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Abstract

Line sampling has been demonstrated to be a promising simulation method for structural reliability analysis,
especially for assessing small failure probabilities. However, its practical performance can still be significantly
improved by taking advantage of, for example, Bayesian active learning. Along this direction, a recently
proposed ‘partially Bayesian active learning line sampling’ (PBAL-LS) method has shown to be successful.
This paper aims at offering a more complete Bayesian active learning treatment of line sampling, resulting
in a new method called ‘Bayesian active learning line sampling’ (BAL-LS). Specifically, we derive the exact
posterior variance of the failure probability, which can measure our epistemic uncertainty about the failure
probability more precisely than the upper bound given in PBAL-LS. Further, two essential components
(i.e., learning function and stopping criterion) are proposed to facilitate Bayesian active learning, based
on the uncertainty representation of the failure probability. In addition, the important direction can be
automatically updated throughout the simulation, as one advantage directly inherited from PBAL-LS. The
performance of BAL-LS is illustrated by four numerical examples. It is shown that the proposed method is

capable of evaluating extremely small failure probabilities with desired efficiency and accuracy.

Keywords:
Structural reliability analysis, Line sampling, Bayesian active learning, Bayesian inference, Gaussian

process
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1. Introduction

Structural reliability analysis usually involves calculating the complement of the so-called reliability of a

structure or component, that is the failure probability Py, which is formulated as a multiple integral:

P = [ 1lo(@)sx(@)ia. 0

where X = [X1,Xao, -+, X4t € & C R? denotes a set of d basic random variables with known joint

probability density function (PDF) fx(x); ® = [z1, 22, -+, 24T

represents a realization of X; g(-) is the
limit state function (also known as performance function), which takes a value less than zero when a failure
occurs; I(+) refers to the failure indicator function: I(g(x)) =1 if g(x) < 0 and I(g(x)) = 0 otherwise.
Except for some special cases, the failure probability integral, as defined in Eq. (1), is unlikely to be
analytically solvable due largely to the underlying complexity of the limit state function (usually in an im-
plicit form) in practice. Therefore, the development of efficient and accurate numerical methods to provide
approximate solutions is of central interest from researchers and practitioners. Existing numerical methods
for structural reliability analysis can be roughly divided into five categories [1]: stochastic simulation meth-
ods, asymptotic approximation methods, methods of moments, probability-conservation based methods and
surrogate assisted methods. Among these categories, a prominent position is held by stochastic simulation
techniques. They typically involve randomly simulating a large number of independent performance function
values and then computing a failure probability estimate via an appropriate estimator. A non-exhaustive
list of such techniques includes Monte Carlo simulation (MCS) [2], importance sampling [3, 4], directional
sampling [5, 6], subset simulation [7, 8] and line sampling (LS) [9, 10]. As the most classic class of structural
reliability analysis approaches, asymptotic approximation methods attempt to derive approximate solutions
to the failure probability integral by using, e.g., Taylor series expansion. The most representative methods

in this category are the first- and second order reliability methods (FORM, SORM) [11, 12]. The third

category consists of methods of moments, in which the failure probability estimate is obtained by estimating
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the probability distribution of the state variable (i.e., output variable of the performance function) or struc-
tural response of interest from the knowledge of its moments. In this context, the integer moments-based
methods [13, 14] and fractional moments-based methods [15-17] are prevalent. As the fourth category,
probability-conservation based methods also aim at capturing the probability distribution of the state vari-
able or structural response, but build upon the principle of probability conservation. The probability density
evolution method [18, 19] and direct probability integral method [20, 21] are two typical examples under this
category. The search for more efficient and accurate methods for structural reliability analysis also promotes
the development of surrogate assisted methods, especially combined with active learning. Examples of such
methods include (but not limited to) efficient global reliability analysis [22] and active learning method
combining Kriging and MCS (AK-MCS) [23]. For more information about surrogate assisted methods, one
can refer to, e.g. [24, 25] and references therein. Despite those great efforts over the past several decades,
no agreement has been reached so far on which method or kind of methods is better than others. In fact,
each method has its own advantages and disadvantages. For practical applications, one should choose the
most appropriate method considering the characteristics of both the problem at hand and the candidate
reliability analysis methods.

In this study, we shall restrict our attention to LS. As a standard-alone stochastic simulation method,
LS was originally developed by Koutsourelakis et al. [9]. The basic idea of it is to probe the failure domain
using lines, rather than random points. Specifically, the failure probability is estimated by an average of the
conditional failure probabilities corresponding to a set of random lines parallel to an important direction,
which points towards the failure domain. LS has been demonstrated to be a promising stochastic simulation
technique that is suitable for assessing small failure probabilities of weakly or moderately nonlinear reliability
problems [26-29]. However, its performance strongly depends on three main aspects [30]:

(1) The important direction. A poor important direction will lead to a slow convergence rate of the
subsequent MCS procedure, and hence unnecessary computational costs in order to achieve an acceptable
result. On the contrary, an optimal importance direction is always desirable, which in turn requires a good

knowledge about the limit state surface or many additional g-function evaluations.
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(2) The numerical integrator. As a representative frequentist approach, the MCS method used in LS
cannot make use of our prior knowledge on the limit state surface. Besides, it also shows a low convergence
rate when an improper important direction is adopted and/or the limit surface around the important region
is rough.

(3) The line search algorithm. To obtain each conditional failure probability, a root-finding algorithm
is usually implemented. Therefore, the accuracy and efficiency of the selected root-finding algorithm also
affect the overall performance of LS.

The traditional version of LS has been improved by several studies e.g., [31-33]. However, they still rely
on the direct use of MCS, which can be less efficient, as discussed earlier. To further reduce the computational
costs, there have been some research efforts to develop surrogate-assisted LS methods, e.g., metamodel LS
[34] and adaptive Gaussian process regression-LS (AGPR-LS) [35]. More recently, the first author and his
co-workers also proposed a partially Bayesian active learning LS (PBAL-LS) [30]. In PBAL-LS, estimation
of the failure probability integral in LS is first interpreted as a Bayesian inference problem, where the
posterior mean and an upper bound of the posterior variance for the failure probability are derived. Based
on the uncertainty representation of the failure probability, a learning function and a stopping criterion
that constitute two critical ingredients of active learning are then proposed to form the PBAL-LS method.
Besides, the important direction in PBAL-LS can be updated on the fly throughout the simulation. To the
best of knowledge of the authors, PBAL-LS is the first work that explores the Bayesian active learning (a
concept originates from machine learning), at least partially, in the context of LS for structural reliability
analysis.

The main objective of this work is to present a more complete Bayesian active learning treatment of LS.
Specially, a full expression of the posterior variance of the failure probability in LS is deduced, which can
measure our uncertainty about the failure probability more precisely than the upper bound given in [30]. The
variance amplified importance sampling (VAIS) originally developed in [36] is introduced to approximate the
posterior mean and variance of the failure probability, due to their analytical intractability. Based on the

posterior statistics of the failure probability, we further propose a stopping criterion and a learning function
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to enable active learning. Besides, some advantages of PBAL-LS are also inherited, e.g., the adaption of
importance direction. We shall refer to this new development as Bayesian active learning LS (BAL-LS).
It is expected that the proposed BAL-LS method can address the challenge of assessing (extremely) small
failure probabilities for a class of weakly to moderately nonlinear problems in low to moderate dimensions.

The remaining of this paper is structured as follows. In Section 2, a general overview of several existing
LS methods is given, among which two methods, i.e., standard LS and PBAL-LS, are briefly introduced.
Section 3 presents the proposed BAL-LS method in detail. Four numerical examples are investigated in

Section 4 to demonstrate the proposed method. Some concluding remarks are given in Section 5.

2. Literature review

This section first provides a general overview of several existing LS methods in the literature. Then, two

of them, which are closely related to the proposed method, are briefly introduced.

2.1. General overview

LS has received a lot of attention from the structural reliability analysis community since its inception.
This has led to the development of many variants of the traditional LS. We will not cover all of them, but
only select some of the most important developments. The selected methods include the traditional LS
[9], slime mold algorithm-assisted LS (LS-SMA) [37], advanced LS [31], adaptive LS [32], combination LS
[33], multidomain LS [38], optimized LS [39], metamodel LS [34], AGPR-LS [35] and PBAL-LS [30]. They
are compared in Table 1 regarding the important direction, numerical integrator and line search algorithm.

Several aspects are worth mentioning:

e Multidomain LS allows for several important directions, while it is only applicable to a special class of
series systems involving components whose response is linear with respect to a set of Gaussian random

variables;

e Optimized LS adopts the ANN regression model as a surrogate of the original system model code,

which is used only at the stage of determining the important direction. The failure probability is

5
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finally obtained by using the direct MCS (LHS);

e Metamodel LS formulates the failure probability estimate as a product of a metamodel-based failure
probability and a correction coefficient. The former is computed from a properly-trained Kriging

model, while the latter is obtained from both the Kriging model and the original performance function;

e Overall, existing LS methods are only suitable or advantageous for a certain kind of problems with

weak to moderate non-linearity.
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2.2. Brief review of two related methods

2.2.1. Traditional line sampling

The failure probability integral defined in Eq. (1) can be reformulated in the standard normal space

such that:

Py = [ 160w @
where U = [Uy,Us, - ,Ug]T € U C R? is a vector of d i.i.d. standard normal variables with joint PDF
du(u) = (27)~ Y2 exp(—uTu/2); u = [uy,uz, - ,ug)" denotes a random realization of U; G = go T—!

can be called a transformed limit state function; T : X — U represents an appropriate operator that can
transform X to U, e.g., an isoprobabilistic transformation.

The formulation of the traditional LS method relies on the assumption that an important direction o
can be identified, which is a unit vector pointing towards the failure domain F = {u € U : G(u) < 0}, as
shown in Fig. 1. Once « is given, the d-dimensional standard normal vector U can be expressed in a rotated

coordinate system such that:

U =RU =aUl + QU*, (3)

where R is a d x d rotational matrix with its first row being @™ and the rest rows being QT; Q is a d x (d—1)
matrix containing d — 1 orthogonal basis vectors of the hyperplane perpendicular to a;; U’ = [U”, ULT]T €
U’ C R?is a d-dimensional rotated standard normal vector of U, due to the rotational invariance of standard
normal vector; Ull € 4 C R is a standard normal variable, while U+ = [Uf-7 UQJ-, e 7Uj-_l]T eyt CRI!
is a (d — 1)-dimensional standard normal vector.

It follows that the failure probability integral defined in Eq. (2) can be reformulated as:
Py = [ 16BN o
— /Ml .LH 1(G(au + Qut Doy (u) oy (wh)dul dut
-, (/M 1(Gleu! +Qu))ou: <u'>du') durs (ut )t

— [ plut o (ut)du,
ul
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where ¢ (ul) and ¢ . (u') are the (joint) PDF of Ul and U™*; p(u't) = S 1(G(aul + Qut))dyyy (ul)dul
can be interpreted as a conditional failure probability given UL = ut, which is associated with a one-
dimensional reliability problem with performance function G(aU! + Qu'). In case that the failure domain

F is a simple half-open domain (as shown in Fig. 1), the conditional failure probability p(u') is equal to:

1) = (—B(u')), (5)

where @ denotes the cumulative distribution function of the standard normal variable; 5(u=) is the Euclidean
distance between u® and the limit state surface G(u) = 0 along the direction . Using Eq. (5), Eq. (4) is
simplified as:

Pr= [ @t (u)aut, (©
Note that Eq. (6) rather than Eq. (4) is commonly considered in the traditional LS method, and also other

improved LS methods.

G(u)=0

Failure domain

(G(u)<0)

Safe domain

(G(u)>0)

Figure 1: Schematic illustration of traditional LS in two dimensions.

In the traditional LS method, the failure probability integral defined in Eq. (6) is solved by the MCS

method in conjunction with a root-finding technique. A MCS estimator of Py is given by:

N
Py = 3 #(—pat0)) @
i=1

9
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where {uL’(i)}il is a set of N random samples generated according to ¢ . (ut). For each sample u (%),
B(ut @) is considered as the solution of ull subject to G(aul + Qu®) = 0 (as illustrated in Fig. 1), which

can be solved by a suitable root-finding algorithm. The variance associated with Pf can be estimated by:

N

Var [Pf} = M%—D 3 (@(fﬂ(uJ"(i))) - Pf)2 . 8)

i=1
2.2.2. Partially Bayesian active learning line sampling

PBAL-LS [30] offers a Bayesian active learning alternative to the traditional LS method and its variants.
Specifically, the task of estimating the failure probability integral defined in Eq. (6) is first interpreted
as a Bayesian inference problem. Then, such a task is further framed in an active learning setting based
on the posterior statistics of the failure probability. Besides, another notable feature of PBAL-LS is that
the importance direction needs not to be optimal at the very beginning, and it can be updated on the fly

through the simulation.

PBAL-LS begins by modeling our uncertainty over the -function with a Gaussian process (GP):

Bo(ut) ~ GP(myg, (u*), kg, (u™,ut)), (9)

where By represents the prior distribution of 3 before seeing any observations; ms, (ut) and ks, (ut,ut’)
are the prior mean and covariance functions, which are specified as a constant value and square exponential
kernel [30], respectively.
i i - L1 L @1 _
Suppose that now we have an observation matrix D = {L{ ,y}, where U~ = {u }izl isa(d—1)xn
matrix consisting of n observed locations on the hyperplane orthogonal to the important direction, and

Y= {y(i)}?zl is an n x 1 vector with ¥ = g(u™(?). Conditioning on data D, the posterior distribution

of 8 turns out to be another GP of the form:
Bn(ul) ~ QP(mBn (UL)’kf}n (ulauL/))a (10)
where 3, denotes the posterior distribution of 8 conditional on n observations; m 5, (ut) and ks, (ut,ut’)

are respectively the posterior mean and covariance functions, which can be expressed in closed form [40]:

L) = mg () + kg (w U T K g, U US) THY — mg, UY)), (11)
10
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k,é" (uL7 UL/) = kéo (uLv UL/) — kg, (ULJ’IL)TKBO (ul’ ul)_lkﬁo (ul’ uL/)7 (12)

where m (U") is an n-by-1 mean vector whose i-th element is mg, (ut®); kg, (uh,U) is an n-by-1 covari-
ance vector whose i-th entry is kg (ut, ut®); kg, (Ll ul’) is an n-by-1 covariance vector whose i-th entry
is kg, (u@, ut’); K (U, UY) is an n-by-n covariance matrix with (i, j)-th entry being kg, (u™®, ut ().

Through some mathematical derivations, we can arrive at the posterior mean and an upper bound of

posterior variance for the failure probability [30]:

1
—mz; (U
mp, = / o 5 ) o wtaut, (13)
o Rd-1

. (/ I (ut) o mg (ut) mg (ut) 1
Rd 1

g = prd
Ftin 1+o§ (ut) 1—&—02 (ul) \/1+a (u't) \/1+20 (ut)
2
xquL(uL)duL) ,
(14)
where O'E (u') is the posterior variance function of 3, i.e., a?; (ut) = ks, (ut,ut); T(-,-) is the Owen’s

T function. The posterior mean m By, can be used naturally as the failure probability estimate, while the
upper bound of posterior variance E?sf measures our maximum uncertainty about the estimate.

On the basis of Eq. (14), a learning function, called ‘upper-bound posterior standard deviation contri-

bution’ (UPSDC), is proposed in [30]:

—mg, (uh) mg, (u') —mg, (u')
1+0% (uh) L+o2 (ut) \/1+a (uh) \/1+2a~ (ut)

n

UPSDC (u') = |&

(15)

Note that o5, = f]Rd—l UPSDC (uJ-) du™ holds. In case that the prescribed stopping criterion is not satis-

fied, the best next point is then selected by maximizing the UPSDC function, i.e., u™ ("1 = arg max,,. cur UPSDC (uL

In PBAL-LS, the stopping criterion is defined based on judging the upper bound of the posterior coefficient

of variation of the failure probability [30]:

o
COVp,  =—0lm <, (16)

X(bUL (’LLL
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where € is a user-specified tolerance.

The interested reader is referred to [30] for theoretical and algorithmic details of PBAL-LS. It is shown
that PBAL-LS outperforms most, if not all, of the existing LS methods for several benchmark problems.
Despite this, PBAL-LS still belongs to a kind of PBAL method largely due to unavailability of the posterior
variance for the failure probability, and a complete Bayesian active learning treatment is worth studying. The
main reasons are the following. First, the upper bound of the posterior variance for the failure probability
(Eq. (14)) might be too loose to reflect our real epistemic uncertainty about the failure probability estimate.
In addition, it is difficult and even impossible for us to know to what extent the real epistemic uncertainty
is magnified when using Eq. (14). Second, the learning function (i.e., the UPSDC function defined in Eq.
(15)) could be less effective because it comes from the upper bound of the posterior variance of the failure
probability (Eq. (14)), which is the result of a very strict assumption. Third, it is difficult to specify a
proper tolerance e (that is related to the true posterior COV of the failure probability) for the stopping
criterion. A conservative choice is to set a small €, which may lead to an accurate estimate for the failure

probability, but usually causes unnecessary computational costs.

3. Bayesian active learning line sampling

In the present section, BAL-LS as an enhanced version of the previously developed PBAL-LS is intro-
duced. First, the posterior mean and variance of the failure probability defined in Eq. (6) are devised so
as to offer a more complete Bayesian interpretation of the standard LS. The approximate solutions for the
posterior mean and variance are also given, due to their analytical intractability. Based on the posterior
statistics of the failure probability, two principal elements, i.e., learning function and stopping criterion, are
proposed, which enables us to offer a new Bayesian active learning treatment for the standard LS. Finally,
the numerical implementation procedure of BAL-LS is summarized, where how to adapt the important

direction and process each line are explained.

12
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3.1. Posterior mean and variance of the failure probability
Proposition 1. If a GP prior is assigned to the B-function (i.e., Eq. (9)), the posterior mean and variance

of the failure probability defined in Eq. (6) can be expressed as:
TPy = /W Mg, (g (uh) by (wh)du, (17)

Thi = /u | (s w oo (wh )b () dut du ! (18)

where Mg (—f) (uJ‘) and kén(fé) (ut,ut’) are the posterior mean and covariance functions of ®(—p3).

Proof. Analogy to our previous results (see Egs. (23) and (24) in [36]), the above proposition is easy to be

proved by using the Fubini’s theorem. Therefore, the detailed proof is omitted here. O

3.1.1. Posterior mean of the failure probability

Proposition 2. If a GP prior is placed over the S-function (i.e., Eq. (9)), the posterior mean function of

&(—p) takes the form:
—mg (u®)

o (wt) =
mg, -5 (u") =2 o ) (19)
/B’H

Proof. The posterior mean function mg (_j) (ul) can be further written as:

Mg (-8 (”L)

Es, [#(=5 (ub))]
—2) —
B

1—/:45(

1 Z — mén (’U,L) .
(u¢)¢ < o5, (ud) ) d (20)

n

Note that the following equation holds

- mz (u* oz (ut)w v)dv = —mB"(UJL)
| o (ms, () a5, @) o) oydv=a 102 (uh)) (21)

which has been given repeatedly in the literature, with or without proof. One can refer to, e.g., [41], for a
proof. Substituting Eq. (21) into Eq. (20), Eq. (19) can be proved.

O

Substituting Eq. (19) into Eq. (17), the posterior mean of the failure probability can be obtained as in

Eq. (13).
13
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3.1.2. Posterior variance of the failure probability

Proposition 3. If a GP prior is assumed for the 5-function (i.e., Eq. (9)), the posterior covariance function

of ®(—p) is formulated as:

ko, gt ut’) =F m5, () 0 o3, (wh) +1 kg (ur uv)
ms (ut) 0 ks, (ut ut) af;n (ut) +1 (22)

5 mg, (uL) o mg. (uﬂ)
1+02 (ul) 1+03 (ul) )

where F denotes the bivariate Gaussian CDF, which does not have a closed form. Alternatively, it can be

approzimated by several existing numerical methods, e.g., [42].

Proof. The posterior covariance function kdgn(_ 3) (ut,u) is further expressed as:

o [0 () s, [o (5 h)]) (2 (50 ) =25, [ (<6 )] )]
55, [0 (< () (<50 )] 5, [ (o )] B, 2 (0 )]
o | )) (10 (3 1)) -, 10 (5 ) 3, 10 3 )
[ ]

(23)
By making use of the result in [43], we have
/ b (mBn (uh) + 05, (uh) v) @ (mBn (ul) + o5, (ut) w) ¢ (v) ¢ (w) dvdw
mg (ut) 0 JE (ut) +1 ks (ut, ut) (24)
—F|] I N '
ms (ut) 0 ks, (ut ut) 0[25 (ut) +1

The proof of Eq. (24) is referred to the supplementary materials for [43]. Substituting Eq. (24) into Eq.

(23), Eq. (22) can be proved.

14
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The posterior variance of the failure probability can be obtained by substituting Eq. (22) into Eq. (18).
It is worth mentioning that the upper bound of the posterior variance given in Eq. (14) can be obtained

1 J_/)

from Eq. (18) by using the Cauchy—Schwarz inequality for kq;"(f 3) (ur,u~"). Thus, the upper bound is

achieved only when the posterior distribution of &(—3) between any two locations is linearly dependent.
2

This condition is very strict and hence in most practical cases 02 < G2

"~ holds true. For this reason,
P Pt

0125 can be considered as a more appropriate measure of the numerical uncertainty behind the failure
fin

probability.

3.1.8. Approzimation of the posterior mean and variance of the failure probability

The posterior mean and variance of the failure probability involves two analytically intractable integrals,
as defined in Egs. (17) and (18). In PBAL-LS [30], the posterior mean and upper bound of the posterior
variance (Egs. (13) and (14)) are evaluated by the crude MCS in a sequential manner. Aside from the
algorithmic simplicity and wide applicability, one disadvantage of the crude MCS technique is its poor
sampling efficiency. In order to partially alleviate the problem, this study employs the variance-amplified
importance sampling (VAIS) developed in [36] to numerically approximate the posterior mean and variance of
the failure probability. Hereafter, the VAIS method is referred to as standard deviation-amplified importance
sampling (SDA-IS) to avoid possible misunderstanding.

The unbiased SDA-IS estimators for m Prn and 0125 can be given by:

fin
N j :
_mA ; (UJ-,(J)) ¢UL (uj_,(j)) )
mPf n Z ; IO (25)

=1 1 +U (uiv(J)) ¢UL,>\(U ()
N . .
Z ~ J~7(J) ul/,(])) ¢UJ‘ (uL7(]))¢UL (ule(])) (26)

Pf n = -5 ’ e A (utD)opo 5 (uth))’

where {u(7) }j\;l and {ut"( }j:1 are two sets of N random samples drawn from ¢,y (ut) and ¢gro 5 (ut),

respectively; ¢gro y(u') is the IS density of the form ¢pr. (ut) = Hf;ll ¢y+ \(ui), in which

1 J_2
(bUiJ',/\(uiL) = )\\/ﬂ €xp ( 2)\2 > ’ (27)

where A > 1 is the SDA factor.
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The variances associated with the above two estimators are expressed as:
2

N —m A 1,(9) 1.
A 1 ms (uh)) by (ub0)) )

V[m’afm} :N(N—l)z ¢ > (10 ¢U Wl P | (28)

= 1+‘7@ (ub) UL A
N , . 2
N 1 . 0 g ()b (uth0)) .
2 o __ 1 () iy _PU U e
V1o N(N—l)jz::1 [kq’"(‘ﬁ)(u @y @) B | ()

Note that even though the SDA-IS method only works with the GP posterior, rather than the typically
expensive-to-evaluate [ function, it can be relatively time-consuming, especially when approximating the
posterior variance due to the necessity of numerically evaluating the bivariate Gaussian CDF. To guarantee
the accuracy and efficiency, it is suggested to implement the SDA-IS method in a sequential way. That
is, we can sequentially increase the sample size (e.g., 1 x 10%, 2 x 10%, ...) until the two COVs of the

estimators are respectively smaller than the prescribed tolerances §; and ds, i.e., /V [m P "} /m Prn < 01

and ||V [&;M} /6%, <.

3.2. Stopping criterion and learning function

In terms of the second-order statistics, we have so far completed a Bayesian treatment of the failure
probability integral defined in Eq. (6). That is, once given data D = {u{y}, we can make Bayesian
inference about the failure probability, including the posterior mean and variance. It is noted that U=
can be arbitrarily chosen without specified restrictions in theory. The Bayesian interpretation also allows
us to frame the failure probability integral estimation in a Bayesian active learning setting, based on the
full exploitation of the posterior statistics of the failure probability. This framework consists mainly of a

stopping criterion and a learning function.

3.2.1. Stopping criterion
The stopping criterion can be naturally defined based on the estimated posterior COV of the failure

probability such that:

— ) _ O'me/
COVp, = = <n, (30)

Pyn

where 7 is a user-defined threshold. As both & B and m By, May process some approximation errors to some
,n n

extent, Eq. (30) is required to satisfy twice in a row in order to avoid possible fake convergence. Compared

16



291

292

293

294

295

296

297

298

299

300

301

302

303

304

305

306

307

308

309

310

311

312

to the upper bound of posterior COV defined in Eq. (16), the posterior COV is a more suitable quality that
can measure the extent of variability in relation to the posterior mean of the failure probability. This makes

it easier to specify an appropriate threshold for the stopping criterion before running the method.

3.2.2. Learning function

In case that the above stopping criterion is not met, a learning function is needed to suggest the best
next point to query the g-function, rather than choosing it arbitrarily. Based on the posterior variance of
the failure probability, a new learning function, termed ‘posterior standard deviation contribution’ (PSDC),
is proposed:

PSDC (uh) = ¢y (uh) x /

" ks, (_p) (ut, u oy (ut)dut. (31)

It is easy to check that fuL PSDC (ul-) dut = J%M holds true. In this respect, the PSDC function can
be regarded as a measure of the contribution of the numerical uncertainty at site ™ to the posterior
variance (or rather the posterior standard deviation) of the failure probability. It is worth mentioning that
the UPSDC function (Eq. (15)) is actually an upper bound of the proposed PSDC function. Besides,
the UPSDC function only includes the posterior variance function of ®(—g), not the posterior covariance
function, which can reveal spatial correlation, while the proposed PSDC does. Therefore, the PSDC function
provides a more informative indicator regarding the degree of contribution of a specific realization in the
sample space towards the level of epistemic uncertainty associated with the failure probability. By selecting
the point maximizing the PSDC function as the best next point to evaluate the 8 function, it is expected
that U%MH will be reduced the most. This involves an optimization problem, where one should note that
an analytically intractable integral is involved in the objective function (i.e., the PSDC function).

In this study, we propose to approximate the integral term in Eq. (31) by a numerical integration

scheme, called unscented transformation [44]. In this context, the PSDC function can be approximated by

the following expression:

2(d—1)
PSDC (uh) = ¢ye (u') Z wikg, (5 (ut, ut" @), (32)
i=0
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where the 2(d — 1) 4+ 1 integration points and weights are given by [44]

1r,(0) _ 0 — 4
u , Wo d—1+ 97
. 1
uJJ,(z) — d—1 + o€, W = —— (33)
d—1+p

. 1

WHHD ST e gt =
- 4

where g is a free parameter specified as o = (d—1)—3 = d—4 [44]; e, = [0,---,0,1,--- ,0],2=1,2,--- ,d—1.

The best next point is identified by maximizing the PSDC function such that:

(Y = argmaxlog PSDC (u) o

uteut
It should be pointed out that each evaluation of PSDC (ul-) can still be slightly computationally demand-
ing, though the integral involved in the PSDC (uJ-) function is approximated by only using 2(d — 1) + 1
points. In this work, we apply a commonly-used nature-inspired optimization method, called particle swarm
optimization, but other more efficient techniques can also be explored.
Once w1 is obtained, y**tY = 3 (uL’("‘H)) can be evaluated according the method described in
the coming subsection. It follows that the previous dataset can be enriched with {u- ™+ ¢+ and

one can make Bayesian inference about the failure probability based on the enriched data.

3.8. Step-by-step procedure of the proposed method
The above two subsections only focus on several important ingredients (e.g., the posterior variance,
learning function and stopping criterion), while there are still some aspects left for implementing the proposed
method, such as the important direction and evaluation of 8 function. Due to length limitation, these aspects
are directly embedded in the numerical implementation procedure of the proposed method in the following.
The procedure of the proposed BAL-LS method consists of six main steps, as illustrated by the flowchart

(Fig. 3) and summarized below:

Step 1: Choosing an initial important direction
The proposed BAL-LS method has to been initialized with an initial important direction a(?. As

suggested in PAL-LS, a convenient choice is the negative normalized gradient of the G-function at the origin
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[30]:

V.G(0)
0= O (3)
VG (0)]|
where V,,G(0) = 99(0) 99(0) ... 990}, || - || denotes the 2-norm. In case that the gradient information
Ouy Ous duq

of G is not available, one can simply apply the numerical differentiation method at the cost of (d + 1)
G-function evaluations. After that, the corresponding matrix Q(O) that defines the orthogonal hyperplane
perpendicular to a(®) can be specified by means of, e.g., the Gram-Schmidt process.

Step 2: Constructing an initial observation dataset and updating the important direction

This step involves generating an initial observation dataset D from the § function and updating the
important direction. First, a small number of samples (say ng = 5) on the hyperplane orthogonal to a©®
are generated according to ¢go y(ut) by using the, e.g., Latin hypercube sampling. These samples are
denoted as Z:IL = {ﬁL’(i)}j_ol, each of which can form a line parallel to a(?, ie., a@ull + Q(O)ﬁj"(i).
Second, one has to find the distance between @ and the limit state surface G = 0 along a(?), which is
identical to fining the root of G (a(o)u“ + Q(O)'ff"(i)) = 0. In this study, we develop an adaptive inverse
interpolation (AII) method for solving the aforementioned equation. The idea is to use the cubic spline
interpolation to approximate the inverse of G along the direction a(®). To get started, two values z(!)
and 2z of G (a(o)u” + Q(O)'&J"(i)) at two prescribed points (say ulM and u”’@)) are determined. As a
convenient rule of thumb, ul-) and w!-®) in this study are set to be 3 and 7, respectively. A rough root
(denote as ul-(®)) can be found by performing a cubic spline interpolation of the two data points (), ull-(1))
and (2(2), u”’@)) at z = 0, and the third value z(%) is obtained by evaluating G (a(o)u”>(3) + Q(O)ff"(i)). One
can identify the next approximate root ul"() by interpolating the three data points (z(l) , u“’(l)), (z(z), u“’(z))
and (2(3), u”’(?’)) at z = 0. The process is repeated until the relative distance of two consecutive approximate
roots is less than a small threshold v (e.g., 5%), i.e., |u“’(j+1) — uH’(j)‘ JulbW) <~ j =34,--.. Typically,

-1
the stopping criterion can be reached after several iterations. The final ng roots corresponding to U are

no

,—p» and each approximate intersection point of the line a@ull + Q(O)ff"(i) and

denoted as Y = {g@')}
the limit state surface G = 0 is recorded as a(9g(®) + Q(O)ﬁl’(i). Third, a new important direction a(%)

is identified as the normalized vector of the approximate intersection point with the shortest distance to
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the origin, and the associated matrix Q(l) can be specified. Fourth, one can obtain the initial observation
dataset D = {UL, y} simply by projecting those ny approximate intersection points on the hyperplane
orthogonal to a). Let n = ng and ¢ = 1. It is worth mentioning that one does not need to re-evaluate the
G function, though the important direction is changed in this step. For a schematic illustration of this step,

one can refer to Fig. 2.

Gw)>0 Gw)=0 Gu)<0 Gw)>0 Gw)=0 Gu)<o0

a(o)g(:&) +Q([)),a¢,(3) a(O)g(«%) +Q(U)ﬂh(3)

,ﬁ/L,(I) uL,(l)

(a) Before changing important direction (b) After changing important direction

Figure 2: Schematic illustration of Step 2 of the proposed BAL-LS algorithm in two dimensions (ng = 3).

Step 3: Making Bayesian inference about the failure probability

Conditional on the observation dataset D, the posterior mean and variance of the failure probability can
be inferred. To do so, the posterior mean and covariance functions of the S-function are first obtained by
Egs. (11) and (12), and this task can be done by using the fitrgp function in Statistics and Machine Learning
Toolbox of Matlab. In this study, the prior mean function is assumed to be a constant value and the prior
covariance function adopts the squared exponential kernel with a separate length scale per dimension. The
hyper-parameters are determined by the maximum likelihood estimation. The posterior mean and variance
estimates of the failure probability are then computed by the SDA-IS method in a sequential manner, as
described in section 3.1.3. The SDA factor ) is set to be 1.5, and two tolerances d; and do are specified as
1% and 10%, respectively.
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Step 4: Checking the stopping criterion

If the stopping criterion given in Eq. (30) is satisfied twice in a row, then go to Step 5. Otherwise, go
to Step 6. In this study, the associated threshold 7 is taken as 5%.

Step 5: Enriching the observation dataset and updating the important direction

The best next point @ ™Y

to evaluate the [-function is identified by maximizing the proposed
PSDC function, according to Eq. (34). The S-function value 7"+ at @™ can be obtained by
solving the equation G (a(q)u“ + Q(q)ﬂL’(”H)) = 0. Different from Step 2, the Newton’s method is

/aJ_,(nJrl)

used here with a starting point taken as mg ( ) [30]. Once gt is solved, a new approxi-

@™+ is available. As long as the new point is the nearest

mate intersection point a(?g"+1) + Q(q)
to the origin among all the n + 1 intersection points, the important direction is updated to al4t1 =
(a(q)g}(”ﬂ) + Q(q)ftJ"(nH)) /|la@ g+t 4 Q@WgL(m+D|| - After that, a new matrix QY can be speci-
fied. The enriched observation dataset can be obtained by projecting the n + 1 intersection points on the
latest hyperplane orthogonal to a(?t1) and let ¢ = ¢ 4+ 1. Otherwise, one can simply enrich the previous
dataset with (@> ™D 40+ Let n = n+1 and go to Step 3.

Step 6: Ending the algorithm

Return the last posterior mean estimate of the failure probability and end the algorithm.

4. Numerical examples

The performance of the proposed BAL-LS method is demonstrated in this section by means of four
numerical examples. The reference result of the failure probability for each example is produced by the
crude MCS method with a sufficiently large sample size when applicable. For comparison purposes, we also
implement several existing methods, including sequential quadratic programming (SQP) based FORM [45]
(denoted as FORM-SQP), SORM [12], traditional LS [9], AGPR-LS [35] and PBAL-LS [30]. All methods
expcet PBAL-LS are based on the use of FORM-SQP to provide the most probable point (MPP) if applicable.
Otherwise, FORM-HLRF [11] is applied instead. For repeatability, the initial points of FORM-SQP and
FORM-HLRF are selected as the origin. For traditional LS, the Newton’s method is adopted for processing
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Start

Specify an initial important direction a® according to Eq. (35)
and the matrix Q® using the Gram—Schmidt process

Construct an initial observation dataset Dy, = {ul, y}

and update the important direction and Q-matrix to o) and QY.
Let n=np and g =1

}

Compute the posterior mean and variance estimates of the failure probability
conditional on D using the sequential SDA-IS method

Identify the best next point @™+ by Eq. (34),

T observe the correspoding S-fucntion value (1.

" Stopping criterion?

b1 and let ¢ =q+ 1.

Enrich the training dataset D.
Let n=n+1

No | If possible, update the important direction and Q-matrix,

Yes

Return m Py, 35 the estimated failure probability

Stop

Figure 3: Flowchart of the proposed BAL-LS method.

each line. Similar to the proposed BAL-LS, the stopping criterion in PBAL-LS is also required to meet
twice in succession and the tolerance is set to be 5%. Note that even though the gradient information for

some numerical examples is easy to solve analytically, we treat them as black-box problems.

4.1. Example 1: A test function

The first numerical example takes a test function of the form [30]:
Z =g(X)=a— Xy +bX} + csin(dX,), (36)

where X; and X, are two i.i.d. standard normal variables; a, b, ¢ and d are four constant parameters, the

values of which are set as a« = 5.5, b =0.02 and ¢ = %, d=7%.

The reference value of the failure probability is 3.57 x 10~7 (with a COV being 0.53%), which is provided

by MCS with 10'! samples. The proposed method is compared to several other methods, as summarized
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in Table 2. FORM-SQP only requires 28 performance function evaluations, which, however, produces a
poor failure probability estimate. The poor accuracy of FORM-SQP can be significantly improved by using
SORM, with 7 additional performance function calls. The traditional L.S method is carried out twice with
two different numbers of lines (i.e., 100 and 200). In both cases, the traditional LS method is able to yield
more accurate results than FORM-SQP, but it requires considerably more computational costs. By using
AGPR-LS, PBAL-LS and BAL-LS, the number of lines and performance function calls can be significantly
reduced, while maintaining reasonable accuracy. Compared to AGPR-LS and PBAL-LS, the proposed

BAL-LS method is more efficient in terms of N.q;.

Table 2: Results for Example 1 by several different methods.

Method Py O0p, Or 0p  Niine  Niotal
MCS 3.57x 1077 0.53% - 10t
FORM-SQP 719 x 1077 - - 28
SORM 353x 1077 - - 35

3.36 x 1077 7.56% 100 376
Traditional LS

3.70 x 1077 4.66% 200 706
AGPR-LS 3.63 x 1077 2.24% 10 46
PBAL-LS 3.56 x 1077 1.60% 14 40
Proposed BAL-LS 3.56 x 1077 3.40% 8 30

Note: ]f’f = failure probability estimate; (5]3f = COV of Pf;
Sﬁf = upper bound of the COV of Pf, which is only used for
PBAL-LS; Nyne = the number of lines; Nyt = the total

number of performance function calls.

For illustration purposes, Fig. 4 shows some computational details of the proposed BAL-LS method,

including the initial and final importance directions, and approximate intersections points. It can be seen
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s that the initial importance direction given by Eq. (35) is far from optimal, while the final one is almost
a9 optimal. This indicates the effectiveness of the proposed learning function for suggesting next best points
w20 to query, as well as the developed strategy for automatically updating the importance direction. What is
w21 more, those approximate intersection points are very close to the true limit state line, implying the accuracy

a2 of the proposed line search algorithm.

2+t
True limit state curve
-4 ——=Initial important direction |
——= Final important direction
6l @ Intersection points
-6 -4 -2 0 2 4 6

Figure 4: Illustration of the proposed BAL-LS method for Example 1.

w3 4.2. Example 2: A nonlinear oscillator

en A nonlinear single-degree-of-freedom (SDOF) oscillator under a rectangular pulse load [46] is considered

w5 as a second example, which is shown in Fig. 5. The limit state function is given by:

2Fy . [t [k + ko
sin | —
kl + kQ 2 m
26  where m, kq, ko, r, Fy and t; are six random variables, as listed in Table 3.

" ——u® 20

F

Z:g(m7k17k27r7Flatl) =3r —

; (37)

. F()
k, >

t, ¢t

Figure 5: A nonlinear SDOF oscillator driven by a rectangular pulse load.
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Table 3: Random variables for Example 2.

Variable Description Distribution Mean COV
m Mass Lognormal 1.0 0.05
k1 Stiffness Lognormal 1.0 0.10
ko Stiffness Lognormal 0.2 0.10
r Yield displacement  Lognormal 0.5 0.10
F Load amplitude Lognormal 0.4 0.20
ty Load duration Lognormal 1.0 0.20

A reference solution to the failure probability is obtained as 4.01 x 10~8 (with a COV being 0.50%),
generated by MCS with 10'? samples. The proposed BAL-LS method is conducted to assess the failure
probability, as well as several other methods, i.e., FORM-SQP, SORM, traditional LS, AGPR-LS and PBAL-
LS. The key results of these methods are summarized in Table 4. Similar to the first example, FORM-SQP
still produces an inaccurate failure probability estimate (i.e., 4.88 x 10~8) even at the cost of 176 G-function
evaluations in this example. With more calls to the G-function, SORM can produce an accurate failure
probability estimate, say 4.08 x 1078, The traditional LS method can improve the accuracy of FORM-SQP
by using a number of additional lines to probe the failure domain, which in turn leads to the significant
increase in computational costs. AGPR-LS, PBAL-LS and BAL-LS are able to produce failure probability
estimates with desirable accuracy. Among them, AGPR-LS requires the most performance function calls

(say 205), while the proposed BAL-LS method requires the fewest (say 39).

4.8. Example 3: A reinforced concrete section

For the third example, we consider the bending limit state of a reinforced concrete section [47, 48], as

shown in Fig. 6. The limit state function is expressed as:

X2X2X,

7 =q(X)=X1X2X5—
9(X) 120X = —

- X7v (38)

where X; to X7 are seven basic random variables, as detailed in Table 5.
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Table 4: Results for Example 2 by several different methods.

Method Pf (515f or Sﬁ’f Nline Ntotal
MCS 4.01 x107%  0.50% - 1012
FORM-SQP 488 x 1078 - - 176
SORM 4.08 x 1078 - - 219
4.22 x 1078  2.83% 50 376
Traditional LS
4.09 x 1078 2.10% 100 576
AGPR-LS 3.93x107% 0.81% 21 205
PBAL-LS 414 x 1078  3.76% 22 62
Proposed BAL-LS 4.07 x 107% 1.13% 13 39
Xe Xs
o f——

™~

Uncertainty shape

X5 (modeled by X,)
Area= X,
X X,
—
(a) Cross section (b) Ultimate stress distribution

Figure 6: Ultimate stress state for the reinforced concrete section.

As indicated by the reference result from the crude MCS method, this example also constitutes a situation
where the probability of failure is extremely small, say 1.57 x 10~8. Table 6 reports the main results of
several selected methods. As seen, the failure probability estimate given by FORM-SQP is less accurate;
however, it requires a total number of 157 G-function calls. With 214 G-function calls, SORM gives a less
accurate value of the failure probability estimate, say 1.44 x 1078. The accuracy of FORM-SQP can be
further improved by the traditional LS method by generating additional lines, which leads to increased G-
function evaluations at the same time. AGPR-LS is able to provide an accurate failure probability estimate

with 8 additional lines, while relying on the MPP provided by FORM-SQP, which requires 157 additional
26



Table 5: Basic random variables for Example 3.

Variable Description Distribution Mean (6102
X1 Area of reinforcement Normal 1260 mm? 0.05
Xy Yield stress of reinforcement Lognormal 300 N/mm? 0.10
X; Effective depth of reinforcement  Normal 770 mm 0.05
Xy Stress—strain factor of concrete Lognormal 0.35 0.10
X5 Compressive strength of concrete Lognormal 30 N/mm? 0.15
X6 Width of section Normal 400 mm 0.05
X7 Applied bending moment Lognormal 80 kN-m 0.20

o calls to the G-function. Both PBAL-LS and BAL-LS can give desirable results, but BAL-LS requires less

1 lines and G-function calls.

Table 6: Results for Example 3 by several different methods.

Method f’f 5pf or Spf Niine  Ntotal
MCS 1.57 x 1078  2.53% - 10t
FORM-SQP 1.46 x 1078 - - 157
SORM 1.44 x 1078 - - 214

1.59 x 1078  1.63% 10 164
Traditional LS

1.59 x 1078  1.43% 20 204
AGPR-LS 1.53 x 1078  0.54% 8 173
PBAL-LS 1.58 x 1078  3.72% 15 55
Proposed BAL-LS 1.58 x 1078  0.21% 12 40

w2 4.4. Example 4: A transmission tower structure

453 The last example consists of a transmission tower structure subject to horizontal and oblique loads, as

s« shown in Fig. 7. Using OpenSees [49], the structure is modeled as a three-dimensional truss with 41 nodes
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and 148 elements. The geometric dimensions of the model are marked in Fig. 7 (a) and (b). The limit state

function is defined by:

Z :g(X) - A _Hl(FlyFQ;F?MF47F5761a92793;947E7A)7 (39)

where A denotes a threshold, specified as 50 mm; H; represents the horizontal displacement on z-axis of

the top node, which is a function of 11 random variables as given in Table 7.

Table 7: Basic random variables for Example 4.

Variable Description Distribution Mean STD
F Oblique load (in zz - plane) Lognormal 50 kN 10 kN
Iy Oblique load (in zz - plane) Lognormal 50 kN 10 kN
3 Oblique load (in zz - plane) Lognormal 60 kN 12 kN
Fy Oblique load (in zz - plane) Lognormal 60 kN 12 kN
5 Horizontal load (on z-axis)  Lognormal 80 kN 16 kN
0, Angle Normal 0° 10°

05 Angle Normal 0° 10°

03 Angle Normal 0° 10°

04 Angle Normal 0° 10°

E Young’s modulus Normal 200 MPa 30 Mpa
A Sectional area Normal 8000 mm? 800 mm?

The crude MCS method is not likely to be affordable for providing a reference solution in this example.
For this reason, we implement important sampling (IS) [50] as an alternative. The failure probability given
by IS is 6.04 x 1075 with a COV being 1.00%. In this example, FORM-SQP does not converge to the correct
result, while FORM-HLRF does. The results from IS, FORM-HLRF, SORM, traditional LS, AGPR-LS,
PBAL-LS and BAL-LS are reported in Table 8. Both FORM-HLRF and SORM give inaccurate failure
probability estimates. Traditional LS can improve the accuracy of FORM-HLRF by employing additional

lines to probe the failure domain, while requiring many additional G-function evaluations in order to provide
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w6 a reliable result. AGPR-LS is able to enhance the accuracy of FORM-HLRF, at the cost of many additional

w7 computational efforts. PBAL-LS and BALL give reasonably good estimates of the probability of failure.

ws  However, BAL-LS is much more efficient than PBAL-LS in this example.

Table 8: Results for Example 4 by several different methods.

Method Py dp, 01 0p. Niine  Neotal
IS 6.04 x10°%  1.00% - 64,687
FORM-HLRF 419 x 1076 - - 288
SORM 433 x 1076 - - 421

5.86 x 1076 5.74% 100 810
Traditional LS

6.16 x 107°  3.89% 200 1356
AGPR-LS 6.24 x 1078 3.49% 172 468
PBAL-LS 5.86 x 1076 4.88% 89 272
Proposed BAL-LS  5.95 x 107 4.65% 23 106
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5. Concluding remarks

This paper offers a more complete Bayesian active learning treatment of line sampling in the context
of structural reliability analysis. This treatment leads to a new method, called ‘Bayesian active learning
line sampling’ (BAL-LS). In this method, we first complete a Bayesian treatment of the standard line
sampling in terms of the second-order posterior statistics. Specially, the posterior variance of the failure
probability defined in line sampling is derived, which can measure our epistemic uncertainty about the failure
probability resulted from a limited number of observations. Then, the Bayesian active learning treatment
is accomplished by proposing a learning function and a stopping criterion based on the posterior statistics
of the failure probability. Besides, the proposed method can automatically update the importance direction
throughout its course without re-evaluating the performance function. From several numerical studies, it is
shown that the proposed BAL-LS method is able to assess extremely small failure probabilities for weakly
and moderately nonlinear reliability problems with high efficiency and accuracy. Moreover, BAL-LS exhibits
a superior performance when compared with our previously developed PBAL-LS in the studied examples.

The proposed method is only suitable for a class of weakly to moderately nonlinear problems in low to
moderate dimensions (<20). For highly nonlinear problems, the failure domain can be quite complex in
geometry, far from being half-open. The Bayesian active learning framework based on the GP model in
its current form can be quite challenging in high dimensions. These limitations can be addressed in future

work.
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