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Abstract11

Geometric uncertainty remains a significant challenge in engineering applications, as shape12

variations can substantially affect mechanical response and make response-only polynomial chaos13

expansion (PCE) surrogates sample-demanding. Accordingly, this paper proposes an isogeometric14

sensitivity-enhanced PCE for systems characterized by a small set of uncertain geometric param-15

eters. The key idea is to enrich the surrogate with geometry-consistent derivatives obtained from16

the same isogeometric analysis (IGA) model used to solve the mechanical problem. Within this17

framework, geometry, mechanical analysis, and variational sensitivity evaluation share a com-18

mon NURBS-based representation. The approach is assessed through two- and three-dimensional19

linear elasticity benchmarks, a nonlinear Neo–Hookean problem, and a case combining geomet-20

ric and material uncertainty. Across these examples, sensitivity enrichment generally improves21

global response and gradient prediction relative to response-only sparse PCE, with the clearest22

gains observed in low- and intermediate-data regimes. Cost-aware comparisons with gradient-23

enhanced Kriging show competitive accuracy while avoiding the additional high-fidelity response24

evaluations required for finite-difference gradients. Overall, the results indicate that IGA-derived25

variational sensitivities can improve the data efficiency of PCE-based uncertainty quantification26

under low-dimensional geometric variability, with gains varying across benchmarks and metrics.27
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Highlights31

• Develops a sensitivity-enhanced polynomial chaos expansion for geometric uncertainty.32

• Uses isogeometric analysis to preserve geometry and avoid remeshing.33

• Derives variational sensitivities for linear and nonlinear Neo-Hookean mechanics.34

• Improves low-data response and gradient accuracy under geometric uncertainty.35

• Benchmarks cost–accuracy against finite-difference gradient-enhanced Kriging.36

1. Introduction37

Geometric uncertainties arise in a wide range of engineering applications, from aerospace struc-38

tures to biomedical devices, where performance and reliability are closely tied to geometric pre-39

cision [1, 2, 3]. The origins of these geometric variations can be attributed to manufacturing40

processes, construction technologies and methods, environmental conditions, and long-term ser-41

vice requirements [4]. Even small deviations in thickness, curvature, length, or overall shape may42

alter load paths, trigger stress concentrations, or shift natural frequencies [5, 6]. When uncertainty43

is represented through geometric parameterizations, the variability modifies the spatial domain on44

which the governing partial differential equations (PDEs) are posed. As a result, geometric varia-45

tions affect the numerical model through the domain geometry, the integration mappings, and the46

resulting mathematical operators characterizing the physics of the problem. For uncertainty quan-47

tification (UQ), the main difficulty is to characterize these geometry-dependent responses across48

the uncertain parameter space when only a limited number of high-fidelity model evaluations is49

affordable.50

Recent studies have investigated how geometric and fabrication-induced variability influence51

structural response, highlighting the practical relevance of geometry-driven uncertainty in mechan-52

ical systems [7, 8, 9]. Nevertheless, in many numerical workflows, geometry is still approximated53

through conventional finite element discretizations, and repeated analyses over different geometric54

realizations may require remeshing or repeated model updates. These issues can increase the com-55

putational burden and may introduce inconsistencies between the geometric parameterization, the56

mechanical analysis, and the derivative information used for surrogate construction.57
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This work focuses on geometric uncertainties described by a small number of independent ran-58

dom variables controlling global shape parameters. Such low-dimensional parametric descriptions59

are relevant in design studies and controlled uncertainty propagation settings, where dominant60

geometric features such as radii, thicknesses, lengths, or characteristic dimensions are uncertain.61

Within this scope, an effective UQ strategy should satisfy two requirements: it should represent62

the geometry consistently as the uncertain parameters vary, and it should propagate the result-63

ing variability efficiently through the mechanical model. The present paper addresses these two64

aspects by combining Isogeometric Analysis (IGA) with a sensitivity-enhanced PCE formulation.65

IGA contributes to geometric consistency by unifying design and analysis within a common66

geometric representation [10, 11]. By employing Computer-Aided Design (CAD) descriptions,67

commonly represented by Non-Uniform Rational B-Splines (NURBS), directly in the analysis,68

IGA can reduce or avoid the geometric approximation introduced by conventional mesh-based69

discretizations. When the geometry is exactly represented by the underlying spline basis, its de-70

scription is preserved independently of the refinement level used for the analysis. This makes71

IGA a natural framework for problems in which uncertainty acts primarily through changes in72

shape [12, 13]. It provides a consistent setting in which geometry definition, numerical analysis,73

and variational sensitivity evaluation [14, 15] are formulated using the same basis functions and74

geometric parameterization. This consistency is particularly relevant when derivative information75

with respect to geometric parameters is incorporated into a surrogate model, since the resulting76

sensitivities remain directly tied to the same parameterization used in the mechanical analysis.77

Although the numerical examples considered here are deliberately simple proof-of-concept cases,78

this geometry–analysis–sensitivity consistency provides a useful basis for extending the framework79

to more complex CAD-based configurations. IGA formulations have also been extended to geo-80

metrically nonlinear structural analyses, including laminated composite plates and shells [16], and81

incremental or continuation-based strategies have demonstrated the capability of NURBS-based82

discretizations to capture large deformation and path-dependent responses [17].83

The second aspect concerns the efficient propagation of uncertainty once the geometry-dependent84

mechanical model has been defined. PCE represents the stochastic response as a series of orthog-85

onal polynomials of the underlying random variables or stochastic germs [18, 19, 20]. Sparse86

regression approaches, including least-angle regression (LAR), make PCE suitable when only a87

limited number of training samples is available [21]. Compared with purely sampling-based es-88
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timators, PCE exploits a structured spectral representation of the stochastic response and can89

achieve rapid convergence for sufficiently smooth quantities of interest [22]. Polynomial chaos90

expansions have also been leveraged as analytical tools for estimating fractional moments and re-91

constructing response distributions, providing stable alternatives when simulations are costly [23].92

Nevertheless, when uncertainty acts through geometric parameterizations, response-only PCE93

constructions may remain sample-demanding. Improving sample efficiency therefore motivates94

the use of additional information beyond response evaluations alone.95

A natural strategy for enriching surrogate construction is to incorporate derivative information.96

Gradient-enhanced surrogate modeling has been explored across response surface approximations,97

weighted least-squares formulations, gradient-enhanced Kriging, co-Kriging, radial basis functions,98

and support vector regression [24, 25, 26]. These methods show that derivative information can99

improve local fidelity and reduce the number of samples required to construct accurate approxima-100

tions when gradients are available at moderate additional cost. For geometry-driven uncertainty,101

however, an additional requirement arises: the derivative information should be consistent with102

the geometric parameterization defining the mechanical model. This motivates the use of IGA-103

derived variational sensitivities, which provide mechanically meaningful derivatives of the response104

with respect to the uncertain geometric parameters.105

Within the PCE family, constrained regression provides another route for incorporating addi-106

tional information into the surrogate construction. Physics-informed PCE (PC2) extends the poly-107

nomial chaos expansion framework by embedding governing-equation information directly into the108

coefficient estimation [27, 28]. Physics-informed formulations have gained increasing attention for109

enhancing model consistency and robustness in data-scarce regimes [29]. In operator-based PC2,110

a Lagrange-multiplier formulation leads to a Karush–Kuhn–Tucker (KKT) system that combines111

data fidelity with constraints associated with the governing equations or boundary conditions [30].112

The present work adopts the same constrained-regression perspective, but does not enforce PDE113

residuals or boundary conditions through differential operators acting on the polynomial basis.114

Instead, the constrained-regression structure is used to incorporate variational sensitivities com-115

puted from the underlying IGA model. The underlying Moore–Penrose KKT-based construction116

is retained, while the source of constraint information is changed from operator-based residuals117

to geometry-consistent sensitivity information. For this reason, the proposed method is bet-118

ter understood as an IGA-based sensitivity-enhanced PCE formulation for geometric uncertainty119
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quantification.120

Several approaches have been developed to propagate geometric uncertainty. Early PCE-based121

methods relied on mesh-node parameterizations combined with repeated finite element remesh-122

ing [31]. Other formulations introduced geometric variability indirectly through thresholding123

strategies or random-field perturbations of material distributions, where the domain is inferred124

through a stochastic projection field rather than parameterized explicitly [32]. Stochastic-domain125

approaches improved efficiency through fictitious domains [33] and mapping techniques [34]. Build-126

ing on spline-based geometric representations, Stochastic Isogeometric Analysis (SIGA) leveraged127

NURBS basis functions to represent shape variability more consistently [35]. More recent spec-128

tral approaches, such as derivative-based sparse Poincaré chaos expansions, have incorporated129

solver-gradient information into regression-based polynomial surrogate constructions for global130

sensitivity analysis and Sobol’ index estimation [36]. In the present work, derivative informa-131

tion is instead obtained from geometry-consistent variational sensitivities within the IGA model132

and incorporated into the PCE regression for geometric uncertainty quantification. In parallel,133

nonintrusive PCE frameworks have been applied to systems with geometric deviations [37], often134

treating geometry through a small number of scalar parameters and relying on repeated high-135

fidelity simulations, such as computational fluid dynamics (CFD) evaluations, for each stochastic136

realization. These contributions have significantly advanced the treatment of geometric variability.137

However, the combined use of CAD-consistent geometric parameterization, variational sensitivi-138

ties computed within the same IGA model, and sensitivity-enhanced polynomial chaos regression139

for geometric UQ remains comparatively unexplored.140

Accordingly, this paper introduces an IGA-based sensitivity-enhanced polynomial chaos ex-141

pansion for systems in which geometric uncertainty is represented through a small set of uncertain142

shape parameters. The proposed approach uses IGA as a unified framework in which geometry,143

mechanical analysis, and variational sensitivity evaluation are consistently defined. The resulting144

sensitivities are incorporated into the KKT-based regression problem as derivative information145

evaluated at selected sensitivity points. This augments response data with mechanically con-146

sistent derivative information and aims to improve surrogate accuracy and gradient fidelity in147

data-scarce regimes. The experimental design (ED) is generated by Latin Hypercube Sampling148

(LHS) [38]. The framework is assessed through four benchmark problems spanning two- and149

three-dimensional linear elasticity models, nonlinear Neo-Hookean mechanics, and a nonlinear ex-150
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tension with combined geometric and material uncertainty. In the latter case, Poisson’s ratio is151

treated as an additional uncertain parameter, while derivative constraints remain restricted to the152

geometric variables. The numerical assessment considers response accuracy, gradient accuracy,153

and equivalent high-fidelity computational cost. To further evaluate the proposed methodology, a154

cost-aware comparison with gradient-enhanced Kriging using central finite-difference gradients is155

included as an external derivative-informed benchmark. The main contributions of this study are156

summarized as follows:157

• An isogeometric sensitivity-enhanced polynomial chaos formulation in which vari-158

ational sensitivities computed within the same NURBS-based representation used for ge-159

ometry and mechanical analysis are incorporated as derivative information into the PCE160

construction.161

• An application to nonlinear Neo-Hookean mechanics, including the corresponding162

variational sensitivity formulation.163

• A numerical assessment of response accuracy and gradient fidelity across four164

linear and nonlinear benchmarks, including combined geometric and material uncertainty.165

• A cost-aware comparison with gradient-enhanced Kriging using central finite-166

difference gradients, based on equivalent high-fidelity model evaluations and prescribed167

error thresholds.168

The remainder of this paper is organized as follows. Section 2 reviews the construction of poly-169

nomial chaos expansions. Section 3 summarizes constrained PCE formulations used as method-170

ological background. Section 4 describes the representation of low-dimensional parametric geo-171

metric uncertainty within the IGA framework and the computation of variational sensitivities.172

Section 5 presents the proposed IGA-based sensitivity-enhanced PCE formulation. Section 6173

presents the numerical examples, including implementation details, reproducibility information,174

computational-cost considerations, and performance assessment. Conclusions are drawn in Sec-175

tion 7.176
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2. Polynomial Chaos Expansion177

2.1. Formulation of the problem178

Consider a mechanical system subjected to static loads, whose spatial domain is defined by179

geometric parameters (such as lengths, thicknesses, and curvatures) that are uncertain. These un-180

certainties may arise from the variability in manufacturing processes, load-induced changes, fluctu-181

ations in environmental conditions, or long-term service effects. Therefore, in this work, the uncer-182

tainty affecting the system is modeled as aleatory, reflecting inherent variability. The uncertain ge-183

ometric parameters are modeled by a set of independent random variables X = (X1,X2, . . . ,XM),184

where M denotes the number of uncertain parameters, each characterized by a known probability185

density function (PDF) fXi
(xi), i = 1, . . . ,M . If dependent geometric parameters are present,186

they can be mapped to an equivalent set of independent random variables through a suitable187

iso-probabilistic transformation. A realization of X is denoted by x = (x1, x2, . . . , xM). Here-188

after, subscripts refer to components of the random vector, whereas superscripts in parentheses189

denote realizations. To evaluate the structural behavior of this system, a set of partial differential190

equations (PDEs) governing the physics must be solved. To obtain an approximate solution to191

these PDEs through a numerical model M(x), the Finite Element Method (FEM) [39], Boundary192

Element Method (BEM) [40], Isogeometric Analysis (IGA) [10], or any of their variations can193

be applied. Note that the model M(x) depends explicitly on the realizations of the uncertain194

geometric parameters x.195

The output of the model, denoted by y, represents the system response (such as displacements,196

stresses, or strains) and is defined as the mapping197

M(x) : y = m(x), (1)

where m denotes the response operator that maps realizations of the uncertain geometric parame-198

ters x to the system response y. Moreover, it is important to note that the behavior of the system199

is influenced by the randomness of the input vector X during the mapping with m. Consequently,200

the response of the system is also subject to uncertainty. For the case of scalar outputs, the system201

response uncertainty is represented by a random variable Y .202

Solving the numerical model M(x) of Eq. (1) for multiple realizations of the uncertain geomet-203

ric parameters can be computationally prohibitive, particularly when high-fidelity discretizations204
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such as FEM or IGA are employed. Surrogate modeling techniques such as Polynomial Chaos205

Expansion (PCE) [18] therefore provide an effective alternative for uncertainty quantification.206

In the next subsection, the approximate representation of the model response M(x) is intro-207

duced using Polynomial Chaos Expansion.208

2.2. Polynomial Chaos Expansion209

Polynomial Chaos Expansion (PCE) [18] provides a well-established framework for approximat-210

ing the response of complex systems by representing the output as a series of orthogonal polynomial211

basis functions defined in a probabilistic space. This technique is particularly advantageous when212

the use of Monte Carlo simulation is prohibitively expensive. To construct the polynomial chaos213

expansion, the physical random variables X are mapped to a set of independent canonical random214

variables, hereafter referred to as stochastic germs, Θ = (Θ1, . . . ,ΘM), through an isoprobabilistic215

transformation. The PCE is then formulated in terms of these stochastic germs, ensuring that the216

polynomial basis functions are orthonormal with respect to known reference probability measures.217

For a scalar stochastic response Y with finite variance, and assuming measurability with respect218

to Θ (as ensured by the Doob–Dynkin lemma),219

Y(Θ) =
∑

α∈NM

yαΨα(Θ), (2)

where α is a multi-index that defines the polynomial degree in each variable, yα ∈ R represents the220

expansion coefficient associated with the multi-index α, and Ψα(Θ) are multivariate orthogonal221

polynomials.222

Since the stochastic germsΘ are assumed to be independent, the multivariate polynomial basis223

functions are constructed as tensor products of univariate polynomials orthonormal with respect224

to the probability measure of each Θi. In mathematical terms, the multivariate basis functions225

are defined as226

Ψα(Θ) =
M∏
i=1

ϕ(i)
αi
(Θi), (3)

where ϕ
(i)
αi (Θi) are orthonormal polynomials in the i-th stochastic germ of degree αi satisfying227

∫
DΘi

ϕ(i)
αi
(θi)ϕ

(i)
βi
(θi)fΘi

(θi) dθi = δαiβi
. (4)

Here, DΘi
is the domain of the stochastic germ Θi, fΘi

(θi) is its probability density function, and228
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θi denotes a realization of Θi. Moreover, δαiβi
is the Kronecker delta, which equals one if αi = βi229

and zero otherwise.230

To make the expansion computationally feasible, it is truncated to a finite number of terms P231

as232

YPCE(Θ) =
∑
α∈A

yαΨα(Θ), (5)

where the truncation set A follows233

AM,pp = {α ∈ NM : ∥α∥1 ≤ pp}. (6)

Here, YPCE(Θ) is the truncated PCE approximation of the system response, AM,pp defines the234

retained polynomial terms, pp is the maximum polynomial degree, and ∥ · ∥1 denotes the L1 norm.235

Only terms whose total degree ∥α∥1 is less than or equal to pp are retained, although other236

truncation rules may also be used.237

The number of terms in the truncated expansion P is given by238

P =
(M + pp)!

M !pp!
. (7)

Notably, the truncated expansion introduces an error ϵ, that is239

Y = YPCE + ϵ =
∑
α∈A

yαΨα(Θ) + ϵ. (8)

In practice, the experimental design is generated in the physical space x(i), and the corre-240

sponding stochastic germ realizations Θ(i) are obtained through the isoprobabilistic transforma-241

tion. From Eq. (8), the coefficients yα are determined by minimizing the discrepancy between242

the PCE surrogate and model evaluations from an experimental design (ED) {x(i), y(i)}nsim
i=1 , where243

y(i) = M(x(i)) are realizations of Y . This is because, from a statistical perspective, the truncated244

PCE in Eq. (5) can be interpreted as a linear regression model with an intercept. Then, the245

coefficients yα can be determined using ordinary least squares (OLS), that is246

yα = (ΨTΨ)−1ΨTyD, (9)

where Ψ is the regression matrix containing evaluations of the polynomial basis functions at the247
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stochastic germ realizations Θ(i), and yD = [y(1), . . . , y(nsim)]T is the vector of model responses.248

Once the coefficients yα are found, statistical moments of the output can be estimated directly249

from the expansion, which makes UQ tasks straightforward [22].250

In this work, uniformly distributed geometric parameters lead to the use of Legendre polyno-251

mial basis functions, although the formulation remains general with respect to the choice of input252

distributions. As indicated by Eq. (7), the number of PCE terms P increases rapidly with the in-253

put dimensionM and maximum polynomial degree pp, increasing the number of model evaluations254

required for a stable regression problem. Sparse regression methods such as Least Angle Regres-255

sion (LAR) [21] can alleviate this requirement by identifying a reduced active polynomial basis.256

Nevertheless, response-only sparse PCE may remain sample-demanding for geometry-dependent257

responses, motivating the incorporation of derivative information into the surrogate construction.258

3. Constrained Polynomial Chaos Regression259

One way to enrich PCE is to impose additional information through constrained regression.260

Building on the PCE framework from Section 2.2, Physics-Informed Polynomial Chaos Expansion261

(PC2) (also referred to as constrained PCE) [27] incorporates operator-based constraints derived262

from governing equations and boundary conditions into the coefficient estimation. This section263

summarizes the original operator-based PC2 formulation as methodological background for the264

sensitivity-enhanced formulation introduced later.265

Consider that, for a given realization of the input parameters, the system response y(x) satisfies266

a PDE of the form267

L(x,y(x)) = f(x), x ∈ D, (10)

with boundary conditions B(x,y(x)) = g(x) for x ∈ ∂D, where L and B are differential operators,268

and f and g are prescribed forcing terms.269

The PC2 coefficients yα are found by solving a constrained extension of the OLS problem in270

Eq. (9), that is,271

min
yα

∥yD −Ψyα∥2 subject to Ayα = c, (11)

where A encompasses the PDE and boundary condition constraints, and c contains the corre-272

sponding prescribed values.273

Note that constructing the A matrix requires derivatives of the PCE model. In the original274
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PC2 formulation [27], these derivatives are evaluated analytically by differentiating the polyno-275

mial chaos basis functions. For example, when first-order derivative information is required, the276

gradient of the PCE surrogate with respect to the j-th stochastic input is expressed as a linear277

combination of the derivatives of the polynomial basis, that is,278

∂YPCE(Θ)

∂Θj

=
∑
α∈A

yα
∂Ψα(Θ)

∂Θj

. (12)

More generally, when derivatives are expressed with respect to physical input variables rather279

than standardized stochastic germs, the corresponding scaling must be included. For the uniformly280

distributed input variables considered in this work, the transformation from xj to Θj is affine.281

Consequently, the chain rule reduces to a constant scaling factor. Therefore, the n-th order282

derivative of a PCE model with respect to a physical variable xj satisfies [27]283

∂nYPCE

∂xn
j

=
∂n

∂Θn
j

[∑
α∈A

yαΨα(Θ)

]
∆n

Γ,j =
∑
α∈A

yα
∂nΨα(Θ)

∂Θn
j

∆n
Γ,j. (13)

Here, ∆Γ,j accounts for the scaling between the physical variable xj and the standardized284

germ Θj. For Legendre polynomials defined on Θj ∈ [−1, 1] and a uniformly distributed input285

xj ∼ U(xj, xj), this factor is given by286

∆Γ,j =
2

xj − xj

. (14)

This analytical structure enables differential constraints to be incorporated directly within287

the PC2 framework. Accordingly, the matrix A represents operator-based constraints obtained288

by evaluating the boundary operator B and the PDE operator L directly on the PCE basis289

functions Ψ. For details, the reader is referred to [27]. The proposed formulation introduced in290

Section 5 retains the underlying KKT-based regression structure, but uses IGA-derived variational291

sensitivities as derivative information instead of operator-based PDE and boundary-condition292

information.293

The solution of Eq. (11) is obtained via the Karush–Kuhn–Tucker (KKT) conditions,294

ΨTΨ AT

A 0

yα

λ

 =

ΨTyD

c

 , (15)

11



where λ are Lagrange multipliers. This formulation minimizes the squared discrepancy with the295

experimental data while incorporating the operator-based constraints through the KKT system.296

To solve Eq. (15), the original PC2 framework employs three discrete sets of samples, namely297

the experimental design, boundary points, and virtual points. The experimental design (ED)298

{x(i), y(i)}nsim
i=1 is obtained from direct model evaluations of Eq. (1). These evaluations populate299

the regression matrix Ψ of Eq. (9) and link the surrogate to the responses of the underlying model.300

Boundary points {x(b)}nBC
b=1 are prescribed locations on ∂D where Dirichlet/Neumann boundary301

conditions are enforced. Virtual points {x(v)}nV
v=1 correspond to artificial collocation points in D302

where the PDE residual is enforced without requiring additional model evaluations. The last two303

groups of points, nBC and nV, populate the constraint matrix A in the KKT system of Eq. (15).304

The sizes of these three sets (nsim, nBC, nV) can be selected independently, subject to the305

necessary counting condition306

P ≤ nsim + nBC + nV, (16)

where P is the number of PCE terms from Eq. (7). This counting condition alone does not307

guarantee full rank of the resulting algebraic system.308

The constrained regression and sparse PCE components used in this work were implemented309

using UQPy [41]. The following section introduces the IGA formulation used to compute geometry-310

consistent variational sensitivities, which are subsequently incorporated as derivative information311

into the proposed sensitivity-enhanced PCE formulation.312

4. Isogeometric analysis313

The previous section introduced the operator-based PC2 formulation as the constrained-regression314

background for the proposed methodology. In the present work, the additional derivative informa-315

tion used to enrich the PCE surrogate is instead provided by geometry-consistent variational sensi-316

tivities computed within an isogeometric analysis framework. For the low-dimensional parametric317

geometric uncertainty considered here, IGA provides a unified NURBS-based setting for geometry318

parameterization, mechanical analysis, and sensitivity evaluation. Accordingly, Section 4.1 intro-319

duces the geometric representation, Section 4.2 presents the corresponding linear and nonlinear320

mechanical formulations, and Section 4.3 derives the geometry-dependent variational sensitivities321

subsequently incorporated into the sensitivity-enhanced PCE formulation.322
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4.1. NURBS basis functions323

Isogeometric Analysis (IGA) generalizes the finite element method (FEM) by employing Computer-324

Aided Design (CAD) basis functions for both geometric representation and field approxima-325

tion [10, 11]. By using Non-Uniform Rational B-Spline (NURBS) basis functions, IGA preserves326

exact CAD geometry while providing smooth solution spaces, in contrast to standard finite element327

analysis (FEA), where the geometry is typically approximated by polynomial shape functions [42].328

This unification of geometry and analysis improves geometric fidelity and can increase accuracy329

for a given number of degrees-of-freedom [43]. Although NURBS are most commonly used, alter-330

native spline technologies such as T-splines [44], S-splines [45], and LR-splines [46] have also been331

developed within the IGA framework. These spline-based geometric descriptions are defined in332

the parametric space Ω̃ through control points and knot vectors Ξ, given by333

Ξ = {ξ1, ξ2, . . . , ξn+p+1} , (17)

where ξi define the knots, p is the polynomial degree, n denotes the number of basis functions,334

and repeated knots reduce the inter-element continuity to Cp−k, where k is the knot multiplicity.335

Note that the knot vector contains n+ p+ 1 non-decreasing entries.336

B-Spline basis functions are recursively calculated from knot vectors depending on their poly-337

nomial degree. For p = 0, the expression for the one-dimensional B-Spline functions reads338

Ni,0(ξ) =

1 if ξi ≤ ξ < ξi+1,

0 otherwise.

(18)

For all higher degrees, the basis functions are constructed recursively following the Cox-de339

Boor formulas [42, 47]340

Ni,p(ξ) =
ξ − ξi

ξi+p − ξi
Ni,p−1(ξ) +

ξi+p+1 − ξ

ξi+p+1 − ξi+1

Ni+1,p−1(ξ), (19)

where the fractions are set to zero if their denominator is zero.341

While B-splines can be used as basis functions within a finite element framework, employing342

their rational counterpart (which considers the inclusion of weights) offers advantages, including343

the exact representation of conic sections (e.g., circles). For one-dimensional descriptions, the344
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NURBS basis functions are defined as345

Ri,p(ξ) =
wiNi,p(ξ)

W (ξ)
, 1 ≤ i ≤ ncp, with W (ξ) =

ncp∑
î=1

wîNî,p(ξ), (20)

where ncp is the total number of NURBS control points, wi > 0 are weight factors, and Ni,p are346

B-spline basis functions of degree p (see Eq. (19)). For open knot vectors, NURBS basis functions347

are interpolatory only at the ends of the parametric interval and are generally non-interpolatory at348

interior knots. These smoothness and continuity properties make NURBS particularly suitable for349

Galerkin-based isogeometric discretizations. As a result, NURBS enable the exact representation350

of important CAD entities, such as conic sections, and provide a flexible representation for complex351

geometries. NURBS curves C(ξ,x), surfaces S(ξ, η,x) and volumes V(ξ, η, ζ,x) are respectively352

described by353

C(ξ,x) =
n∑

i=1

Ri,p(ξ)Pi(x),

S(ξ, η,x) =
n∑

i=1

m∑
j=1

Ri,p(ξ)Rj,q(η)Pi,j(x),

V(ξ, η, ζ,x) =
n∑

i=1

m∑
j=1

l∑
k=1

Ri,p(ξ)Rj,q(η)Rk,r(ζ)Pi,j,k(x),

(21)

where x represents the uncertain geometric parameters (such as lengths, thicknesses, and radii)354

and P(x) stores the control-point coordinates. Here, n, m, and l denote the number of NURBS355

basis functions in the first, second, and third parametric directions, respectively, while p, q, and356

r denote the corresponding polynomial orders. The total number of control points is therefore357

given by ncp = nml for a three-dimensional geometry (and analogously ncp = nm and ncp = n358

for surfaces and curves, respectively). Note that η denotes the second parametric coordinate,359

associated with the knot vector H, while ζ denotes the third parametric coordinate, associated360

with the knot vector Z. The knot vectors H and Z are defined analogously to Eq. (17).361

Geometric uncertainty is therefore introduced directly through the dependence of the control-362

point coordinates P(x) on the uncertain parameters x. This parameterization allows the resulting363

geometric variability and structural response to be treated consistently within the same isogeomet-364

ric framework. The corresponding structural response can then be evaluated consistently within365

the same analysis framework, as detailed in the next section.366
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4.2. Structural response367

4.2.1. Linear behavior368

The computational frameworks employed for the IGA and FEA methods are closely related369

when applied to linear elasticity problems such as the one examined in this paper. In the context370

of isogeometric analysis, the discretization process involves utilizing NURBS basis functions, as371

defined in the previous section. Consequently, the starting point for defining the field responses,372

analogous to standard FEA formulations, is the Weak Form of Equilibrium373

R(u,v,x) =

∫
Ω(x)

ε(u,x) : C : ε(v,x) dV −
∫
Ω(x)

b · v dV −
∫
Γt(x)

t · v dA = 0, (22)

where R(u,v,x) represents the residual form of the equilibrium equation, x denotes the uncertain374

geometric parameters, ε is the linear strain tensor, and C is the fourth-order elasticity tensor. u375

and v denote the displacement and virtual displacement fields, respectively, while b and t are376

the prescribed body-force and traction vectors. Here, Γt(x) ⊂ ∂Ω(x) denotes the Neumann377

boundary on which tractions are prescribed. The physical space domain Ω(x) is discretized using378

sub-domains called elements or knot-spans Ωe that are defined in the parametric space Ω̃ by the379

structure of the knot vectors (i.e., Ξ and H in two-dimensional cases, and Ξ, H and Z for three-380

dimensional systems). Note that uncertainty in the geometric parameters affects the physical381

domain Ω(x). This dependence implies that geometric uncertainty enters the governing equations382

through the spatial domain itself.383

The discretization of the Weak Form of Eq. (22) is performed utilizing NURBS basis functions384

defined in Eq. (20). For the sake of simplicity, derivations for the two-dimensional case are385

considered from this point onwards. However, it is important to note that the expressions can be386

readily extended to the three-dimensional case. Since the isoparametric concept is applied and387

the interpolation scheme is performed in a Galerkin sense, the geometry, displacement field, and388

its corresponding test functions, are discretized by the same basis functions, that is389

Xh(x) =

necp∑
i=1

Ri(ξ, η)Pi(x) = NPe(x), uh(x) =

necp∑
i=1

Ri(ξ, η)ui(x) = Nue(x),

vh =

necp∑
i=1

Ri(ξ, η)vi = Nve,

(23)
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where Xh(x), uh(x) and vh represent approximations of geometry, displacements, and test func-390

tions, respectively. N is the matrix of shape functions, and necp is the number of control points391

of an element Ωe. Pe(x), ue(x), and ve are the control-point matrix, displacements, and test392

functions, per element, respectively. Here, uncertainty associated with the geometric parameters393

x is propagated to the geometry Xh(x), and the displacement field uh(x).394

Using this matrix notation, the symmetric linear strains can be approximated by,395

ε(uh,x) =

necp∑
i=1

Bi(x)ui(x) = B(x)ue(x) and ε(vh,x) =

necp∑
i=1

Bi(x)vi = B(x)ve, (24)

with the strain-displacement matrix B(x) and the matrix of shape functions N given by396

B(x) =


R1,X 0 . . . Rnecp,X 0

0 R1,Y . . . 0 Rnecp,Y

R1,Y R1,X . . . Rnecp,Y Rnecp,X

 and N =

R1 0 . . . Rnecp 0

0 R1 . . . 0 Rnecp

 . (25)

As observed in Eq. (25), the shape-function matrix N is composed of the NURBS basis func-397

tions defined in Eq. (20). Moreover, observe that B(x) is obtained from the derivatives of the398

shape functions with respect to the global spatial coordinates X and Y. As in standard FEM the399

strain–displacement matrix is also dependent on x.400

Therefore, the discretized matrix form of the Weak Equilibrium equation is given by401

Re(x) = vTeRe(x) = vTe

[(∫
Ωe(x)

BT(x)CB(x) dV

)
ue(x)−

∫
Ωe(x)

NTb dV −
∫
Γt,e(x)

NTt dA

]
,

(26)

where Re is the residual of the elemental equilibrium equation, Re represents the elemental equilib-402

rium residual vector, and C is the constitutive matrix, which characterizes the material properties.403

Here, Γt,e(x) = ∂Ωe(x) ∩ Γt(x) denotes the portion of the element boundary on which tractions404

are prescribed.405

As in standard finite element analysis, the IGA-discretized weak form, Eq. (26), can also be406

cast into the standard matrix form as, excluding the trivial solution v = 0,407

nel⋃
e=1

[Ke(x)ue(x)− fe] = K(x)u(x)− F = 0, (27)
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where Ke(x) is the element stiffness matrix, ue(x) is the element displacement vector, and fe is408

the element force vector.
⋃nel

e=1 represents a union operation over all nel elements in the discretized409

domain, K(x) is the stiffness matrix of the system, F is the force vector, and u(x) the displacement.410

Observe how the uncertainty in the geometry x is propagated to the displacement vector u(x)411

and stiffness matrix K(x). It is important to note that, although the geometry is subject to412

uncertainty, the loading is prescribed such that the total applied load F remains unchanged and413

is therefore treated as independent of the geometric parameters.414

The assembly of element-level quantities into their global counterparts follows the standard415

finite element procedure, with control-point connectivity replacing the nodal connectivity used in416

conventional FEA [10, 42]. Accordingly, the displacement vector u(x) contains degrees of freedom417

associated with the control points rather than nodal displacements, reflecting the generally non-418

interpolatory character of the NURBS basis in the interior of the parametric domain.419

Figure 1 summarizes the geometric mappings underlying the linear and nonlinear formulations420

considered in this work. The physical domain Ω(x) is obtained from the parametric domain Ω̃421

through the NURBS representation, while numerical integration is performed by mapping each422

parametric element to a parent domain for Gauss quadrature. Because the corresponding geo-423

metric Jacobian depends explicitly on the uncertain geometric parameters, geometric variability424

propagates directly through the numerical integration and the resulting structural response. Fur-425

ther details on the standard IGA mappings and assembly procedure can be found in [10].426

Physical domain

z

y

Parametric domain Parent domain

η̄

ξ̄

η

ξ

-1
-1

1
1

ξi ξi+1

ηj

ηj+1

Ω̃e

Control mesh

Control points

x

Ωe

Figure 1: Mappings and integration domains in isogeometric analysis: physical domain Ω (purple), parametric
domain Ω̃, and parent domain used for Gauss quadrature.
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4.2.2. Nonlinear behavior427

The previous section focused on linear elasticity. The present section extends the formulation428

to nonlinear material behavior. In this case, the NURBS mapping Xh(x) (see Eq.( 23)) defines429

the geometry of the reference configuration Ω0(x) for each realization of the uncertain geometric430

parameters x. For a fixed realization x, let X ∈ Ω0(x) denote the position of a material point in the431

reference configuration. Note that, throughout this section, the dependence on x is kept implicit432

whenever it does not lead to ambiguity. The current position is described by the deformation map433

φ(X) = X+ u(X), where u is the displacement field. The finite-strain kinematic quantities are434

F =
∂φ

∂X
= I +∇Xu, J = detF > 0,

C = F TF , E =
1

2
(C − I) , I1 = tr(C),

(28)

where F is the deformation gradient, J is its determinant, C is the right Cauchy–Green tensor,435

E is the Green–Lagrange strain tensor, I1 is the first invariant of C, and I is the second-order436

identity tensor.437

Different constitutive models may be adopted to characterize the nonlinear elastic response,438

depending on the material class and the deformation regime of interest. In the present work, a439

compressible Neo-Hookean model is employed as a simple isotropic hyperelastic constitutive law.440

The corresponding strain-energy density is given by441

WNH(C, J) =
µ

2
(I1 − d− 2 ln J)+

λL

2
(J−1)2, µ =

E

2(1 + ν)
, λL =

Eν

(1 + ν)(1− 2ν)
, (29)

where d is the spatial dimension, E is Young’s modulus, ν is Poisson’s ratio, µ is the shear modulus,442

and λL is the first Lamé parameter. The subscript L distinguishes the Lamé parameter λL from443

the Lagrange multipliers introduced in Section 3.444

For a hyperelastic material, the stress measures are obtained from the strain-energy density445

through standard constitutive relations. Accordingly, the second Piola–Kirchhoff stress S and the446

Cauchy stress σ are given by447

S = 2
∂WNH

∂C
, σ =

1

J
FSF T. (30)
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For the strain-energy density adopted here, these relations yield448

S = µ
(
I −C−1

)
+ λLJ(J − 1)C−1 and σ =

µ

J
(b− I) + λL(J − 1)I, (31)

where b = FF T is the left Cauchy–Green tensor.449

As in the linear elasticity formulation, the nonlinear governing equations are obtained from450

the weak form of equilibrium based on the principle of virtual work. The variational structure451

is preserved, while the infinitesimal strain and linear constitutive relation are replaced by the452

finite-strain kinematics and hyperelastic response introduced above. For the virtual displacement453

field v introduced previously, the associated variation of the Green–Lagrange strain tensor is454

δE(u;v) =
1

2

[
F T∇Xv + (∇Xv)

T F
]
. (32)

Substituting this virtual strain measure into the principle of virtual work yields the nonlinear weak455

equilibrium equation at a prescribed load factor γ ∈ [0, 1], which must hold for all kinematically456

admissible virtual displacement fields,457

Rnl(u,v,x; γ) =

∫
Ω0(x)

S : δE(u;v) dV0 − γ

[∫
Ω0(x)

b0 · v dV0 +

∫
Γ0,t(x)

t0 · v dA0

]
= 0, (33)

where b0 is the body-force vector per unit reference volume, t0 is the prescribed traction vector458

on the Neumann boundary Γ0,t(x), and dV0 and dA0 denote the differential volume and boundary459

area in the reference configuration, respectively.460

Applying the same NURBS-based Galerkin discretization introduced for the linear formulation,461

Eq. (33) is discretized as462

Rnl(u,x; γ) = Rint(u,x)− γFext = 0, (34)

where u is the global vector of displacement degrees-of-freedom, Rint is the assembled internal-force463

vector, Fext is the assembled external-force vector, and 0 is the zero vector. Consistently with the464

linear formulation, the total external load vector Fext is treated as independent of the geometric465

parameters.466

At a fixed value of γ, the residual equation is solved using Newton–Raphson iterations. At467
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iteration k, the consistent tangent stiffness matrix and the displacement update satisfy468

K(k)
T =

∂Rnl

∂u

∣∣∣∣
u=u(k)

= K(k)
mat +K(k)

geo,

K(k)
T ∆u(k) = −Rnl

(
u(k),x; γ

)
, u(k+1) = u(k) +∆u(k).

(35)

Here, K(k)
T is the tangent stiffness matrix, K(k)

mat and K(k)
geo are its material and geometric contribu-469

tions, ∆u(k) is the Newton displacement increment, and k is the iteration index. The converged470

tangent stiffness matrix is subsequently reused in the nonlinear variational sensitivity problem471

developed in Section 4.3.472

Once either the linear equilibrium problem in Eq. (27) or the nonlinear problem in Eq. (34)473

is solved, response quantities are evaluated through post-processing and retain their dependence474

on the geometric parameters through the domain mapping, integration measures, basis-function475

derivatives, and equilibrium solution. The following subsection introduces the corresponding varia-476

tional sensitivities, first recalling the linear relations and then developing their nonlinear extension.477

4.3. Variational sensitivity analysis for geometry478

4.3.1. Linear model479

The sensitivity-enhanced PCE formulation requires derivatives of the response with respect480

to the uncertain geometric parameters. In this work, these derivatives are obtained through481

variational sensitivity analysis within the IGA framework, exploiting the explicit dependence of482

the NURBS geometry on the underlying parameters. The required sensitivities reuse information483

from the structural response analysis, avoiding independent finite-difference response evaluations.484

Their computation requires access to internal IGA quantities and incurs additional computational485

cost, as discussed in Section 6.5.486

Let f(u(x),x) denote a response quantity of interest, where u(x) is the global vector of dis-487

placement degrees of freedom obtained from the discretized equilibrium problem. The function f(·)488

may represent displacements, stresses, strain-based quantities, or other post-processed responses.489

The following derivation considers mechanical systems with geometry-dependent domains, whose490

IGA representation is given by Eq. (23). For clarity, the dependence of the physical geometry on491

x is kept implicit hereafter, and the simplified notation X is adopted.492

Following standard results from variational sensitivity analysis [14, 15], the total variation493

of the response function can be decomposed into contributions associated with changes in the494
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displacement field and changes in the geometry. This leads to the expression495

δf = δuf + δXf =

[
∂f

∂u(x)

]
δu(x) +

[
∂f

∂X

]
δX. (36)

Here, δuf represents the indirect contribution arising from variations in the displacement field496

induced by geometric changes, whereas δXf captures the direct contribution due to perturbations497

of the geometry itself. This decomposition forms the foundation of the variational sensitivity498

formulation adopted in this work. Moreover, this decomposition makes explicit that geometric499

uncertainty affects the response through both indirect kinematic effects, mediated by the displace-500

ment field, and direct geometric effects associated with domain perturbations.501

To relate the response variations in Eq. (36) to the governing equations, the equilibrium condi-502

tion must be enforced for all admissible geometric perturbations. Within the direct differentiation503

method (DDM), this is achieved by requiring that the total variation of the Weak Equilibrium504

residual vanishes, i.e.,505

δR(u,v, δu, δX,x) = δuR(u,v, δu,x) + δXR(u,v, δX,x) = 0. (37)

This condition ensures that the equilibrium state is preserved under infinitesimal variations of506

the geometry and the associated displacement field. As a result, the response sensitivity can be507

derived consistently through direct differentiation, without requiring an adjoint formulation.508

Using standard Galerkin discretization concepts, the variations in Eq. (37) can be expressed509

in discrete form. The variation with respect to the displacement field is approximated as510

δuR(u,v, δu,x) ≈ δuR(uh, vh, δuh,x) = vTK(x) δu(x), (38)

where K(x) denotes the global stiffness matrix, which inherits its dependence on the uncertain511

geometry through the isogeometric discretization.512

Similarly, the variation of the Weak Equilibrium residual with respect to geometric changes513

gives rise to an additional contribution. This term captures the effect of perturbations in the spatial514

domain induced by variations of the control-point coordinates. In discrete form, the geometric515

variation is approximated as516

δXR(u,v, δX,x) ≈ δXR(uh, vh, δXh,x) = vTQ(x) δP(x), (39)
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where Q(x) denotes a geometry-induced pseudo-load matrix, and δP(x) represents variations of517

the NURBS control-point coordinates. The matrix Q(x) represents the contribution of geomet-518

ric perturbations to the equilibrium equations through changes in the internal virtual work. For519

the loading conditions considered here, the prescribed external load is independent of the uncer-520

tain geometry, such that its derivative vanishes and Q(x) acts as an equivalent geometry-induced521

pseudo-load. In the isogeometric setting, this contribution arises from changes in the parametric-522

to-physical mapping and involves derivatives of the NURBS basis functions and the stress field.523

Such a pseudo-load is specific to geometric uncertainty and does not arise for non-geometric un-524

certain parameters, such as material properties or external loads, when the domain remains fixed.525

The pseudo-load matrix Q(x) is obtained through element-wise differentiation of the weak form526

with respect to geometric variations, involving the strain–displacement relations, stress measures,527

and derivatives of the NURBS basis functions. Since these expressions follow established varia-528

tional sensitivity formulations and do not alter the conceptual development, the full derivation529

and explicit elemental expressions of Q(x) are provided in Appendix A.530

Since the discrete variational equation must hold for all admissible test vectors v, the response531

sensitivity with respect to control-point perturbations is obtained as532

K(x) δu(x) = −Q(x) δP(x) ⇒ δu(x) = −K−1(x)Q(x) δP(x) = S(x) δP(x), (40)

where S(x) denotes the displacement sensitivity matrix with respect to the control-point coordi-533

nates.534

To relate the control-point variations to the underlying uncertain geometric parameters, the535

perturbation of the NURBS control points is expressed through a design-velocity mapping,536

δP(x) = D(x) δx, (41)

where D(x) is the design-velocity matrix that describes how each geometric parameter perturbs537

the control-point coordinates.538

Combining Eqs. (40) and (41), the sensitivity of the displacement field with respect to the539

uncertain geometric parameters is obtained as540

δu(x) = S(x)D(x) δx, ⇒ du

dx
= S(x)D(x). (42)
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Here, the total derivative accounts for the implicit dependence of the displacement field on the541

geometric parameters through the variational problem.542

4.3.2. Nonlinear model543

The sensitivity equations presented above correspond to the linear equilibrium problem. For544

nonlinear systems, the same variational framework is applied to the converged equilibrium state545

obtained after the final load step (γ = 1). The nonlinear equilibrium formulation introduced546

in Eq. (34) depends on the uncertain geometric parameters through the geometry. Within the547

IGA framework, this dependence is represented explicitly by the NURBS control-point coordinates548

P = P(x). Accordingly, at convergence the discrete nonlinear equilibrium equation may be written549

as550

Rnl (u(x),P(x); γ) = 0, (43)

where the dependence on the uncertain geometric parameters is introduced through both the551

converged displacement vector u(x) and the control-point coordinates P(x) defining the geometry.552

Taking the total derivative of Eq. (34) with respect to the uncertain geometric parameters therefore553

gives554

d

dx
[Rnl (u(x),P(x); γ)] =

∂Rnl

∂u︸ ︷︷ ︸
KT

du(x)

dx
+

∂Rnl

∂P

∣∣∣∣
u

dP(x)

dx
= 0. (44)

Here, KT(x) is the consistent tangent stiffness matrix evaluated at the converged equilibrium state.555

The first term accounts for the implicit dependence of the residual on the geometric parameters556

through the equilibrium solution, whereas the second term represents the explicit dependence557

introduced by the geometry through the control-point parameterization. The partial derivative558

with respect to P is evaluated while holding the discrete displacement vector u fixed.559

At the converged configuration, this geometric derivative defines the nonlinear geometry-560

induced pseudo-load matrix as561

Qnl(x) =
∂Rnl

∂P

∣∣∣∣
u

= Qint,nl(x)−Qext,nl(x), (45)

where Qint,nl and Qext,nl are the geometric derivatives of the assembled internal- and external-force562

vectors, respectively. The internal contribution accounts for variations of the reference-domain563

mapping, the integration measure, the nonlinear kinematic operators, and the resulting stress564

state. The external contribution accounts for any dependence of the assembled external-force vec-565
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tor on the geometry. For the loading conditions considered in this work, the total prescribed load566

is independent of the uncertain geometry; consequently, Qext,nl = 0. Nevertheless, the external567

contribution is retained in Eq. (45) to preserve the generality of the formulation.568

Using the design-velocity relation from Eq. (41), the nonlinear displacement sensitivity is569

obtained from570

KT(x)
du(x)

dx
= −Qnl(x)D(x),

du(x)

dx
= −K−1

T (x)Qnl(x)D(x) = Snl(x)D(x), (46)

where571

Snl(x) = −K−1
T (x)Qnl(x) (47)

is the nonlinear displacement sensitivity matrix with respect to the control-point coordinates.572

Consequently, the factorized tangent stiffness matrix obtained from the converged equilibrium573

problem can be reused to solve the sensitivity equations associated with all geometric parameter574

directions. The nonlinear equilibrium analysis is substantially more expensive than in the lin-575

ear case, whereas the additional cost associated with the variational sensitivity analysis remains576

comparatively modest. The sensitivity of any post-processed response quantity is subsequently577

obtained from the general decomposition introduced in Eq. (36). The computational cost asso-578

ciated with the variational sensitivity analysis is assessed in Section 6.5. The full derivation and579

the explicit elemental expressions of Qnl(x) are provided in Appendix A.580

The variational sensitivity relations derived in this subsection provide the geometry-consistent581

derivative information used in the proposed sensitivity-enhanced PCE construction. They quantify582

the dependence of the structural response on the uncertain geometric parameters while remaining583

tied to the same NURBS parameterization used for the IGA model. In the following section,584

these IGA-derived sensitivities are incorporated into the PCE construction, forming the core of585

the proposed methodology.586

5. Proposed strategy587

5.1. IGA-based sensitivity-enhanced PCE formulation588

The proposed IGA-based sensitivity-enhanced PCE formulation combines response evaluations589

from the experimental design with geometry-consistent sensitivities obtained through variational590

sensitivity analysis. The response data define the standard PCE regression residual, while the591
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IGA-derived sensitivities provide the derivative information used to enhance the polynomial ap-592

proximation. The same surrogate construction applies whether these quantities are obtained from593

a linear or nonlinear equilibrium problem.594

Let {x(s)}nS
s=1 denote the prescribed sensitivity points in the space of uncertain geometric pa-595

rameters, with the corresponding derivative least-squares problem defined through the matrix J596

and vector s. For a selected polynomial chaos space, exact satisfaction of the sensitivity equa-597

tions, Jyα = s, is possible only if s ∈ Range(J). This compatibility condition is not generally598

guaranteed when sensitivities of a non-polynomial mechanical response are represented within a599

finite polynomial basis. Accordingly, incompatible sensitivity equations are not imposed as exact600

equality constraints.601

The formulation used in this work is instead defined through the Moore–Penrose solution of602

the complete KKT system603

AKKT =

ΨTΨ JT

J 0

 , bKKT =

ΨTyD

s

 , (48)

with the coefficient and multiplier vectors obtained as604

y⋆
α

λ⋆

 = A+
KKTbKKT =

ΨTΨ JT

J 0

+ ΨTyD

s

 . (49)

where (·)+ denotes the Moore–Penrose pseudoinverse. For the Gram-structured KKT system605

considered here, this solution admits an equivalent hierarchical least-squares interpretation.606

Defining the derivative least-squares solution set as607

Cs = argmin
c

∥Jc− s∥22 , (50)

the PCE coefficients satisfy608

y⋆
α ∈ argmin

c∈Cs

∥∥yD −Ψc
∥∥2

2
. (51)

Hence, the construction first attains the minimum derivative residual representable within the609

selected PCE space and subsequently fits the response within the corresponding derivative least-610

squares solution set, without increasing that minimum derivative residual. The equality-constrained611

formulation is recovered as the compatible special case s ∈ Range(J), for which the minimum612
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derivative residual is zero.613

The degree of compatibility between the available sensitivity information and the selected PCE614

space is quantified by the relative derivative residual615

ρs =
∥Jy⋆

α − s∥2
∥s∥2

. (52)

For the adopted Moore–Penrose solution, this residual reaches the minimum derivative discrepancy616

attainable within the selected polynomial space. A nonzero value of ρs therefore indicates finite-617

basis incompatibility between the supplied derivative observations and the selected PCE space,618

rather than exact interpolation of all supplied sensitivities.619

The algebraic construction follows the KKT-based formulation introduced for physics-informed620

polynomial chaos in Section 3. In the present setting, however, the matrix J is assembled di-621

rectly from derivatives of the polynomial basis rather than from governing equations or boundary-622

condition operators. Its rows contain derivatives of the polynomial chaos basis with respect to the623

standardized stochastic germs, evaluated at the prescribed sensitivity points, while s contains the624

corresponding IGA-derived sensitivities expressed in the same standardized space.625

Since the PCE basis is defined in terms of the stochastic germs Θ, the IGA-derived sensitivities626

with respect to the physical geometric parameters must be expressed consistently in the same space627

before assembling the sensitivity vector s. For the independent uniformly distributed geometric628

parameters considered in this work, xj ∼ U(xj, xj), the affine transformation is629

xj =
xj + xj

2
+

xj − xj

2
Θj, Θj ∈ [−1, 1]. (53)

Therefore, by the chain rule, the physical IGA sensitivity is transformed to the standardized630

stochastic space as631

s
(s)
Θj

=
∂Y
∂Θj

∣∣∣∣
x=x(s)

=
∂Y
∂xj

∣∣∣∣
x=x(s)

xj − xj

2
. (54)

Accordingly, the entries of the sensitivity vector are assembled as s(s,j) = s
(s)
Θj
, while the corre-632

sponding entries of J are derivatives of the PCE basis with respect to Θj. Equivalently, derivatives633

with respect to the physical variables may be obtained from derivatives in the standardized space634

using the inverse scaling factor ∆Γ,j = 2/(xj −xj), as in the original constrained polynomial chaos635

regression formulation [27].636
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Since each sensitivity point contributes one derivative observation for each uncertain geometric637

parameter for which variational sensitivity information is available, s ∈ RnSM and J ∈ RnSM×P ,638

where M is the number of uncertain geometric parameters and P denotes the number of retained639

polynomial chaos terms. For the sparse LAR-based variant, P corresponds to the number of active640

polynomial terms.641

The integration of IGA-derived sensitivities into the proposed formulation is illustrated schemat-642

ically in Figure 2. Starting from a parameterized NURBS-based geometric description, an exper-643

imental design (ED) is generated by sampling the uncertain geometric parameter space, e.g. via644

Latin Hypercube Sampling (LHS), and evaluating the IGA model at nsim realizations. For the645

same realizations, variational sensitivity analysis reuses information from the IGA solution to646

compute derivatives of the response with respect to the uncertain geometric parameters. In all647

numerical examples, the sensitivity points coincide with the experimental-design realizations, so648

that nS = nsim. Thus, each model evaluation x(i) provides both the response value y(i) and649

the corresponding physical sensitivity vector ∂Y/∂x
∣∣
x(i) . The sensitivity values are transformed650

according to Eq. (54) before assembling the vector s.651

The resulting sensitivity-enhanced PCE surrogate is informed by both response values and local652

geometry-dependent derivative information. As illustrated in Figure 2, this integrated strategy is653

intended to improve surrogate accuracy and gradient quality when only a limited number of high-654

fidelity response evaluations is available. Furthermore, the proposed approach can be combined655

with sparse regression techniques, such as least-angle regression (LAR).656

5.2. Summary of the proposed strategy657

Figure 3 summarizes the proposed IGA-based sensitivity-enhanced PCE framework for geo-658

metric uncertainty quantification. The individual steps of the methodology are detailed below and659

follow the structure of the flowchart.660

1. Define the isogeometric analysis (IGA) model, including the geometry, parametric space Ω̃,661

boundary conditions, material behavior, and the response of interest y.662

2. Identify the uncertain geometric parameters and model them as a random vector X with663

prescribed probability distributions.664

3. Construct the NURBS-based geometry through a parameterized control-point matrix P(x),665

providing a consistent NURBS representation of the physical domain for any realization x.666
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X2
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∂Y
∂X1

Variational sensitivities

KKT-based SE-PCE

Derivative fit

Response fit

IGA model for Y(X )

Exact NURBS geometry

IGA-based sensitivity-enhanced PCE surrogate

YPCE(X1,X2)

X2

X1

X1

X2

X2

X1

Error (MSE or gradients)

nsim

Training samples

Sensitivity points

Sensitivity-enhanced response YPCE(X1,X2) + error decay

Figure 2: Conceptual scheme of the proposed IGA-based sensitivity-enhanced PCE formulation.

4. Select the polynomial chaos basis, including the polynomial family, maximum order pp, and667

multi-index set A. Here, uniform distributions are assumed for the uncertain geometric668

parameters, leading to Legendre polynomials. A total-order truncation strategy is adopted669

with candidate maximum polynomial orders between pp = 6 and pp = 8. The choice of this670

candidate range and the model-selection criterion adopted for each surrogate are detailed in671

the corresponding numerical examples in Section 6.672

5. Generate an experimental design (ED) of size nsim by sampling realizations {x(i)}nsim
i=1 from673

X , for instance using Latin Hypercube Sampling.674

(a) For each realization x(i), solve the corresponding linear or nonlinear IGA equilibrium675

problem to obtain the response y(i) = M(x(i)) and compute the physical variational676

sensitivities ∂Y/∂x, which are then transformed to the standardized stochastic space677
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before assembling s.678

6. Assemble the response regression matrix Ψ and the derivative matrix J together with the679

transformed IGA-derived sensitivity vector s.680

7. Construct the IGA-based sensitivity-enhanced PCE surrogate through the Moore–Penrose681

solution of the complete KKT system in Eq. (49). If the system is ill-conditioned, refine the682

polynomial basis, enrich the experimental design, or activate sparse regression techniques683

such as least-angle regression (LAR).684

(a) Construct the IGA-based sensitivity-enhanced PCE surrogate and evaluate both pre-685

dictions and gradients.686

(b) Assess accuracy and sensitivity consistency using verification metrics such as mean687

squared error, cumulative absolute error, and gradient fidelity.688

(c) If the prescribed criteria are not satisfied, repeat surrogate construction.689

The following section presents numerical results that assess the accuracy and computational690

behavior of the proposed methodology.691

6. Numerical experiments692

6.1. Quarter-circular annulus693

The first example considers a linear two-dimensional steel quarter-circular annulus. The bot-694

tom end of the shape is fixed, and a load of 40 kN is applied at the top end. The material properties695

are assumed deterministic, with Young’s modulus E = 2×105N/mm2 and Poisson’s ratio ν = 0.3.696

Plane stress conditions (σ33 = 0) are assumed. The inner radius r and thickness t are modeled697

as independent uniform random variables, with r ∼ U(10, 50) mm and t ∼ U(15, 40) mm. The698

relatively wide parameter ranges are selected to represent pronounced geometric variability and699

its influence on the stress response. The response of interest is the maximum stress triaxiality σST.700

Stress triaxiality is a physically meaningful indicator of the stress state and plays a central role in701

the characterization of damage mechanisms and fracture initiation in ductile materials [48, 49, 50].702

By definition, the stress triaxiality σST(x) is given by the ratio of the hydrostatic stress σM(x)703

to the von Mises equivalent stress σV(x), that is,704

σST(x) =
σM(x)

σV(x)
, σM(x) =

1

3
tr(σ(x)) , σV(x) =

√
3J2(x), (55)
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Start

1. Define IGA model: geometry, boundary con-
ditions, constitutive law and response of interest.

2. Identify random vector of un-
certain geometric parameters X .

3. Construct NURBS geome-
try and control-point matrix P.

4. Select polynomial chaos basis: family,
maximum order pp and multi-index set A.

5. Generate an experimental design
(ED) {x(i)}nsim

i=1 ∼ X (e.g. via LHS).

5.a. For each x(i), run the IGA
model to compute y(i) and geometry-
consistent variational sensitivities.

6. Assemble the response regres-
sion matrix Ψ, derivative matrix J ,
and transformed sensitivity vector s.

Is the KKT system
well conditioned?

7. Apply the complete-KKT Moore–Penrose
formulation to obtain the PCE coefficients yα.

7.a. Build the IGA-based sensitivity-
enhanced PCE surrogate and eval-
uate predictions and gradients.

7.b. Compute verification metrics:
mean squared error, cumulative

absolute error, and gradient fidelity.

Response and
gradient accuracy

satisfactory?

7.c. Refine the surrogate: add
samples, adjust the polynomial basis,
or use sparse regression (e.g. LAR).

Sensitivity-enhanced PCE surrogate for UQ.

Stop

IGA model definition

Sensitivity-enhanced PCE surrogate construction

no

yes

yes

no

Figure 3: Flowchart of the proposed IGA-based sensitivity-enhanced PCE framework for geometric uncertainty
quantification.
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where σ denotes the Cauchy stress tensor and J2 is the second invariant of the deviatoric stress705

tensor.706

The objective of this example is twofold: (i) to isolate the effect of geometric uncertainty on a707

stress-based response quantity, and (ii) to assess the ability of the proposed IGA-based sensitivity-708

enhanced PCE formulation to improve response accuracy in a minimal and controlled setting.709

Because stress triaxiality depends on the spatial stress distribution, it provides a suitable quantity710

of interest for assessing both response and geometry-dependent sensitivity predictions. The spatial711

location of the maximum stress triaxiality was monitored across the uncertainty domain, and no712

relevant switching of the active maximum was observed. Accordingly, the reported sensitivities713

correspond to regions in which the active maximum remains locally unique and varies continuously714

with the geometric parameters. A spatial-refinement study was also performed for the quantity715

of interest and its geometric sensitivities. The results confirmed that the surrogate comparisons716

reported below are not governed by unresolved spatial discretization errors.717

t

r

Figure 4: Uncertain geometric parameters of the quarter-circular annulus (left) and isogeometric model with
boundary conditions (right).

The geometry is represented using ncp = 6 control points. The corresponding NURBS control-718

point matrix P is parameterized in terms of the uncertain radius r and thickness t as719

P =

t t t+ r 0 0 t+ r

0 r r 0 t+ r t+ r

T

. (56)

Additional implementation details of the IGA model are provided in Appendix B.720

A high-fidelity database of 10000 Latin Hypercube Sampling realizations was partitioned into721

a training pool of 9000 samples and a fixed validation set of 1000 samples. For each training size,722

an independent random subset of nsim simulations was generated without replacement from the723

training pool, with nsim ranging up to 200. Each selected location provides the response and the724
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corresponding geometry-consistent sensitivity vector. The validation responses and sensitivities725

were used exclusively for out-of-sample assessment and were not involved in surrogate fitting or726

model selection.727

The candidate maximum polynomial orders were pp ∈ {6, 7, 8} for all numerical examples,728

as determined from preliminary evaluations over a broader range of polynomial orders. Lower-729

order expansions showed insufficient approximation capacity for the response surfaces considered,730

whereas orders beyond pp = 8 produced only marginal improvements in predictive accuracy,731

indicating that the approximation error had begun to plateau. This range was therefore retained732

as a common candidate set, with the polynomial order selected independently for each surrogate733

and training realization according to the corresponding model-selection criterion. For the response-734

only sparse polynomial chaos expansion based on least-angle regression (PCE–LAR), the order735

was selected using the analytical response leave-one-out error [21]. For the proposed IGA-based736

sensitivity-enhanced polynomial chaos expansion (IGA–SE PCE), the order was selected using a737

grouped leave-one-simulation-out score that equally combines the variance-normalized response738

and sensitivity errors. For its sparse least-angle-regression variant (IGA–SE PCE–LAR), the739

grouped criterion was based on the held-out response error evaluated on the selected active basis.740

In both grouped procedures, the response equation and the two sensitivity equations associated741

with the held-out simulation were removed simultaneously. Derivative accuracy was subsequently742

evaluated on the fixed validation set against the corresponding IGA variational sensitivities.743

Figure 5 compares the predictive accuracy of PCE–LAR (blue), IGA–SE PCE (red), IGA–744

SE PCE–LAR (green), and gradient-enhanced Kriging using central finite-difference sensitivities745

(GEK–FD, black). GEK–FD provides an external derivative-informed benchmark in which gra-746

dient observations are obtained through additional high-fidelity evaluations using central finite747

differences. A squared-exponential covariance kernel with separate length scales is employed,748

with hyperparameters re-estimated by maximum likelihood for each training set and statistical749

repetition. Further implementation and optimization details are provided in Appendix C. The750

comparison with GEK–FD is interpreted as a cost-consistent comparison of complete surrogate-751

construction workflows rather than as evidence of intrinsic superiority of either surrogate family.752

Three response-error metrics are considered: the mean squared error (MSE), the cumulative753

absolute error, and the maximum absolute error. All results are based on 50 independent repe-754

titions, and the convergence curves report the mean together with ±1 standard-deviation bands.755
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For the MSE panel, these statistics are computed after applying the base-10 logarithm to the MSE756

obtained in each repetition. The horizontal axis represents the equivalent high-fidelity computa-757

tional effort, including the additional cost of sensitivity acquisition as detailed in Section 6.5.758

Across the three response metrics, the sensitivity-enhanced PCE formulations improve upon759

the response-only PCE–LAR baseline, particularly in the low-cost regime. IGA–SE PCE attains760

the lowest mean squared and cumulative absolute errors over much of the low- and intermediate-761

cost range, while GEK–FD becomes increasingly competitive at larger computational budgets762

and provides particularly low maximum errors over part of the investigated range. The overlap763

of the standard-deviation bands further indicates that the relative performance depends on the764

selected experimental design. Table 1 complements these trends and shows that IGA–SE PCE765

reaches both prescribed mean MSE levels with the lowest equivalent computational effort among766

the compared methods.767
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Figure 5: Comparison of surrogate-model accuracy for the maximum stress triaxiality in the linear quarter-circular
annulus over a common range of up to 200 equivalent high-fidelity model evaluations. Solid lines denote the mean
performance over the statistical repetitions, and the shaded regions represent one standard deviation.

The response comparison is complemented by the out-of-sample derivative assessment in Fig-768

ure 6. The first two panels report the mean squared errors of the derivatives with respect to r769

and t, while the third reports the combined normalized gradient error obtained by summing the770

component-wise MSEs normalized by the corresponding validation-set gradient variances. IGA–SE771

PCE consistently improves the out-of-sample derivative predictions relative to the response-only772

PCE–LAR baseline. IGA–SE PCE–LAR also reduces the gradient errors over most of the common773

cost range, while GEK–FD remains competitive at intermediate and high computational budgets.774

Together, the response and derivative results show that the IGA-derived sensitivities improve both775

response and gradient approximation, with the clearest response gains occurring in the low-cost776
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Table 1: Equivalent computational effort required by the surrogate models to achieve prescribed mean squared error
levels for the linear quarter-circular annulus. The equivalent number of high-fidelity (HF) evaluations accounts
for the additional cost associated with sensitivity computations. Non-integer equivalent costs are conservatively
rounded up to the next integer high-fidelity evaluation.

Method ϵtarget Equivalent HF evaluations Achieved mean MSE

PCE–LAR 10−4 70 7.43× 10−5

10−5 130 8.67× 10−6

IGA–SE PCE 10−4 62 4.93× 10−5

10−5 100 6.43× 10−6

IGA–SE PCE–LAR 10−4 62 7.96× 10−5

10−5 137 8.96× 10−6

GEK–FD 10−4 80 4.13× 10−5

10−5 140 6.33× 10−6

regime.777

Linear quarter-circular annulus: gradient -delity
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Figure 6: Comparison of out-of-sample derivative accuracy for the linear quarter-circular annulus over a common
range of up to 200 equivalent high-fidelity model evaluations. Derivatives are evaluated against the held-out IGA
variational sensitivities. Solid lines denote the mean performance over the statistical repetitions, and the shaded
regions represent one standard deviation.

Figure 7 provides a complementary view of the geometry-dependent response and sensitivity778

fields. The stress-triaxiality surface σST(r, t) exhibits pronounced curvature and non-monotonic779

behavior over the admissible parameter domain. The corresponding sensitivity fields show different780

directional effects, with variations in r producing relatively smooth changes and variations in t781

producing more localized regions of elevated sensitivity. These patterns illustrate the need to782

reproduce both response values and geometry-dependent sensitivity trends over the uncertain783

parameter space. Selected spatial stress-triaxiality distributions are provided in Appendix B.1 in784

Figure B.15. They further illustrate the redistribution of the stress field induced by variations in785

r and t.786
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(a) Stress triaxiality surface σST(r, t).

(b) Sensitivity ∂σST/∂r. (c) Sensitivity ∂σST/∂t.

Figure 7: IGA maximum stress-triaxiality response and sensitivity surfaces for the quarter-circular annulus as
functions of the radius r and thickness t.

6.2. Solid horseshoe787

This example assesses the ability of the proposed IGA-based sensitivity-enhanced PCE for-788

mulation to approximate geometry-dependent stress-triaxiality variations in a three-dimensional789

setting involving four uncertain geometric parameters. The framework is applied to a three-790

dimensional horseshoe-shaped solid adapted from Hughes [10], shown in Figure 8. The structure791

is subjected to equal and opposite prescribed displacements ±u0 along the flat edges in the x-792

direction. Additional displacement constraints are imposed to prevent rigid-body motions. These793

include supports at the base ends in the y-direction and localized constraints at the outer corners794

and top region of the horseshoe. The constrained control-point degrees of freedom are indicated795

by the green markers in Figure 8. The material behavior is assumed deterministic and linear796

elastic, with Young’s modulus E = 3× 107N/cm2 and Poisson’s ratio ν = 0.3.797

The horseshoe geometry is constructed through a U-sweep of a square cross-section of dimen-798
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sions L × L. A quarter disk of radius R is removed to define the inner edge. The geometry also799

includes a straight segment of height H, while r controls the position of the inner circular region800

relative to the origin. The resulting NURBS volume contains ncp = 108 control points, corre-801

sponding to 324 geometric degrees of freedom. The control-point coordinates are parameterized802

directly in terms of the uncertain geometric parameters (L,R, r,H). Additional implementation803

details of the parameterization and design-velocity matrix are provided in Appendix D. The pa-804

rameters are modeled as independent uniform random variables: L ∼ U(3.5, 5.5), R ∼ U(0.5, 1.5),805

r ∼ U(0.9142, 1.9142), and H ∼ U(7.5, 8.5), with all quantities expressed in cm.806

H

R

L
rL

u0

u0

R

z

x

y

Figure 8: Geometry and boundary conditions of the three-dimensional horseshoe example. The left panel shows
the uncertain geometric parameters and prescribed flat-edge displacements, while the right panel shows the cor-
responding isogeometric model with NURBS control points and boundary conditions. Yellow markers indicate
non-zero prescribed displacements (ux = ±u0), green markers indicate homogeneous displacement constraints, and
black dots denote the NURBS control points.

The main NURBS and discretization settings are summarized in Table 2. The complete para-807

metric definition of the control net is provided in Appendix D.808

The training and validation protocol follows Section 6.1. A database of 10000 Latin Hypercube809

Sampling realizations is partitioned into a training pool of 9000 samples and a fixed validation set810

of 1000 samples. Experimental designs are selected without replacement from the training pool,811

and all reported curves are obtained from 50 independent designs. The candidate polynomial-812

degree range is again pp ∈ {6, 7, 8}. For PCE–LAR, the degree is selected using the analytical813
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Table 2: NURBS and discretization settings for the three-dimensional horseshoe example.

Quantity Value
Parametric directions (ξ, η, ζ)
Polynomial degrees (p, q, r) = (2, 2, 2)
Number of basis functions (nξ, nη, nζ) = (4, 3, 9)
Number of control points ncp = 4× 3× 9 = 108
Degrees of freedom 3ncp = 324
Number of knot spans/elements 2× 1× 6 = 12
Design-velocity matrix size D ∈ R324×4

response leave-one-out error. For IGA–SE PCE, the grouped criterion combines the variance-814

normalized response error and the four sensitivity errors. For IGA–SE PCE–LAR, the grouped815

criterion uses the held-out response error on the active basis. In both grouped procedures, the816

response and all four sensitivity equations associated with the held-out realization are removed817

simultaneously. The model-selection criteria use only the training data. The sensitivity overhead818

is included in the equivalent computational cost and is quantified in Section 6.5.819

Figure 9 compares the response accuracy of the four surrogate models as a function of the820

equivalent high-fidelity computational cost. The sensitivity-enhanced PCE formulations become821

increasingly competitive with PCE–LAR as the available computational budget increases. Beyond822

approximately 200 equivalent high-fidelity evaluations, they generally achieve comparable or lower823

mean squared errors and lower cumulative absolute errors over much of the investigated range.824

The maximum absolute error shows a different trend, with PCE–LAR providing the smallest825

maximum validation error. Thus, the additional derivative information primarily improves global826

approximation quality rather than uniformly reducing the largest local errors.827

GEK–FD generally exhibits larger mean squared and cumulative response errors in this bench-828

mark. The additional high-fidelity evaluations required for finite-difference gradients reduce the829

number of training locations available at a given equivalent computational budget. The full830

and sparse IGA–SE formulations show broadly similar convergence trends. However, IGA–SE831

PCE–LAR reaches the stricter response-accuracy target at a lower equivalent cost than the full832

sensitivity-enhanced formulation. Table 3 confirms that all methods reach the 10−3 target at833

comparable costs, whereas IGA–SE PCE–LAR reaches the 10−4 target with the lowest equivalent834

computational effort. GEK–FD does not reach the latter target within the investigated range.835

Figure 10 compares the out-of-sample accuracy of the four geometry-dependent derivatives.836

The effect of sensitivity enrichment is clearly direction-dependent. For the derivatives with respect837
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Linear three-dimensional horseshoe
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Figure 9: Comparison of response accuracy for the maximum stress triaxiality of the three-dimensional horseshoe
over a common range of up to 500 equivalent high-fidelity response evaluations. Solid lines show mean values over
50 independent experimental designs, and shaded regions show one standard deviation.

Table 3: Equivalent computational effort required by the surrogate models to achieve prescribed mean squared
error levels for the three-dimensional linear horseshoe benchmark. The equivalent number of high-fidelity (HF)
evaluations accounts for the additional computational cost associated with variational sensitivity evaluations in the
IGA–SE models and finite-difference gradient evaluations in GEK–FD. Non-integer equivalent costs are conserva-
tively rounded up to the next high-fidelity evaluation.

Method ϵtarget Equivalent HF evaluations Achieved mean MSE

PCE–LAR 10−3 125 1.81× 10−4

10−4 250 9.01× 10−5

IGA–SE PCE 10−3 132 2.56× 10−4

10−4 264 7.42× 10−5

IGA–SE PCE–LAR 10−3 132 1.75× 10−4

10−4 211 9.65× 10−5

GEK–FD 10−3 135 4.52× 10−4

10−4 – –

to R and r, both IGA–SE PCE formulations generally provide the lowest errors over most of838

the investigated cost range. For the derivative with respect to L, the differences between the839

polynomial-chaos models are smaller, with PCE–LAR reaching slightly lower errors toward the840

upper end of the range. For the derivative with respect to H, GEK–FD provides the smallest841

error.842

This behavior is consistent with the relative influence of the geometric parameters. The max-843

imum stress triaxiality is considerably more sensitive to variations in R than in H, while the844

influence of H is comparatively small. The raw combined gradient error generally favors the845

sensitivity-enhanced formulations over much of the investigated range. After variance normal-846

ization, the differences between the methods become smaller. This indicates that the benefit of847
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Linear three-dimensional horseshoe: gradient -delity
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Figure 10: Comparison of out-of-sample derivative accuracy for the maximum stress triaxiality of the three-
dimensional horseshoe. The first four panels report the component-wise derivative MSEs, while the last two
panels report the combined and variance-normalized gradient errors.

sensitivity enrichment is not distributed uniformly across the individual geometric directions and848

is more pronounced for some of the dominant sensitivities.849

Selected spatial stress-triaxiality distributions are provided in Appendix D.1 (Figure D.16).850

They further illustrate how geometric variability modifies the localization, intensity, and spatial851

extent of the stress-triaxiality field.852

6.3. Nonlinear quarter-circular annulus853

The objective of this example is to assess the applicability of the proposed framework be-854

yond linear elasticity by revisiting the quarter-circular annulus of Section 6.1 using a nonlinear855

isogeometric formulation. The same geometry, uncertain parameters, boundary conditions, and856

response quantity are retained. Thus, the inner radius r and thickness t are again modeled as857

independent uniform random variables, with r ∼ U(10, 50) mm and t ∼ U(15, 40) mm. This858

configuration assesses the nonlinear formulation within the same geometric uncertainty setting as859

the linear benchmark.860

The benchmark is analyzed using a compressible Neo-Hookean material model under plane-861

strain conditions. Young’s modulus, Poisson’s ratio, and the out-of-plane thickness are fixed at862
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E = 2 × 105N/mm2, ν = 0.3, and 1 mm, respectively. The response is computed incrementally863

using 10 equal load steps. At each step, the nonlinear equilibrium problem is solved using the864

Newton–Raphson procedure described in Section 4.2.2, with a residual tolerance of 10−8 and a865

maximum of 25 iterations. After convergence of the final load step, the variational sensitivity866

problem is solved using the converged tangent stiffness matrix and the geometry-induced pseudo-867

load terms described in Section 4.3. The resulting displacement sensitivities are propagated during868

post-processing to obtain sensitivities of the stress-based quantities of interest.869

The nonlinear variational sensitivities were verified against central finite-difference approxi-870

mations using a perturbation size of h = 10−4 over the 10000 realizations. The median relative871

discrepancies were 1.17 × 10−8 for ∂σST/∂r and 1.11 × 10−8 for ∂σST/∂t. The corresponding872

99th percentiles were 1.09 × 10−6 and 1.05 × 10−6, respectively. The selected loading produces873

moderate finite-deformation levels. At the nominal geometry, the maximum absolute principal874

Green–Lagrange strain reaches 4.61 × 10−2. Under otherwise identical plane-strain conditions,875

the Neo-Hookean displacement vector differs from its small-strain linear counterpart by 6.64% in876

relative Euclidean norm. Across representative realizations spanning the uncertainty domain, this877

difference ranges from 1.28% to 25.34%. These results confirm that the benchmark includes both878

nearly linear and appreciably nonlinear response regimes.879

The response of interest remains the maximum stress triaxiality σST, computed from the880

Cauchy stress tensor according to Eq. (55). For each selected realization, the nonlinear IGA881

model provides the response and the variational sensitivities with respect to r and t. The physi-882

cal sensitivities are transformed to the standardized stochastic space according to Eq. (54). The883

database, training–validation partition, experimental-design generation, polynomial-order selec-884

tion, and statistical assessment follow the protocol introduced in Section 6.1. Derivative accuracy885

is evaluated independently on the fixed validation set using the corresponding IGA variational886

sensitivities.887

Figure 11 compares the response accuracy of PCE–LAR, IGA–SE PCE, IGA–SE PCE–LAR,888

and GEK–FD over a common range of up to 200 equivalent high-fidelity evaluations. The same889

response-error metrics and equivalent-cost definition introduced for the linear benchmark are em-890

ployed. Additional implementation and optimization details for GEK–FD are provided in Ap-891

pendix C.892

Across the three response metrics, IGA–SE PCE provides the lowest or nearly lowest mean error893
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Nonlinear Neo-Hookean quarter-circular annulus
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Figure 11: Comparison of surrogate-model accuracy for the maximum stress triaxiality in the nonlinear Neo-
Hookean quarter-circular annulus over a common range of up to 200 equivalent high-fidelity model evaluations.
Solid lines denote the mean performance over the 50 statistical repetitions, and the shaded regions represent one
standard deviation.

over most of the common cost range, with the clearest advantage in the low-data regime. IGA–SE894

PCE–LAR also improves upon the response-only baseline over most of the investigated range,895

while GEK–FD becomes increasingly competitive as the computational budget increases. The896

overlap of the variability bands indicates that the relative performance depends on the selected897

experimental design and should therefore be interpreted through the overall statistical trends898

rather than strict dominance. Table 4 shows that IGA–SE PCE reaches both prescribed mean899

MSE levels with the lowest equivalent computational effort. For the more restrictive threshold of900

10−5, it reduces the required effort by approximately 43% relative to both PCE–LAR and GEK–901

FD. All four methods nevertheless reach both reported accuracy levels within the investigated902

range.903

Table 4: Equivalent computational effort required by the surrogate models to achieve prescribed mean squared error
levels for the nonlinear quarter-circular annulus. The equivalent number of high-fidelity (HF) evaluations accounts
for the additional cost associated with sensitivity computations. Non-integer equivalent costs are conservatively
rounded up to the next high-fidelity evaluation.

Method ϵtarget Equivalent HF evaluations Achieved mean MSE

PCE–LAR 10−4 100 9.88× 10−5

10−5 200 9.55× 10−6

IGA–SE PCE 10−4 52 9.89× 10−5

10−5 115 9.15× 10−6

IGA–SE PCE–LAR 10−4 83 4.60× 10−5

10−5 156 9.86× 10−6

GEK–FD 10−4 100 7.06× 10−5

10−5 200 9.77× 10−6
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Figure 12 complements the response comparison with the out-of-sample derivative accuracy.904

The first two panels report the errors in ∂σST/∂r and ∂σST/∂t, while the third reports the com-905

bined normalized gradient error. IGA–SE PCE provides the lowest mean combined gradient error906

throughout the common cost range, with the same general trend observed for both individual907

derivative components. IGA–SE PCE–LAR and GEK–FD remain competitive as the computa-908

tional budget increases. Together with the response results, these findings show that the variational909

sensitivities improve both response and derivative approximation for the nonlinear benchmark.910

Nonlinear Neo-Hookean quarter-circular annulus: gradient -delity
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Figure 12: Comparison of out-of-sample derivative accuracy for the nonlinear Neo-Hookean quarter-circular annulus
over a common range of up to 200 equivalent high-fidelity model evaluations. Derivatives are evaluated against
the held-out IGA variational sensitivities. The combined normalized gradient error is obtained by summing the
component-wise mean squared errors normalized by the corresponding validation-set gradient variances. Solid lines
denote the mean performance over the 50 statistical repetitions, and the shaded regions represent one standard
deviation.

6.4. Quarter-circular annulus with combined geometric and material uncertainty911

The final example assesses whether geometry-derived variational sensitivities remain beneficial912

when the structural response is also influenced by an independent uncertain material parameter.913

The nonlinear quarter-circular annulus of Section 6.3 is therefore extended by introducing uncer-914

tainty in Poisson’s ratio while retaining the same geometry, boundary conditions, loading, and915

quantity of interest. The geometric parameters remain independent uniform random variables,916

with r ∼ U(10, 50) mm and t ∼ U(15, 40) mm. Young’s modulus and the out-of-plane thickness917

remain fixed at E = 2× 105N/mm2 and 1 mm, respectively. Poisson’s ratio is modeled according918

to919

Zν ∼ Beta(αν , βν), ν = 0.5Zν , (αν , βν) = (39.4, 26.2667), (57)

which yields µν = 0.3 and a coefficient of variation CoVν = 0.1. The PCE is therefore constructed920

in three independent stochastic dimensions associated with (r, t, ν). The geometric variables are921
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transformed according to Eq. (53), while ν is represented through Uν ∼ U(0, 1) and mapped to922

its physical value using the inverse beta cumulative distribution function.923

The compressible Neo-Hookean formulation, plane-strain assumption, and nonlinear solution924

strategy are unchanged from the previous benchmark. Derivative information, however, remains925

available only with respect to the geometric parameters r and t. Consequently, the polynomial926

basis spans the full three-dimensional stochastic space, whereas derivative information is incor-927

porated only along two stochastic directions. This increases the approximation complexity while928

providing no derivative enrichment for the uncertain material parameter.929

The database generation, training–validation partition, polynomial-order selection, and sta-930

tistical assessment follow the protocol of Section 6.3. The database is generated in the three-931

dimensional uncertain space associated with (r, t, ν). GEK–FD is constructed in the correspond-932

ing physical parameter space and uses central finite-difference derivatives only with respect to r933

and t. Additional implementation and optimization details are provided in Appendix C.934

Figure 13 compares the response accuracy of PCE–LAR, IGA–SE PCE, IGA–SE PCE–LAR,935

and GEK–FD over a common range of up to 600 equivalent high-fidelity evaluations. The same936

response-error metrics and statistical summaries introduced in the preceding benchmarks are937

employed.938

Nonlinear Neo-Hookean annulus with material uncertainty
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Figure 13: Comparison of surrogate-model accuracy for the maximum stress triaxiality in the nonlinear Neo-
Hookean quarter-circular annulus with combined geometric and material uncertainty over a common range of up
to 600 equivalent high-fidelity model evaluations. Solid lines denote the mean performance over the 50 statistical
repetitions, and the shaded regions represent one standard deviation.

Both sensitivity-enhanced PCE formulations improve upon PCE–LAR over the common cost939

range, with the largest gains occurring in the low-data regime. At the lowest investigated bud-940

get, IGA–SE PCE reduces the mean MSE by approximately 70% relative to PCE–LAR and by941
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approximately 40% relative to GEK–FD. As the computational budget increases, GEK–FD be-942

comes increasingly competitive and provides the lowest mean response errors near the upper end943

of the investigated range. The sensitivity-enhanced formulations nevertheless retain lower mean944

response errors than PCE–LAR over the investigated range. The overlap of the variability bands945

indicates that the relative ordering also depends on the selected experimental design.946

Table 5 summarizes the equivalent computational effort required to reach the prescribed mean947

MSE levels. Both sensitivity-enhanced formulations reach the 10−4 threshold at lower equivalent948

cost than GEK–FD and substantially lower cost than PCE–LAR. For the stricter threshold of949

5 × 10−5, IGA–SE PCE requires the lowest equivalent computational effort, whereas PCE–LAR950

does not reach this accuracy within the investigated range.951

Table 5: Equivalent computational effort required by the surrogate models to achieve prescribed mean squared
error levels for the nonlinear quarter-circular annulus with combined geometric and material uncertainty. The
equivalent number of high-fidelity (HF) evaluations accounts for the additional cost associated with sensitivity
computations. Non-integer equivalent costs are conservatively rounded up to the next high-fidelity evaluation.

Method ϵtarget Equivalent HF evaluations Achieved mean MSE

PCE–LAR 10−3 200 3.33× 10−4

10−4 500 9.88× 10−5

5× 10−5 – –

IGA–SE PCE 10−3 208 1.01× 10−4

10−4 229 8.48× 10−5

5× 10−5 353 4.39× 10−5

IGA–SE PCE–LAR 10−3 208 1.26× 10−4

10−4 229 9.81× 10−5

5× 10−5 394 4.69× 10−5

GEK–FD 10−3 200 1.66× 10−4

10−4 250 8.77× 10−5

5× 10−5 450 3.54× 10−5

Figure 14 complements the response comparison with the out-of-sample derivative accuracy.952

Both sensitivity-enhanced PCE formulations consistently reduce the derivative errors relative953

to PCE–LAR over the common cost range. GEK–FD provides a similarly accurate derivative-954

informed benchmark, and the combined normalized gradient errors of the three derivative-enhanced955

approaches become nearly identical near the upper end of the range. The individual derivative956

components nevertheless show complementary behavior. The IGA–SE formulations provide lower957

errors for the radial derivative, whereas GEK–FD becomes more accurate for the thickness deriva-958

tive at the largest computational budgets.959
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Compared with the geometry-only nonlinear benchmark, the performance differences between960

the derivative-enhanced approaches are smaller. This reflects the additional uncertainty in ν, for961

which no derivative information is incorporated during surrogate construction. Nevertheless, the962

results show that geometry-derived variational sensitivities remain informative when derivative963

enrichment is available only along a subset of the stochastic directions.964

Nonlinear Neo-Hookean annulus with material uncertainty: test-gradient -delity
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Figure 14: Comparison of out-of-sample derivative accuracy for the nonlinear Neo-Hookean quarter-circular annulus
with combined geometric and material uncertainty over a common range of up to 600 equivalent high-fidelity model
evaluations. Derivatives are evaluated against the held-out IGA variational sensitivities. The combined normalized
gradient error is obtained by summing the component-wise mean squared errors normalized by the corresponding
validation-set gradient variances. Solid lines denote the mean performance over the 50 statistical repetitions, and
the shaded regions represent one standard deviation.

6.5. Computational cost and interpretation of the sensitivity enrichment965

The previous examples show that incorporating IGA-derived variational sensitivities improves966

the accuracy of the PCE surrogate compared with the corresponding response-only sparse PCE967

baseline. This improvement is obtained by enriching each training realization with derivative968

information, and therefore the additional cost of computing these sensitivities must be considered.969

In the proposed formulation, each training point requires one high-fidelity IGA response evalu-970

ation and the solution of the associated variational sensitivity problem. For comparison, obtaining971

gradient information with the same number of geometric derivative components through finite dif-972

ferences would require additional high-fidelity response evaluations at each training point. Let M973

denote the number of geometric directions for which derivative information is supplied. Forward974

finite differences then require M + 1 high-fidelity analyses per training point, while central finite975

differences require 2M + 1 analyses. In contrast, the proposed variational approach requires one976

primal IGA solve plus the additional sensitivity overhead. This cost structure is summarized in977

Table 6.978
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Table 6: Relative computational cost of different strategies for obtaining response and gradient information at one
training point. The relative costs are expressed with respect to one high-fidelity response evaluation.

Strategy Computational requirement per training
point

Relative cost

Response-only IGA evaluation 1 1
IGA response + variational sen-
sitivities

1 primal solve + sensitivity overhead 1 + ηsens

Forward finite-difference gradi-
ents

M + 1 M + 1

Central finite-difference gradients 2M + 1 2M + 1

Here, ηsens denotes the measured relative overhead of the variational sensitivity evaluation with979

respect to one response-only IGA analysis. The relative sensitivity overhead ηsens was quantified980

from repeated MATLAB executions of the response-only and response-plus-sensitivity analyses.981

Median runtimes were used to define the equivalent-cost factors reported in Table 7.982

Table 7: Measured computational overhead of the variational sensitivity analysis for the two-dimensional annulus
benchmarks. Times correspond to median runtimes over 1000 repeated evaluations in MATLAB.

Case Response-only [s] Response + sensitivities [s] ηsens
Linear elasticity 3.17× 10−3 3.93× 10−3 23.96%
Neo-Hookean 5.50× 10−2 5.70× 10−2 3.64%

For the linear elastic annulus, the measured overhead is 23.96%, whereas the nonlinear Neo-983

Hookean benchmark yields a substantially smaller relative overhead of 3.64%. This reduction does984

not imply that the sensitivity analysis becomes cheaper. Instead, the nonlinear response evaluation985

is already dominated by load stepping, Newton iterations, repeated tangent stiffness assemblies,986

and constitutive updates, so the additional sensitivity computation represents a smaller fraction of987

the total runtime. The Neo-Hookean factor 1+ ηsens = 1.0364 is therefore used for both nonlinear988

annulus examples. Although the combined uncertainty benchmark introduces Poisson’s ratio as an989

additional stochastic variable, the same two geometric sensitivities are computed at every training990

point. Consequently, the stochastic dimension increases, whereas the gradient-acquisition cost per991

realization remains unchanged. The same timing procedure was applied to the three-dimensional992

horseshoe benchmark. The resulting equivalent-cost factor is summarized in Table 8.993

Table 8: Measured computational overhead of the variational sensitivity analysis for the three-dimensional horse-
shoe benchmark. Times correspond to median runtimes over 1000 repeated evaluations in MATLAB.

Case Response-only [s] Response + sensitivities [s] ηsens
Linear elasticity 1.1689 1.2308 5.30%
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For the three-dimensional horseshoe, the measured overhead is 5.30%, corresponding to an994

equivalent cost of neq = 1.0530nsim. Since this benchmark supplies sensitivities in four geometric995

directions (M = 4), finite-difference gradients would require five response evaluations with for-996

ward differences and nine with central differences at each training point. Compared with the two-997

dimensional linear example, the relative sensitivity overhead decreases in the three-dimensional998

benchmark because the primal analysis and full-field post-processing are more demanding. Al-999

though sensitivities in four geometric directions are evaluated, quantities from the primal analysis1000

are reused, avoiding the repeated independent high-fidelity analyses required by finite-difference1001

gradient evaluations.1002

The numerical comparisons reported throughout Section 6 are therefore expressed in terms1003

of equivalent high-fidelity response evaluations. Each training realization of the proposed formu-1004

lation contributes both the structural response and geometry-consistent sensitivity information.1005

Accordingly, the observed accuracy improvements arise from enriching each training realization1006

with local derivative information obtained consistently within the IGA framework, in addition to1007

the corresponding response value. This represents the central trade-off of the proposed methodol-1008

ogy: variational sensitivities incur a moderate additional computational cost, yet they avoid the1009

multiple independent solver calls required by finite-difference gradient evaluations.1010

The representability of the supplied derivative information was additionally monitored using1011

the relative derivative residual ρs defined in Eq. (52). For IGA–SE PCE, the median residu-1012

als across all training sizes and repetitions were 5.54%, 19.88%, 2.78%, and 3.51% for the two-1013

dimensional linear, three-dimensional linear, nonlinear, and combined-uncertainty benchmarks,1014

respectively. For IGA–SE PCE–LAR, the corresponding median values were 7.33%, 19.42%,1015

4.78%, and 3.49%. The larger residuals observed in the three-dimensional benchmark indicate1016

greater incompatibility between the supplied derivative information and the selected finite poly-1017

nomial spaces, rather than failure of the Moore–Penrose solution. An independent reconstruction1018

of the derivative least-squares problem confirmed that the adopted solution attained the mini-1019

mum representable derivative residual to numerical precision, with a maximum discrepancy of1020

9.72× 10−17 over the reconstructible fits.1021

7. Conclusions & further work1022

This paper introduced an IGA-based sensitivity-enhanced polynomial chaos expansion for ge-1023
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ometric uncertainty quantification. The proposed methodology incorporates variational sensitiv-1024

ities computed within an isogeometric analysis model into the PCE regression, using the same1025

NURBS-based representation for geometry parameterization, mechanical analysis, and sensitivity1026

evaluation. The framework was assessed through four linear and nonlinear benchmarks involving1027

low-dimensional geometric uncertainty, including a three-dimensional problem and a case combin-1028

ing geometric and material uncertainty.1029

Across the investigated benchmarks, sensitivity enrichment generally improved global response1030

prediction and out-of-sample gradient reconstruction relative to the response-only PCE–LAR base-1031

line, with the clearest gains observed in low- and intermediate-cost regimes. The benefit was nev-1032

ertheless metric- and problem-dependent: improvements were more pronounced for global error1033

measures and dominant sensitivity directions, whereas they were not uniform for maximum-error1034

control or individual gradient components. The results further showed that geometry-derived1035

sensitivities remain informative when derivative information is available only for a subset of the1036

uncertain parameters. The full and sparse sensitivity-enhanced formulations exhibited broadly1037

similar convergence trends, while the sparse formulation provided a favorable cost-to-accuracy1038

trade-off for the stricter response-accuracy target in the three-dimensional benchmark.1039

Overall, the numerical results indicate that geometry-consistent variational sensitivities can1040

improve the data efficiency of polynomial chaos regression by enriching each high-fidelity realiza-1041

tion with local derivative information. The cost-aware assessment showed that these gains can be1042

achieved at a favorable equivalent computational effort for the considered benchmarks, although1043

their magnitude depends on the problem, accuracy measure, and available computational bud-1044

get. The comparison with GEK–FD further demonstrated competitive performance relative to an1045

external derivative-informed surrogate approach.1046

The present study is limited to low-dimensional parametric descriptions of admissible NURBS1047

geometries. Moreover, the combined uncertainty example uses geometric sensitivities only and1048

does not include derivatives with respect to material parameters. The external GEK–FD bench-1049

mark broadens the comparison beyond the PCE family, but does not establish universal superiority1050

over other gradient-enhanced surrogate models. Accordingly, the reported results should be inter-1051

preted as evidence for the considered class of low-dimensional parametric geometric uncertainty1052

problems rather than as a universal assessment of derivative-enhanced surrogate modeling. Fur-1053

thermore, the extent to which the supplied derivative information can be represented is governed1054
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by the selected finite polynomial space, as quantified by the relative derivative residual.1055

Future research may extend the proposed formulation to higher-dimensional or localized geo-1056

metric uncertainty through adaptive experimental designs, active learning, derivative-information1057

selection, and more flexible polynomial truncation strategies. Additional developments may in-1058

corporate sensitivities with respect to multiple classes of uncertain parameters, including material1059

properties, and extend the formulation to more general constitutive models and large-scale engi-1060

neering applications.1061
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Appendix A. Geometry-induced pseudo-load matrix in isogeometric analysis1068

This appendix provides the explicit expressions of the geometry-induced pseudo-load matri-1069

ces introduced in Section 4.3. The first part summarizes the linear formulation, whereas the1070

second presents its nonlinear extension. Both derivations follow standard variational sensitivity1071

formulations for isogeometric analysis and are reported here for completeness.1072

The global pseudo-load matrix Q(x) is assembled from elemental contributions as1073

Q(x) =

nel⋃
e=1

Qe(x), (A.1)

with1074

Qe(x) =

∫
Ωe(x)

∑
i

∑
j

[
σ(x)

(
Li(x)L

T
j (x)− Lj(x)L

T
i (x)

)
− BT

i (x)CBj(x)H(x)
]
dV. (A.2)

Here, σ denotes the Cauchy stress tensor, x is the vector of uncertain geometric parameters, Bi1075

the strain–displacement matrix associated with the i-th control-point, and Li the matrix collecting1076

the spatial derivatives of the NURBS basis functions. nel denotes the number of elements and necp1077
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denotes the number of control points associated with element e. The matrix H(x) represents the1078

element displacement gradient and is given by1079

H(x) = ∇ue(x) =

necp∑
i=1

ui(x)L
T
i (x). (A.3)

The above expressions follow standard variational sensitivity formulations for isogeometric1080

analysis; see, e.g., [51, 14, 15].1081

The nonlinear pseudo-load matrix introduced in Eq. (45) is assembled element-wise within the1082

Total-Lagrangian formulation adopted in this work. The resulting global pseudo-load matrix is1083

given by1084

Qnl(x) =

nel⋃
e=1

Qnl,e(x), Qnl,e = Qint,nl,e −Qext,nl,e. (A.4)

Here, Qint,nl,e and Qext,nl,e denote the geometric derivatives of the elemental internal- and external-1085

force vectors, respectively. In the numerical examples considered in this work, body forces vanish1086

and the prescribed external loads are independent of the uncertain geometry. Consequently,1087

Qext,nl,e = 0.1088

For a two-dimensional element, the elemental internal pseudo-load matrix is expressed as1089

Qint,nl,e =

∫
Ω0,e(x)

[
BT

L,eCTBL,x,e −
(
LT
eSLe

)
⊗∇Xu−

(
Inecp ⊗ FS

)
L∆,e

]
dV0. (A.5)

Here, Ω0,e(x) denotes the elemental domain in the reference configuration and dV0 is the cor-1090

responding differential volume element. The vector X denotes the material coordinates in the1091

reference configuration, and u denotes the converged displacement field. The tensor F denotes1092

the deformation gradient, S denotes the second Piola–Kirchhoff stress tensor, and CT denotes the1093

consistent material tangent matrix. The symbol ⊗ denotes the Kronecker product, and Inecp is the1094

identity matrix of order necp. All geometric, kinematic, and constitutive quantities in Eq. (A.5) are1095

evaluated at the converged equilibrium state and at the elemental quadrature points.1096

The elemental gradient and nonlinear strain–displacement operators are collected as1097

Le =
[
L1 L2 · · · Lnecp

]
, BL,e =

[
BL,1 BL,2 · · · BL,necp

]
. (A.6)
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The corresponding explicit geometry-induced operator is defined as1098

BL,x,e =
[
BL,x,1 BL,x,2 · · · BL,x,necp

]
, BL,x,e = −BL,e

(
Inecp ⊗∇Xu

)
. (A.7)

Using the deformation gradient defined in Eq. (28), the nonlinear strain–displacement operator1099

associated with control-point i is1100

BL,i =


F11Li1 F21Li1

F12Li2 F22Li2

F11Li2 + F12Li1 F21Li2 + F22Li1

 . (A.8)

The matrix L∆,e collects the combinations of the elemental basis-function gradients appearing1101

in the last term of Eq. (A.5). It is defined as1102

L∆,e =
[
LjL

T
i − LiL

T
j

]necp
i,j=1

. (A.9)

This definition provides a compact representation of the contributions −FSLjL
T
i + FSLiL

T
j ap-1103

pearing in the last term of Eq. (A.5).1104

The Green–Lagrange strain and second Piola–Kirchhoff stress tensors are represented in vector1105

form as1106

Ev =
[
E11 E22 2E12

]T
, Sv =

[
S11 S22 S12

]T
. (A.10)

The consistent material tangent is defined by1107

CT =
∂Sv

∂Ev

, (A.11)

where S is the second Piola–Kirchhoff stress tensor defined in Eq. (31).1108

Finally, the elemental contributions are assembled into the global pseudo-load matrix Qnl.1109

The resulting pseudo-load matrix is combined with the design-velocity matrix D, which maps1110

variations of the uncertain geometric parameters to variations of the control-point coordinates,1111

according to Eq. (46). The resulting linear system yields the displacement sensitivities with respect1112

to the uncertain geometric parameters. This formulation corresponds to the Total–Lagrangian1113

specialization of the variational pseudo-load approach presented in [14, 15].1114
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Appendix B. Implementation details for the quarter-circular annulus1115

The quarter-circular annulus is represented by a single NURBS surface with a 3 × 2 control1116

net. The physical control-point matrix is given in Eq. (56). The NURBS weights are1117

W =

1
1√
2

1

1
1√
2

1

 , (B.1)

and the knot vectors are1118

Ξ = [0, 0, 0, 1, 1, 1], H = [0, 0, 1, 1], (B.2)

with polynomial degrees1119

(p, q) = (2, 1). (B.3)

The design-velocity matrix maps variations of the uncertain parameters to variations of the1120

physical control-point coordinates. For compactness, the transpose of the design-velocity matrix1121

associated with Eq. (56) is reported as1122

DT =

 0 0 0 1 1 1 0 0 0 1 1 1

1 0 1 0 1 0 0 0 0 1 1 1

 , (B.4)

where the first row contains the derivatives of the control-point coordinates with respect to the1123

radius r, while the second row contains the derivatives with respect to the thickness t. Although the1124

design-velocity matrix is constant for this affine parameterization, the total response sensitivities1125

remain realization-dependent through the geometry-dependent stiffness matrix, geometry-induced1126

pseudo-load terms, stress field, and response functional.1127

Dirichlet boundary conditions are imposed at control points 1 and 4 in both displacement1128

directions (see Figure 4), while nodal forces of 10 000 N are applied in the positive x-direction at1129

control points 3 and 6. Body forces are set to zero.1130

Appendix B.1. Illustrative stress-triaxiality distributions1131

Figure B.15 shows the spatial stress-triaxiality distributions for selected geometric realizations1132

of the quarter-circular annulus. The selected cases span nominal, near-boundary, and intermediate1133

combinations of the uncertain radius r and thickness t. They illustrate the redistribution of the1134

stress-triaxiality field induced by geometric variability.1135
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(a) r = 30, t = 27.5 (nominal).
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(b) r = 46, t = 37.5.
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(c) r = 14, t = 37.5.
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(d) r = 46, t = 17.5.
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(e) r = 20, t = 33.75.
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(f) r = 40, t = 21.25.

Figure B.15: Stress-triaxiality distributions for selected geometric realizations of the quarter-circular annulus over
the deformed configuration. The cases span the admissible parameter ranges r ∈ [10, 50] mm and t ∈ [15, 40] mm
and include nominal, near-boundary, and intermediate realizations. Independent color scales are intentionally used
for each realization to emphasize geometry-induced spatial redistribution of stress triaxiality and the consistent
physical location of the region of maximum stress triaxiality across the different geometries.

Appendix C. Gradient-enhanced Kriging benchmark1136

Gradient-enhanced Kriging (GEK–FD) was included as an external benchmark to compare the1137

proposed IGA-based sensitivity-enhanced PCE formulation with a surrogate model from a different1138

methodological family. Unless otherwise stated, the same implementation strategy was adopted1139

throughout all numerical examples. Tables C.9 and C.10 summarize the principal implementation1140

settings employed for each benchmark problem, including the covariance kernel, the gradient1141

approximation strategy, the hyperparameter estimation procedure, the optimization strategy, and1142

the statistical protocol adopted for the numerical experiments. Whenever required, example-1143

specific modifications (e.g., multiple optimization starts for challenging nonlinear problems) are1144

also reported. For every statistical repetition and training set, the GEK hyperparameters were1145

re-estimated independently through maximum-likelihood optimization. This protocol avoids bias1146

from previously calibrated models and ensures that the computational comparisons reported in1147

the paper are performed under identical statistical conditions.1148
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Table C.9: Core implementation settings of the GEK–FD benchmark used in the two-dimensional examples.

Setting Specification

Inputs (r, t) for the geometry-only examples and (r, t, ν) for the combined un-
certainty example.

Kernel Anisotropic squared exponential with one length scale per input vari-
able.

Gradient data Central finite differences with hr = ht = 10−4; only the r and t deriva-
tives are supplied in the combined uncertainty example.

Normalization Inputs and responses are standardized using their training mean and
standard deviation, with consistent scaling of the gradients.

Hyperparameters Signal scale σf , one length scale ℓj per input, and separate response
and gradient nuggets.

Estimation Maximum likelihood using fmincon in logarithmic space with the
interior-point algorithm and 10 multistarts comprising one reference
and nine log-uniform initializations.

Search bounds σf ∈ [10−3, 103], ℓj ∈ [0.05, 10], and nuggets in [10−12, 10−2].

Table C.10: Core implementation settings of the GEK–FD benchmark for the three-dimensional horseshoe.

Setting Specification

Inputs (R, r, L,H) for the three-dimensional horseshoe.

Kernel Anisotropic squared exponential with one length scale per input vari-
able.

Gradient data Central finite differences; all four geometric derivatives are supplied.

Normalization Inputs and responses are standardized using their training mean and
standard deviation, with consistent scaling of the gradients.

Hyperparameters Signal scale σf , length scales (ℓR, ℓr, ℓL, ℓH), and separate response and
gradient nuggets.

Estimation Maximum likelihood using fmincon in logarithmic space with the
interior-point algorithm and 40 multistarts.

Search bounds σf ∈ [10−3, 103], (ℓR, ℓr, ℓL, ℓH) ∈ [0.1, 10]× [0.1, 15]× [0.3, 15]× [1, 50],
a response nugget in [10−10, 10−2], and a gradient nugget in [10−8, 5×
10−2].

Appendix D. Parametric NURBS definition of the three-dimensional horseshoe1149

The horseshoe geometry is represented by a NURBS volume with 4× 3× 9 control points and1150

quadratic basis functions in the three parametric directions. The control net depends explicitly1151

on the uncertain geometric parameters (R, r, L,H). The corresponding knot vectors and non-unit1152

weights are shown in Table D.11.1153

The NURBS volume is constructed from three cross-sectional curves, corresponding to the1154

inner, middle, and outer curves of the horseshoe section, swept through nine stations. Each block1155

P(b,c) ∈ R4×4 contains four homogeneous control points as columns, where b = 1, 2, 3 denotes the1156
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Table D.11: Knot vectors and NURBS weights used in the horseshoe geometry.

Quantity Definition
Ξ [0, 0, 0, 1/2, 1, 1, 1]
H [0, 0, 0, 1, 1, 1]
Z [0, 0, 0, 1/6, 2/6, 1/2, 1/2, 4/6, 5/6, 1, 1, 1]

w1
1
2

(
1 + 1√

2

)
w2

1√
2

w3 w1w2

curve index and c = 1, . . . , 9 denotes the sweep station. The rows of each block correspond to1157

weighted coordinates (xw, yw, zw,w). Physical coordinates are obtained by dehomogenization.1158

The following tables report the homogeneous control-point matrices defining the complete1159

parametric NURBS volume. The design-velocity matrixD ∈ R324×4 used in the sensitivity analysis1160

can be obtained by analytically differentiating the physical control-point coordinates with respect1161

to (R, r, L,H).1162

Appendix D.1. Illustrative stress-triaxiality distributions1163

Figure D.16 shows the stress-triaxiality distributions for selected geometric realizations of the1164

three-dimensional horseshoe-shaped solid. The three-dimensional and in-plane views illustrate the1165

geometry-induced redistribution of the stress field over the deformed configurations. Independent1166

color scales are used to emphasize variations in the spatial distribution of stress triaxiality.1167
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Table D.12: Parametric control-point matrices for the horseshoe NURBS volume: left straight side.

Station Curve Control-point matrix P(b,c)

c = 1 Inner


−R −Rw1 −R

2
w1 0

0 R
2
w1 Rw1 R

0 0 0 0

1 w1 w1 1



c = 1 Middle


−

(
L−R

2
+R

)
−

(
L−R

2
+R

)
−R 0

0 R
(

L−R
2

+R
) (

L−R
2

+R
)

0 0 0 0

1 1 1 1



c = 1 Outer


−L −L − 7

8
L 0

0 7
8
L L L

0 0 0 0

1 1 1 1



c = 2 Inner


−R −Rw1 −R

2
w1 0

0 R
2
w1 Rw1 R

H
4

H
4
w1

H
4
w1

H
4

1 w1 w1 1



c = 2 Middle


−

(
L−R

2
+R

)
−

(
L−R

2
+R

)
−R 0

0 R
(

L−R
2

+R
) (

L−R
2

+R
)

H
4

H
4

H
4

H
4

1 1 1 1



c = 2 Outer


−L −L − 7

8
L 0

0 7
8
L L L

H
4

H
4

H
4

H
4

1 1 1 1



c = 3 Inner


−R −Rw1 −R

2
w1 0

0 R
2
w1 Rw1 R

H
2

H
2
w1

H
2
w1

H
2

1 w1 w1 1



c = 3 Middle


−

(
L−R

2
+R

)
−

(
L−R

2
+R

)
−R 0

0 R
(

L−R
2

+R
) (

L−R
2

+R
)

H
2

H
2

H
2

H
2

1 1 1 1



c = 3 Outer


−L −L − 7

8
L 0

0 7
8
L L L

H
2

H
2

H
2

H
2

1 1 1 1


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Table D.13: Parametric control-point matrices for the horseshoe NURBS volume: transition and top sections.

Station Curve Control-point matrix P(b,c)

c = 4 Inner


−Rw2 −Rw3 −R

2
w3 0

0 R
2
w3 Rw3 Rw2

Hw2 (H +Rw2)w3 (H +Rw2)w3 Hw2

w2 w3 w3 w2



c = 4 Middle


−

(
L−R

2
+R

)
w2 −

(
L−R

2
+R

)
w2 −Rw2 0

0 Rw2

(
L−R

2
+R

)
w2

(
L−R

2
+R

)
w2(

H + L−R− L−R
2

w2

)
w2

(
H + L− L−R

2
w2

)
w2

(
H + L− L−R

2
w2

)
w2

(
H + L−R− L−R

2
w2

)
w2

w2 w2 w2 w2



c = 4 Outer


−Lw2 −Lw2 − 7

8
Lw2 0

0 7
8
Lw2 Lw2 Lw2

(H + L−R)w2

(
H + L−R+ 7

8
L
)
w2

(
H + L−R+ 7

8
L
)
w2 (H + L−R)w2

w2 w2 w2 w2



c = 5 Inner


0 R

4
w1

3R
4
w1 R

−R − 3R
4
w1 −R

4
w1 0

H (H +Rw2)w1 (H +Rw2)w1 H

1 w1 w1 1



c = 5 Middle


−L−R

4
3R−L

4
R+L

4
L+3R

4

−L+3R
4

−R+L
4

− 3R−L
4

L−R
4

H + L−R− L−R
2

w2 H + L− L−R
2

w2 H + L− L−R
2

w2 H + L−R− L−R
2

w2

1 1 1 1



c = 5 Outer


R−L

2
R
4

3R
4

R+L
2

−R+L
2

− 3R
4

−R
4

−R−L
2

H + L−R H + L−R+ 7
8
L H + L−R+ 7

8
L H + L−R

1 1 1 1



c = 6 Inner


rw2

2 (rw2 + R
2
)w3 (rw2 +R)w3 (rw2 +R)w2

−(rw2 +R)w2 −(rw2 +R)w3 −(rw2 + R
2
)w3 −rw2

2

Hw2 (H +Rw2)w3 (H +Rw2)w3 Hw2

w2 w3 w3 w2



c = 6 Middle


rw2

2 (rw2 +R)w2

(
rw2 + L−R

2
+R

)
w2

(
rw2 + L−R

2
+R

)
w2

−
(
rw2 + L−R

2
+R

)
w2 −

(
rw2 + L−R

2
+R

)
w2 −(rw2 +R)w2 −rw2

2(
H + L−R− L−R

2
w2

)
w2

(
H + L− L−R

2
w2

)
w2

(
H + L− L−R

2
w2

)
w2

(
H + L−R− L−R

2
w2

)
w2

w2 w2 w2 w2



c = 6 Outer


rw2

2

(
7
8
L+ rw2

)
w2 (rw2 + L)w2 (rw2 + L)w2

−(rw2 + L)w2 −(rw2 + L)w2 −
(
7
8
L+ rw2

)
w2 −rw2

2

(H + L−R)w2

(
H + L−R+ 7

8
L
)
w2

(
H + L−R+ 7

8
L
)
w2 (H + L−R)w2

w2 w2 w2 w2


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Table D.14: Parametric control-point matrices for the horseshoe NURBS volume: right straight side.

Station Curve Control-point matrix P(b,c)

c = 7 Inner


rw2

(
rw2 + R

2

)
w1 (rw2 +R)w1 rw2 +R

−(rw2 +R) −(rw2 +R)w1 −
(
rw2 + R

2

)
w1 −rw2

H
2

H
2
w1

H
2
w1

H
2

1 w1 w1 1



c = 7 Middle


rw2 rw2 +R rw2 + L−R

2
+R rw2 + L−R

2
+R

−
(
rw2 + L−R

2
+R

)
−

(
rw2 + L−R

2
+R

)
−(rw2 +R) −rw2

H
2

H
2

H
2

H
2

1 1 1 1



c = 7 Outer


rw2

7
8
L+ rw2 rw2 + L rw2 + L

−(rw2 + L) −(rw2 + L) −
(
7
8
L+ rw2

)
−rw2

H
2

H
2

H
2

H
2

1 1 1 1



c = 8 Inner


rw2

(
rw2 + R

2

)
w1 (rw2 +R)w1 rw2 +R

−(rw2 +R) −(rw2 +R)w1 −
(
rw2 + R

2

)
w1 −rw2

H
4

H
4
w1

H
4
w1

H
4

1 w1 w1 1



c = 8 Middle


rw2 rw2 +R rw2 + L−R

2
+R rw2 + L−R

2
+R

−
(
rw2 + L−R

2
+R

)
−

(
rw2 + L−R

2
+R

)
−(rw2 +R) −rw2

H
4

H
4

H
4

H
4

1 1 1 1



c = 8 Outer


rw2

7
8
L+ rw2 rw2 + L rw2 + L

−(rw2 + L) −(rw2 + L) −
(
7
8
L+ rw2

)
−rw2

H
4

H
4

H
4

H
4

1 1 1 1



c = 9 Inner


rw2

(
rw2 + R

2

)
w1 (rw2 +R)w1 rw2 +R

−(rw2 +R) −(rw2 +R)w1 −
(
rw2 + R

2

)
w1 −rw2

0 0 0 0

1 w1 w1 1



c = 9 Middle


rw2 rw2 +R rw2 + L−R

2
+R rw2 + L−R

2
+R

−
(
rw2 + L−R

2
+R

)
−

(
rw2 + L−R

2
+R

)
−(rw2 +R) −rw2

0 0 0 0

1 1 1 1



c = 9 Outer


rw2

7
8
L+ rw2 rw2 + L rw2 + L

−(rw2 + L) −(rw2 + L) −
(
7
8
L+ rw2

)
−rw2

0 0 0 0

1 1 1 1


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Three-dimensional view

In-plane view

Figure D.16: Stress triaxiality distributions for selected geometric realizations of the three-dimensional horseshoe-
shaped solid. The upper panel shows a three-dimensional view of the deformed configurations, while the lower
panel shows the corresponding in-plane view. The six cases correspond to: (a) R = 1.5, r =

√
2 − 0.5, L = 3.5,

H = 8.5; (b) R = 1.2, r =
√
2, L = 4.0, H = 8.2; (c) R = 1.5, r = 1.7978, L = 3.6652, H = 7.5; (d) R = 1.0,

r =
√
2, L = 4.5, H = 8.0; (e) R = 0.5, r =

√
2 − 0.5, L = 3.5, H = 7.5; and (f) R = 1.5, r =

√
2 + 0.5,

L = 5.5, H = 8.5. Independent color scales are used to emphasize geometry-induced spatial redistribution of stress
triaxiality. All dimensions are given in cm.

59



References1168

[1] H. Zhang, J. Guilleminot, L. J. Gomez, Stochastic modeling of geometrical uncertainties on1169

complex domains, with application to additive manufacturing and brain interface geometries,1170

Computer Methods in Applied Mechanics and Engineering 385 (2021) 114014. doi:10.1016/1171

j.cma.2021.114014.1172

[2] J. Kim, I. Lee, Modeling of geometric uncertainties in topology optimization via the shift1173

of design nodes, Structural and Multidisciplinary Optimization 65 (7) (Jun. 2022). doi:1174

10.1007/s00158-022-03277-y.1175

[3] G. Kim, S. M. Yang, D. M. Kim, S. Kim, J. G. Choi, M. Ku, S. Lim, H. W. Park, Bayesian-1176

based uncertainty-aware tool-wear prediction model in end-milling process of titanium alloy,1177

Applied Soft Computing 148 (2023) 110922. doi:10.1016/j.asoc.2023.110922.1178

[4] J. Wang, B. Wang, H. Yang, Z. Sun, K. Zhou, X. Zheng, Compressor geometric uncertainty1179

quantification under conditions from near choke to near stall, Chinese Journal of Aeronautics1180

36 (3) (2023) 16–29. doi:10.1016/j.cja.2022.10.012.1181

[5] W. Chu, T. Ji, X. Chen, B. Luo, Mechanism analysis and uncertainty quantification of1182

blade thickness deviation on rotor performance, Proceedings of the Institution of Me-1183

chanical Engineers, Part A: Journal of Power and Energy (2023) 095765092311621doi:1184

10.1177/09576509231162143.1185

[6] N. A. Manque, J. Liedmann, F.-J. Barthold, M. A. Valdebenito, M. G. Faes, Interval iso-1186

geometric analysis for coping with geometric uncertainty, Computer Methods in Applied1187

Mechanics and Engineering 437 (2025) 117773. doi:10.1016/j.cma.2025.117773.1188

[7] F. Shi, N. Fantuzzi, M. Li, H. Xie, Geometric nonlinear mechanical behavior of anisotropic1189

materials as Cosserat continua, International Journal of nonlinear Mechanics 185 (2026)1190

105336. doi:10.1016/j.ijnonlinmec.2026.105336.1191

[8] F. Zacchei, F. Rizzini, G. Gattere, A. Frangi, A. Manzoni, Neural networks based surro-1192

gate modeling for efficient uncertainty quantification and calibration of MEMS accelerom-1193

eters, International Journal of Non-Linear Mechanics 167 (2024) 104902. doi:10.1016/j.1194

ijnonlinmec.2024.104902.1195

60

https://doi.org/10.1016/j.cma.2021.114014
https://doi.org/10.1016/j.cma.2021.114014
https://doi.org/10.1016/j.cma.2021.114014
https://doi.org/10.1007/s00158-022-03277-y
https://doi.org/10.1007/s00158-022-03277-y
https://doi.org/10.1007/s00158-022-03277-y
https://doi.org/10.1016/j.asoc.2023.110922
https://doi.org/10.1016/j.cja.2022.10.012
https://doi.org/10.1177/09576509231162143
https://doi.org/10.1177/09576509231162143
https://doi.org/10.1177/09576509231162143
https://doi.org/10.1016/j.cma.2025.117773
https://doi.org/10.1016/j.ijnonlinmec.2026.105336
https://doi.org/10.1016/j.ijnonlinmec.2024.104902
https://doi.org/10.1016/j.ijnonlinmec.2024.104902
https://doi.org/10.1016/j.ijnonlinmec.2024.104902


[9] S. Brivio, S. Fresca, A. Manzoni, Handling geometrical variability in nonlinear reduced or-1196

der modeling through continuous geometry-aware dl-roms, Computer Methods in Applied1197

Mechanics and Engineering 442 (2025) 117989. doi:10.1016/j.cma.2025.117989.1198

[10] T. Hughes, J. Cottrell, Y. Bazilevs, Isogeometric analysis: CAD, finite elements, nurbs, exact1199

geometry and mesh refinement, Computer Methods in Applied Mechanics and Engineering1200

194 (39–41) (2005) 4135–4195. doi:10.1016/j.cma.2004.10.008.1201

[11] J. A. Cottrell, Isogeometric analysis, Wiley, Chichester, West Sussex, U.K, 2009.1202
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