. . -1
Parametric domain

Mj+1

-

Qe
&i Siv1
¢

Figure 1: Domains used for integration in Isogeometric Analysis.

4.2. Geometric sensitivity analysis

Design sensitivity analysis helps to quantify the change of any response function f(u(x),x),
e.g. stress or strain measures, concerning alterations in chosen design (uncertain) parameters .

In the following, the sensitivity relations are derived for the depicted linear elastic model, with
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respect to the model geometry X. By employing variational sensitivity analysis, as discussed in

e.g. [57, 42], this change can be expressed as

5f = 6,f +0xf = {%} 5u+{g—}f(} 5X. (23)

Following the direct differentiation method (DDM), Eq. has to hold for any design variation
0X, i.e. forcing a design change to satisfy the weak equilibrium condition resulting in its vanishing

total variation

dR(u,v,0u,0X) = 0,R(u,v,du) + oxR(u,v,0X) = 0. (24)

Using the same discretization concepts as described above, both variations in Eq. can be
approximated by
SuR(u,v,0u) ~ 6,R(u" v" su") = v K ju (25)

and

SxR(u,v,6X) = dx R(u", v", 6X") = vTQP. (26)

Here, K denotes the global stiffness matrix, cf. Eq. (22), P is the control points matrix, and Q

is the global pseudo-load matrix that can be derived to

Nel

Q= U Q. = U/ > Y [o(LL] - L) - B/CB,H] dV, (27)
e=1 e=178

where Q. corresponds to the element pseudo-load matrix and H represents the approximation of
the element displacement gradient. Further, L; is the column matrix of shape function derivatives

for the i-th control point, viz.

H= Vue = i UlL;r and Lz = [Rz,m Ri’y]—r . (28>

Here, ng, denotes the number of control points of the element e. For a detailed derivation of
Egs. — ([28)), the interested reader is referred to e.g. [58]. Again, excluding the trivial solution
v = 0, the total response sensitivity matrix S can be identified by rearranging the discrete total

variation of the weak equilibrium condition

Kéu=-QJ/P = du=—-K Q6P =S/P. (29)
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With the above-described variational method, the discrete sensitivity relation of the stress

triaxiality can be expressed by

(30)

aO'M oo 60\/ oo

50‘51' _ |:8O'5T 80,\4 + 80’51' 80\/} So

Here, the computation of the partial derivatives is straightforward. According to Eq. together
with Eq. , the total variation of the stress tensor reads

Jo Jo
do = {%S + a—P} oP. (31)

It should be noted that not all control point coordinates are necessarily selected as design
variables. In specific cases, it may be advantageous to identify a parameterization that allows for
the definition of sensitivity relations e.g. regarding some geometric parameters such as lengths
and radii. In these cases, a projection of the above-derived sensitivity equations utilizing a design-
velocity matrix D of the form

0P =Ddx (32)

is useful, where x denote the aforementioned uncertain geometric parameters of interest. With

this definition in Eq. , the projection of Eq. reads

Jo Jo
do = {%S + G_P} Dizx. (33)

Observe how now the total variation of the stress tensor takes into account the derivatives with
respect to the uncertain parameters. The described isogeometric model has been implemented in
MatLab utilizing the NURBS toolbox, cf. [59] and the formulations mostly follow those described
in [30].

5. Proposed strategy for uncertainty propagation

5.1. General remarks

The previous section defined Isogeometric Analysis (IGA) as a powerful tool for determining
field responses in a numerical model using the same basis functions that define the geometry. Addi-
tionally, it described how to compute the sensitivities of these field responses concerning uncertain

parameters through a variational formulation. To use IGA for propagating geometric uncertainties
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characterized as interval variables, it is crucial to strategically define the locations of control points
based on geometric parameters such as radius, thickness, length, etc. This approach is effective
because, in IGA with variational formulation, the system response and sensitivities are obtained
simultaneously at the control points. Nevertheless, the control points are not necessarily located
within the actual geometry of the system (as shown in Figure . Therefore, when calculating the
response and sensitivities, it is necessary to map them from being functions of the control points
(see Eq. (1)) to being functions of the uncertain geometric parameters (see Eq. (33)). Note that
this assumes that the response and its sensitivities have already been calculated at the location of
the control points, as explained in Section [4] For a comprehensive description of this procedure,
the reader is referred to [29] and [30]. Once the sensitivities with respect to the control points
are mapped to depend on the uncertain parameters, this information can be used to perform the
optimization for the interval analysis, i.e., to find the lower (Eq. (12))) and upper (Eq. (13))) bounds

of the response. This procedure is described in the next subsection.

5.2. Gradient-based optimization

Section [3.2] explained that interval analysis attempts to find the bounds of the response of
interest, given the characterization of uncertain geometric parameters as intervals. One way to
find these bounds is to use a gradient-based algorithm. Gradient-based optimization (GBO) is a
widely used method for finding the minimum or maximum of a function by iteratively descending
based on the direction of the gradient [41]. In this work, since information on the sensitivity of the
response concerning uncertain parameters is available, this method seems appropriate for interval
analysis. The GBO scheme used in this paper corresponds to the trust-region algorithm [60].
The trust-region algorithm in MatLab approximates the objective function with a simpler model
within a neighborhood called the trust region. It often uses Sequential Quadratic Programming
(SQP) techniques to solve the trust-region subproblem, which involves minimizing a quadratic
model subject to a constraint within the trust region. The gradient information is crucial in
this process, as it helps in the construction of the quadratic model and guides the direction of the
search. The algorithm ensures robust convergence, especially for nonlinear optimization problems,

by iteratively updating the size of the confidence region based on the accuracy of the model [61].

5.8. Summary of the proposed strategy
The following steps, which are also shown in Figure 2| summarize the proposed methodol-

ogy for performing an Isogeometric Analysis considering that the uncertainty in the geometry is
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represented by intervals.

1. Define the numerical model (Eq. and (22)) and the response of interest (Eq. (2)).
Identify the uncertain geometric parameters & of the model.

Define the uncertainty in the geometric parameters using intervals ! (Eq. )

= W

Set the control point matrix P according to the desired geometry, in terms of the uncertain

geometric parameters .

5. Compute the sensitivities of the control points matrix concerning the uncertain geometric

parameters, i.e. compute the design-velocity matrix D.

6. Set up the NURBS associated with the model: curves, surfaces, and volumes (Eq. (L6)).

7. Apply gradient-based optimization to define the lower y and upper 7 bounds of the response.

(a) Perform Isogeometric Analysis (IGA) to calculate the response of interest (Eqgs. (]
and (22))) and its sensitivities (Eq. (33)) using a variational analysis, i.e., compute the
response and sensitivities at the control points.

(b) Post-process IGA response and obtain sensitivities depending on geometric uncertain

parameters x using the sensitivities calculated in [5]

Note that the sequence of steps [ and [] is not mandatory and can be performed in any order.
The sensitivities calculated in Step [5| depend on the parametric definition of the control point
matrix P and are unaffected by the subsequent NURBS model setup in Step [f] However, the
existing order is maintained for logical clarity and to facilitate the gradient-based optimization

process in Step [7}

6. Illustrative examples

6.1. 2D Linear Hook

The proposed methodology is applied to estimate the maximum stress triaxiality of a linear
two-dimensional steel hook system. The base end of the hook is fixed and a load of 20 kN is applied
to the top end. The material properties of the hook system are assumed deterministic and equal
to £ = 2 x 10°N/mm? for Young’s modulus and v = 0.3 for Poisson’s ratio. The plane stress
conditions are assumed. Regarding the geometry of the system, it is assumed that the value of the
radius and thickness are uncertain due to the lack of knowledge at the early design stage. These

geometric quantities are characterized by the intervals ! = [10,50] mm and ¢/ = [15,40] mm, for
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Figure 2: Flowchart of Isogeometric Analysis for quantifying geometric uncertainties characterized by intervals.
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the radius and thickness, respectively. Note that these wide ranges are defined to emphasize the
high degree of uncertainty that can exist at this design stage. Figure [3| shows the IGA model for
the stress triaxiality analysis. Note that in this figure, the geometry representation is schematized
considering the midpoints of the intervals, that is, p,r = 30 mm and p;r = 27.50 mm.

Analysis model

== 6
50t } AN |
[ N
40+ :
I N
| N
= 30+ } Qo= 35— -
200 | f
|
|
10+ } 1
0l 4 ‘ +‘Control P?ints |
0 20 40 60
X

Figure 3: Hook 2D model for stress triaxiality analysis. The geometry considered corresponds to that described
by the midpoints of the intervals associated with radius and thickness.

The NURBS surface used to represent the hook system is constructed based on n¢, = 6 control
points (see Figure |3). To translate the uncertainty in the geometric input parameters to NURBS
control point’s matrix P, a parametric representation of the coordinates of each control point in

terms of r and t is proposed

- t . -
t r
p_ t+r r (34)
0 0
0 t+r
_t—i—r t—l—r_

It is important to note that to compute sensitivities using the variational approach of sec-
tion [4.2] the partial derivatives of the control point matrix P with respect to 7 and ¢ must also
be computed, as shown in Eq. and explained in Section . This is necessary to map the
sensitivities from the control points to the uncertain parameters. For this task, the corresponding
design-velocity matrix D must be computed. By collecting all elements of the matrix P in a column

vector, where the coordinates of each control point are written sequentially, the design-velocity
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matrix is equal to
T

000111000111
D= . (35)
101010000111

Note that each column of the design-velocity matrix D contains the derivatives of all coordi-
nates of the control points with respect to each geometric uncertain parameter considered. For
the definition of the NURBS surface, quadratic elements with overlapping (elements can share
control points or knots) are considered. The polynomial degree p of the splines associated with
the knot vector in the x—direction is two, while in the y—direction is one. On the other hand, the
multiplicity of the knots k is one and zero for the z—direction and the y—direction, respectively.

1
E7

and outer curves that allow to represent the hook geometry.

For both directions, the weights w = [1, 1] are associated with the control points of the inner

Since this study aims to determine the variation of the maximum stress triaxiality ost in the
hook system, a gradient-based optimization approach is used to determine its lower and upper
bounds. The initial point for the optimization scheme was considered as xg = [y, 7). The
results were compared by considering the Vertex Method (VM) [52], Particle Swarm Optimization
(PSO) [62], Surrogate Optimization (SO) using the Radial Basis Function (RBF) interpolation
algorithm available in Matlab [63], and Pattern Search Optimization (PS) [64]. Table |1|shows the
results for the lower bound of the maximum stress triaxiality of the hook system. Note that all
evaluated methods identify the lower bound of the maximum response max(ost) = 0.4420 for a
radius equal to r = 10 mm and a thickness of ¢ = 40 mm. However, the Gradient-based Optimiza-
tion (GBO) method appears to be the most efficient, after the Vertex Method (VM), requiring
only five deterministic analyses of the hook system to identify this lower bound, highlighting the
numerical advantage of the proposed strategy. It should be noted that although the VM leads
to the exact results in this example (for the lower bound of the maximum stress triaxiality), this
method is only accurate for cases where the response behaves monotonically over the search space.
Therefore, it is recommended to use it as a reference, but one should be aware that it may under-
estimate the bounds of the response. It is also important to note that the numerical cost of VM
increases as a function of the number of uncertain parameters.

In the hook example, only two uncertain parameters are considered. This allows the behavior
of the maximum stress triaxiality within the search space to be visualized. As shown in Figure [4a,

the maximum stress triaxiality is plotted as a function of the geometric parameters under consid-
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Method rinmm |¢inmm | max(ost) | No.
Analysis
Vertex Method (VM) 10 40 0.4420 4
Particle Swarm Optimization (PSO) 10 40 0.4420 2254
Surrogate Optimization (SO) 10 40 0.4420 200
Pattern Search Optimization (PS) 10 40 0.4420 62
Gradient-based Optimization (GBO) | 10 40 0.4420 5

Table 1: Results of optimization - lower bound of maximum stress triaxiality - Hook 2D.

eration. Simultaneously, Figure b shows the iterations performed for the GBO approach. The
first observation to be made is that the response does not exhibit monotonic behavior concerning
both radius and thickness. Consequently, it is expected that the VM may produce inaccurate
results when finding the upper bound of the response, whereas the accurate result of VM for
the lower bound can only be explained by the fact that the lower bound is located in a corner
of the search space. The second observation concerns the availability of information about the
sensitivity of the response. This information facilitates the rapid convergence of the algorithm to
the optimal value. This is an indication of the efficiency and effectiveness of the GBO approach

in this context.

Stress Triaxiality Stress Triaxiality
0.7 40 0.7
0.65 35 0.65
0.6 30 0.6
-~
0.55 25 0.55
05 20 i 05
o 15 —e GBO‘lteratlons‘ 0.45
' 10 20 30 40 50
T
(a) Maximum stress triaxiality as a function of (b) GBO iterations.

geometric parameters.

Figure 4: Distribution of the maximum stress triaxiality over the search space and iterations performed for the
GBO algorithm to find the lower bound. r and ¢ in mm.

The resulting geometry for the hook system with the optimum values of radius and thickness
for the lower bound of the response is shown in Figure [fla. As expected, the lower limit of

maximum stress triaxiality is associated with a thicker hook geometry. Figure [5b shows the
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deformed shape due to the force applied at the right end of the hook, while Figure [5lc¢ and [fld

show the stress triaxiality distribution over the original and deformed hook shapes, respectively.

Note that the maximum values of stress triaxiality are located in the outer curve of the hook.

These areas of higher stress triaxiality (closer to 0.4) are likely to be more susceptible to failure

under load because they indicate a high concentration of stress.
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(a) Resultant geometry.
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(b) Hook deformed shape.

Stress triaxiality (deformed

0 20
x
(d) Stress triaxiality deformed shape.
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)

Figure 5: Resultant geometry and stress triaxiality for the lower bound results. Dimensions in mm.

Table [2| shows the results of the optimization procedure for the upper bound of the maximum

stress triaxiality. For this bound, it is clear that the Vertex Method underestimates the optimum,

which can be observed in Figure [f] due to the non-monotonicity of the maximum stress triaxiality

response. Note that all optimization methods used to find the upper bound of max(ost), obtain the

same optimal value of maximum stress triaxiality by different radius and thickness combinations.

This is due to the flat behavior of stress triaxiality over the search space observed in Figure [l In
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su the same way, as for the lower bound of the response, the GBO method appears to be the most

si5  efficient, requiring only eight deterministic analyses of the system.
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Method rinmm |¢inmm | max(ost) | No.
Analysis
Vertex Method (VM) 20 40 0.6380 4
Particle Swarm Optimization (PSO) 49.6141 26.7778 0.7170 3803
Surrogate Optimization (SO) 47.4384 25.6038 0.7170 200
Pattern Search Optimization (PS) 49.0995 26.5000 0.7170 149
Gradient-based Optimization (GBO) | 36.0834 19.4750 0.7170 8

Table 2: Results of optimization - upper bound of maximum stress triaxiality - Hook 2D.

Stress Triaxiality

Stress Triaxiality

o7 40 0.7
0.65 30 0.65
06 30 0.6
-~
055 29 0.55
05 20 0.5
—e— GBO iterations
045 15 ‘ ‘ 0-45
10 20 30 40 50
T

(a) Maximum stress triaxiality as a function of
geometric parameters.

(b) GBO iterations.

Figure 6: Distribution of the maximum stress triaxiality over the search space and iterations performed for the
GBO algorithm to find the upper bound. r and ¢ in mm.

Figure[7la shows the resulting geometry for the hook system with the optimum values of radius
and thickness for the upper bound of the response. A thinner hook geometry is associated with
the upper bound of the maximum stress triaxiality. Figure [71b shows the deformed geometry
resulting from the force applied to the right end of the hook, while Figures [7lc and [7]d show the
stress triaxiality distribution over the original and deformed hook geometry, respectively. Note
that, as observed for the lower bound results, the maximum values of stress triaxiality are located
in the outer curve of the hook. Again, these areas of higher stress triaxiality (closer to 0.7) are
likely to be more susceptible to failure under load. Unlike the resulting geometry for the lower

boundary, a wider range of stress triaxiality values is now observed in the hook shape.
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Figure 7: Resultant geometry and stress triaxiality for the upper bound results. Dimensions in mm.

6.2. Solid horseshoe

The second example illustrates a geometrically complex but single-patch three-dimensional
horseshoe problem adapted from [28, [65]. The objective of the study is to estimate the maximum
stress triaxiality in the horseshoe shape subjected to equal and opposite in-plane flat-edge unitary
displacements (see Figure . The base ends of the horseshoe are fixed in the y—direction, while
only the outer corners are fixed in the z—direction. In the z—direction, there is a deterministic
prescribed unitary displacement —ug for the left side (non-positive z—coordinates), while there
is a deterministic prescribed unitary displacement wuq for the right side (positive z—coordinates).
Furthermore, the displacements in the x—direction are also restricted at the center of the top of the
horseshoe. The material properties of the horseshoe system are assumed to be deterministic and

equal to £ = 3 x 10" N/cm? for Young’s modulus and v = 0.3 for Poisson’s ratio. The geometry of
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the horseshoe is constructed by performing a U-sweep on the cross-section of a square of dimensions
L x L, subtracted by a quarter disk of radius R, which defines the inner edge. The outer edge has a
slightly rounded end defined by the value of L. The horseshoe definition includes a straight portion
of height H, and the distance between the origin and the center of the quarter disk is defined by
r (see Figure . It is assumed that the values of the parameters that define the geometry L,
R, r, and H are uncertain due to lack of knowledge at the early design phase. These geometric
quantities are defined by the intervals L' = [3.5,5.5], R = [0.5,1.5], ! = [0.9142,1.9142], and
H! = [7.5,8.5] in cm. Figure |§] shows the IGA model for stress triaxiality analysis in the horseshoe,
where the geometry representation, as in the hook example, is defined by the midpoints of the

interval variables.

Figure 8: Uncertain geometric parameters of solid horseshoe 3D model for stress triaxiality analysis.

The NURBS volume used to represent the horseshoe-shaped geometry is based on n., = 108
control points, which comprises 324 degree-of-freedom. A parametric representation of the coordi-
nates of each control point in terms of L, R, r, and H is proposed to translate the uncertainty in
the geometric input parameters into the NURBS control point matrix. As can be seen in Figure[9]
the control points are strategically placed to achieve the desired curvature and smoothness. To
create the NURBS of the horseshoe, the area of its cross-section was modeled using three curves:
an inner curve (representing the edge created by extracting the quarter disk of radius R), an outer

curve (the opposite side of the extracted quarter disk), and a curve located between the inner and
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outer curves. Each curve is composed of four control points where, depending on the desired cur-
vature, the weights w; = 0.8536, wy = 0.7071, w3 = 0.6036, and w, = 1 were used. These sections
were repeated at different heights: z = 0, %, g, for the straight section of the horseshoe, for both
ends. Three cross-section areas were used to define the curved portion of the horseshoe. Two of
them replicated the cross-section with an inclination of 45 degrees with respect to the plane z = H
for the left and right side, while the third one was located in the center of the horseshoe geometry
with an inclination of 90 degrees with respect to the plane z = H. The resulting NURBS volume
is composed of displacement-based solid elements. The polynomial degree p of the splines that are

associated with the knot vectors is three for the z, y, and z—dimension. The knot vectors used

to define the parametric space are:

(11

= {0,0,0,=,1,1,1}, H={0,0,0,1,1,1}, Z={0,0,0, =, =, =, =, =, = 1,1,1}.  (36)

N | —

Analysis model

Figure 9: Solid horseshoe 3D model for stress triaxiality analysis. The geometry considered corresponds to that
described by the midpoints of the intervals associated with the uncertain parameters. Dimensions in cm.

The lower and upper bounds of the maximum stress triaxiality st in the horseshoe system
are determined using a gradient-based optimization approach, taking advantage of the sensitiv-
ities computed along with the IGA model. The starting point for the optimization scheme was
considered as xg = [upr, i, phpr, pgr]. The results were compared by considering the Vertex
Method (VM) [52], Particle Swarm Optimization (PSO) [62], Surrogate Optimization (SO) using
the Radial Basis Function (RBF) interpolation algorithm available in Matlab [63], and Pattern
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Search Optimization (PS) [64], similar to the first example. Table |3[shows the results for the lower
bound of the maximum stress triaxiality of the solid horseshoe. The geometric parameters (R, r,
L, H) are also listed for each method, along with the number of deterministic analyses performed.
While VM requires the least number of analyses (16), it underestimates the lower bound of the
stress triaxiality, reflecting a non-monotonic behavior of the response of interest with respect to
the uncertain parameters. It is important to note that in this example, due to the number of
uncertain parameters considered in the analysis, it is not possible to visualize the behavior of
the stress triaxiality in the search space as it was possible in the first example. Regarding the
results obtained by the applied optimization schemes, PSO, SO, and PS achieve the smaller value
for the lower bound; however, PSO requires a significantly higher computational effort of 4797
analyses, making it less efficient. Overall, GBO provides the best balance between accuracy and

computational complexity, requiring only 26 analyses.

Method Rincm | rincm Lincm | Hincem | max(ost) | No.

Analysis
Vertex Method | 0.5000 0.9142 3.5000 8.5000 3.3271 16
(VM)

Particle Swarm Op- | 0.5000 0.9142 4.5328 8.5000 3.3186 4797
timization (PSO)
Surrogate Opti- | 0.5000 0.9142 4.5327 8.4996 3.3186 200
mization (SO)
Pattern Search Op- | 0.5000 0.9142 4.5328 8.5000 3.3186 212
timization (PS)
Gradient-based 0.5017 0.9187 4.5220 8.4973 3.3203 26
Optimization

(GBO)

Table 3: Results of optimization - lower bound of maximum stress triaxiality - horseshoe 3D.

The resulting geometry for the horseshoe system with the optimal values of the uncertain
parameters for the lower bound of the response is shown in Figure [10la. As expected, the lower
limit of the maximum stress triaxiality is associated with a thicker section geometry, defined by
a high value of L and H, and a smaller value of R and r. Figure [10lb shows the deformed shape
due to the equal and opposite in-plane flat-edge unitary displacements. Note how the horseshoe
tends to deflect its ends outward.

Figure [11] illustrates the stress triaxiality distribution for the geometry corresponding to the
lower bound of the response. Specifically, Figures [[1}a and [L1]b depict the stress triaxiality in the

xy—plane, while Figures [[1lc¢ and [I[1}d show the stress triaxiality in the zz—plane. In particular,
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(a) Resultant geometry. (b) Horseshoe deformed shape.

Figure 10: Resultant geometry for the lower bound results for the 3D horseshoe. Dimensions in cm.

Figures [[1]b and [II}d highlight the stress triaxiality distribution in the deformed configuration.
To understand these triaxial stress results, Figure [12|shows the hydrostatic and von Mises stresses
on the deformed horseshoe in the zy and xz planes. The highest concentration of hydrostatic
stress is observed in the inner upper region of the horseshoe shape (see Figure , leading to
an increased stress triaxiality (3.3) in this region (as shown in Figure . Zones of significant
deformation coincide with regions of high stress, indicating potential brittle failure since increased
stress triaxiality typically favors brittle fracture over ductile behavior. As shown in Figure [
this stress distribution is expected due to the application of opposing in-plane flat-edge unitary
displacements. The calculated stress values, including both hydrostatic and von Mises stresses
(see Figure[12)), are consistent with results reported in the literature [28, [67].

The results for the upper bound of the maximum stress triaxiality of the solid horseshoe are
shown in Table . The optimal value of the geometric parameters (R, r, L, H) is also shown for
each optimization method used, along with the number of deterministic analyses performed. The
Vertex Method requires the least number of iterations (16). However, it underestimates the upper
bound of the stress triaxiality as well as the case for the lower bound. The same optimum value for
the maximum stress triaxiality is achieved by all optimization algorithms considered. Nevertheless,
PSO requires significantly more computations (4665), making it less efficient, than for example,

SO and PS. The Gradient-based Optimization method, which requires only 20 analyses, offers the
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Figure 11: Stress triaxiality for the lower bound results for the 3D horseshoe.

best trade-off between accuracy and computational complexity, showing the benefit of using the

sensitivities from the variational approach.

Similar to the lower bound, Figure [I3]a shows the resulting geometry for the horseshoe system

with the optimal values of the uncertain geometric parameters for the upper bound of the response.
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Figure 12: Stresses for the lower bound results for the 3D horseshoe, in consistent units in Example 2.

As expected, the upper bound of the maximum stress triaxiality is associated with a thin section
geometry defined by a low value of L and H, a higher value of R, and more separation between
the two ends of the horseshoe, i.e., a high value of r. Figure [I3|b shows the deformed shape due

to the equal and opposite in-plane flat-edge unitary displacements.
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Method Rincm | rincm Lincm | Hincem | max(ost) | No.
Analysis
Vertex Method | 1.5000 0.9142 3.5000 8.5000 4.9551 16

(VM)
Particle Swarm Op- | 1.5000 1.7979 3.6653 7.5000 5.0209 4665
timization (PSO)
Surrogate  Opti- | 1.5000 1.7991 3.6662 7.5000 5.0209 200
mization (SO)
Pattern Search Op- | 1.5000 1.7979 3.6652 7.5000 5.0209 651
timization (PS)
Gradient-based 1.5000 1.7978 3.6652 7.5000 5.0209 20
Optimization

(GBO)

Table 4: Results of optimization - upper bound of maximum stress triaxiality - horseshoe 3D.
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(a) Resultant geometry. (b) Horseshoe deformed shape.

Figure 13: Resultant geometry for the upper bound results for the 3D horseshoe. Dimensions in cm.

On the other hand, Figure shows the stress triaxiality distribution within the horseshoe
shape resulting from the imposed unitary displacements for the geometry resulting from the up-
per bound. Comparing these results with those from the lower bound geometry (see Figure
shows how geometric changes affect the stress distribution. Nevertheless, the regions of high-stress
concentration remain consistent in the same areas of the horseshoe. For the upper bound geom-
etry, the stress triaxiality has a more homogeneous pattern, but with a wider range of values.
In addition, the regions of high-stress triaxiality (5) are more concentrated compared to those

observed in the lower-bound scenario. The elevated stress triaxiality values shown in Figure

32



625

626

627

628

629

630

631

632

633

634

635

636

637

638

639

640

641

642

643

644

645

646

647

648

649

650

651

652

653

654

indicate critical areas that are susceptible to failure. As before, these critical areas are located
where significant deformation occurs. To gain a comprehensive understanding of the stress tri-
axiality distribution, Figure [15]illustrates the hydrostatic and von Mises stresses in the deformed
shape. A significant concentration of both stress types is observed in the inner portion of the
horseshoe, with the highest values occurring in the upper inner area.

In optimization procedures involving geometric parameters, ensuring the regularity of the
stiffness matrix is essential to guarantee numerical stability and physical validity. In the examples
studied, the determinant of the local deformation gradient was consistently positive, indicating
the presence of physically valid configurations without element inversion. As anticipated for linear
elasticity with suitable boundary conditions, the stiffness matrix remained nonsingular in these
cases. Nevertheless, a significant deviation of the control points from their nominal positions could
result in a negative determinant, leading to unphysical behavior, as this implies a negative mass
density. Consequently, additional measures could be incorporated into the optimization process
to overcome this potential problem. For example, constraints could be applied to maintain a
minimum distance between certain control points to avoid self-penetration of the mesh. While
these precautions are not necessary in the examples studied, they could prove valuable for complex

geometries or extreme deformations.

7. Summary and conclusions

This paper explores the application of isogeometric analysis (IGA) with interval analysis for
efficient quantification of the effects of geometric uncertainties on the performance of mechanical
systems. The study focused on estimating the bounds of maximum stress triaxiality in a 2D hook
system with uncertain radius and thickness parameters, and a solid 3D horseshoe shape with four
uncertain geometric parameters.

According to the results, the implemented method, which utilizes the gradient-based optimiza-
tion (GBO) approach to estimate the bounds of the response, significantly reduces the compu-
tational cost associated with uncertainty quantification in an interval context. The efficiency of
the method is due to the ability of the IGA model to directly manipulate geometry and compute
sensitivities without the need for costly remeshing. This benefit is achieved due to the application
of a variational sensitivity analysis that allows one to compute the change of the response function

concerning alterations in the uncertain parameters along with the calculation of the response of

33



655

656

657

658

659

Y -2.0

x z -9 x z -9
(a) Stress triaxiality (in-plane view). (b) Stress triaxiality deformed shape (in-plane view).

asT asT

5.0 5.0

4.0 4.0

3.0 3.0

- 2.0 - 2.0

- 1.0 - 1.0

- 0.0 - 0.0

-1.0 -1.0

z 2.0 z -2.0

3.0 3.0

. Y 35 o y -3.5
(c) Stress triaxiality. (d) Stress triaxiality deformed shape.

Figure 14: Stress triaxiality for the upper bound results for the 3D horseshoe.

interest. To enhance the potential of IGA for uncertainty quantification within finite element
users, a parametric description of the control point matrix is proposed. This approach allows
the direct translation of geometric uncertainties into the NURBS used for system representation.
By incorporating uncertainty directly into the NURBS framework, this method facilitates the

integration of IGA into traditional FEA workflows for geometric variation in mechanical systems.
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Figure 15: Stresses for the lower bound results for the 3D horseshoe, in consistent units in Example 2.

Future work will explore the application of this method to more complex systems requiring

35

multiple patches for their construction, and investigate its potential for other types of uncertainty

In this case, the advantages of describing and
propagating uncertainty using NURBS-based interval fields will be investigated. Moreover, while

the present study is concerned with cases involving a limited number of uncertain parameters,
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extending the framework to encompass high-dimensional uncertainties, such as surface geometric

uncertainties would be a logical subsequent step. Since interval fields reduce the uncertainty to

that contained at the control point positions, the key to dealing with high-dimensional geometric

uncertainty will be to strategically determine which NURBS control points should be treated as

uncertain and which should be used solely to manipulate the geometry. Therefore, the methodol-

ogy will be further examined for coupling with mesh refinement in IGA for complex geometries.
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