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Abstract

Reliability-based design optimization (RBDO) provides a promising approach for achieving ef-
fective structural designs while explicitly accounting for the effects of uncertainty. However, the
computational demands associated with RBDO, often due to its nested loop nature, pose sig-
nificant challenges, thereby impeding the application of RBDO for decision-making in real-world
structural design. To alleviate this issue, an approximate decoupled approach is introduced for a
class of RBDO problems involving linear truss structures subjected to random excitations, with
the failure event defined by compliance. This contribution aims to provide an approximate but
efficient way for design exploration to facilitate decision-making during the initial design phase.
Specifically, the proposed approach converts the original RBDO problem into a deterministic op-
timization problem through a modest number of reliability analyses by the probability density
evolution method (PDEM). Once the deterministic optimization problem is obtained, the solu-
tion of the whole RBDO problem can be obtained by solving this equivalent problem without
further reliability analysis, resulting in notable enhancement in terms of computational efficiency.
In this way, this contribution expands the frontier of application of the operator norm theory
within the RBDO framework. Numerical examples are conducted to illustrate the effectiveness

and capabilities of the proposed approach.

Keywords: Reliability-based design optimization, Decoupling approach, Operator norm theory,

Probability density evolution method, Design exploration.
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1. Introduction

Reliability-based design optimization (RBDO) offers a rational method to attain effective
structural designs while ensuring an appropriate level of structural safety. Although RBDO can
be advantageous compared with deterministic design procedures in terms of explicitly account-
ing for the effects of different sources of uncertainty (Valdebenito and Schuéller, 2010; Beck and
Gomes, 2012), its application is typically hindered by the high computational cost associated with
solving the RBDO problem. In essence, the solution of the RBDO problem involves a double loop
procedure, where the outer loop deals with the optimization exploration and the inner loop copes
with the reliability evaluation, thus leading to unaffordable numerical efforts.

In this context, numerous effective methods have been proposed to alleviate numerical efforts.
These methods can be categorized into three classes: double loop methods, single loop methods
and decoupled methods. In the double loop methods, the reliability of each set of design variables
explored is estimated throughout the whole optimization process. By means of appropriately inte-
grating optimization algorithms and reliability analysis techniques, higher numerical efficiency can
be achieved (Jensen et al., 2009; Carlon et al., 2019; Weng et al., 2023). The single loop methods
convert the original double loop problem into a single loop one, by substituting the reliability con-
straints with approximate deterministic constraints, based on the Karush-Kuhn—Tucker (KKT)
optimality conditions associated with the reliability problems (Kuschel and Rackwitz, 1997; Liang
et al., 2007; Li et al., 2019). The decoupled methods circumvent double loop implementation by
integrating information from reliability analysis into mathematical programming techniques to
guide the optimization process. Specifically, the decoupled methods break the original problem
down into a series of deterministic optimization cycles, with the corresponding admissible design
spaces updated by insights gained from independent reliability analyses. Representative studies
include sequential optimization and reliability assessment (SORA) (Du and Chen, 2004; Li et al.,
2020) and sequential approximate programming method (SAP) (Cheng et al., 2006; Chen et al.,
2020). To further improve the computational efficiency of RBDO, surrogate models have gar-
nered significant attention. These models substitute costly-to-evaluate functions, such as limit
state functions, with inexpensive local or global approximations constructed using a modest num-
ber of evaluations of the original models (Papadrakakis and Lagaros, 2002; Jensen et al., 2020;
Yang et al., 2022c¢). For a more detailed overview on the RBDO methods, readers are referred

to (Schuéller and Jensen, 2008; Valdebenito and Schuéller, 2010; Aoues and Chateauneuf, 2010;
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Moustapha and Sudret, 2019; Meng et al., 2020).

Despite the achievements mentioned above, the practical implementation of RBDO remains
challenging. Actually, the optimization process in most of the RBDO methods is more or less af-
fected by the reliability analysis, which increases the computational expenses (Faes and Valdeben-
ito, 2020). Moreover, it is noted that most of the above methods were developed in the context of
static rather than dynamic problems. To tackle this challenge, Faes and Valdebenito (2020) pro-
posed a fully decoupled approach for a specific class of RBDO problems, aiming to minimize the
failure probability of linear systems subjected to random excitations. They subsequently extended
this work to the RBDO problems considering discrete design variables (Faes and Valdebenito,
2021). The approach tackles the entire RBDO problem by solving a deterministic problem fol-
lowed by a single reliability analysis, leading to efficiency improvements of orders of magnitude.
Building upon this development, Jiang et al. (2024) further expanded their research to solve the
RBDO problems with reliability constraints. By establishing the mapping function between the
operator norm and the reliability index using a small number of samples, the original reliability
constraint is transformed into a deterministic one with respect to the operator norm, thereby elim-
inating the nested loop. The theoretical foundation of these contributions rests on the operator
norm theory, which has been successfully applied in the realm of imprecise reliability analysis
(Muscolino et al., 2016) of both linear systems (Faes et al., 2020, 2021) and nonlinear systems (Ni
et al., 2022; Jerez et al., 2024). Specifically, the core is to replace the objective or constraint
functions related to reliability by functions defined in terms of the (oo, 2) matrix norm, which
is inherently connected to the definition of the reliability problems (Faes et al., 2021). Despite
the proven advantages of applying the operator norm theory, there remains ample opportunity
for further exploration and advancement in the field of optimization to fully harness its potential
benefits. Additionally, in the aforementioned contributions, structural displacement serves as the
metric for defining the failure event. Nonetheless, alternative performance indicators are also of
importance and deserve attention. One of such indicators is structural compliance — a typical
metric adopted in deterministic topology optimization (Bendsge and Sigmund, 1999) and robust
topology optimization (Chen et al., 2016b; Canelas et al., 2024) of structures.

In this context, this paper proposes an approximate decoupled approach by virtue of the op-
erator norm theory for a specific class of problems, specifically RBDO problems concerning linear

truss structures subjected to random excitations with failure event defined by compliance. This



92

93

04

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

115

116

contribution extends the application of the operator norm theory within RBDO frameworks and
provides an powerful exploratory tool for decision-making in the initial stages of structural design.
The core idea of the proposed approach lies in recasting the RBDO problem as a deterministic
optimization problem through a few rounds of reliability analyses, based on the interdependency
between the reliability index and the operator norm. Once the deterministic optimization problem
is determined, the whole RBDO problem can be addressed by solving the deterministic optimiza-
tion problem without additional reliability analysis. Therefore, the proposed approach is advan-
tageous from a numerical viewpoint. In this contribution, the reliability analysis is conducted by
the probability density evolution method (PDEM) (Li and Chen, 2008; Chen and Li, 2009), while
the deterministic optimization is carried out by the quantum-inspired particle swarm optimization
(QPSO) algorithm (Sun et al., 2004, 2012; Weng et al., 2023). It should be noted that while these
methods are chosen based on their demonstrated feasibility, any alternative approaches for both
optimization and reliability analysis can be used instead, due to the nature of the underlying
problem. The rest of this contribution is organized as follows: Section 2 describes the detailed
formulation of the RBDO problem to be solved. Section 3 introduces the approximate decoupled
RBDO approach. Several examples are presented to demonstrate the effectiveness of the proposed
approach in Section 4. The paper closes with some concluding remarks and the outlook for future

research in Section 5.

2. Formulation of the problem

The optimization problems pertinent to this contribution can be stated as:

min f(x)
xTEX

st.  hj(x)<0, j=1,--,ny

re(x) <0, k=1,--- n,

xcx CR"™
where = (24, - - - ,xnw)T is the n,-dimensional vector of design variables belonging to an admis-
sible value set x C R"*; f(«) is the objective function; h; (x) < 0, j = 1,--- ,ny is the set of
the standard constraints independent of uncertainty; ry () < 0, k = 1,--- ,n, is the set of the

reliability constraints; and n,, ny, n, are the numbers of the design variables, standard constraints,

and reliability constraints, respectively.
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Generally, the objective function and the standard constraints, e.g., structural mass and con-
struction consumption, are determined by design requirements. The design variables represent
some controllable structural properties, such as cross-sectional areas and shape parameters of el-
ements. The reliability constraints are defined in terms of some reliability measure, and thereby
ensure structural performance in a probabilistic manner. Typical reliability measures include

failure probability and reliability index, leading to reliability constraints defined by
rk(w):PF,k(w)_PIE‘?k‘goakzla"'ynb (2)

or equivalently

re(x) =B — Br(x) <0, k=1,--- ny, (3)

where Prj () represents the failure probability evaluated at the design « for the kth failure
mode; Pghk is the predefined threshold of the failure probability for the kth failure mode; S is
the threshold of the reliability index for the kth failure mode; and Sy () denotes the reliability

index corresponding to Pry (z) and is calculated by
B () = @711 — Prg (2)], (4)

where ! (-) is the inverse function of the standard normal cumulative distribution. Consider
an ng-dimensional vector @ = (O, - - - ,@ng)T € R™ of random variables, which is assumed to
be exclusively associated with random excitations, following a joint probability density function
(PDF) pe(0). Then the failure probability can be written in terms of a multidimensional integral

as

Pe (@) = Pr{U (@) > 1} = / " po(ws @)du = / po(6)d6, (5)

(0;x)>1
where Pr {-} is the probability operator; U (@; x) is the normalized response function, whose value
is greater than 1 when structural failure occurs, e.g., the response of interest of a system exceeds a
prescribed threshold; u is a realization of U; and 0 is a realization of @. In addition, the subscript
k is omitted for brevity.
Estimating failure probabilities or reliability indices for general structures presents significant
challenges from the numerical standpoint, due to the complexity involved in evaluating response

functions, which are often analytically intractable. This complexity requires the use of advanced



140

141

142

143

144

145

146

147

148

149

150

151

152

153

154

156

157

158

159

160

161

162

163

164

165

reliability analysis techniques, such as the importance sampling (Au and Beck, 2001a) and the
subset simulation (Au and Beck, 2001b), to name a few. Despite their capacity for improved
efficiency, these techniques still require numerous re-analyses of structural responses to assess the
failure probability. Additionally, their outcomes are prone to noise. These factors pose challenges

in solving the RBDO problems, especially with a double loop scheme.

3. Approximate decoupled reliability-based design optimization

As mentioned above, the process of RBDO typically imposes significant computational de-
mands due to its nested double-loop nature. It entails evaluating the failure probabilities within
the optimization process for various realizations of design variables, thus requiring numerous
repeated structural reliability analyses. Particularly, when each structural analysis in such relia-
bility analysis consumes substantial computational resources, the overall computational expenses
associated with RBDO rapidly become prohibitively expensive. In this section, an approximate
decoupled approach for addressing the RBDO problems based on the operator norm theory is
introduced and elaborated. This approach enables the generation of designs that are slightly con-
servative, while significantly reducing the number of failure probability evaluations. Therefore, it
emerges as a promising tool for facilitating design exploration within RBDO frameworks. Such
explorative tools are expecially relevant in early design stages, where the computational expense

of 'regular’ RBDO procedures might not be justifiable.

3.1. Operator norm of compliance

The operator norm approach proposed by Faes et al. (2020, 2021) concentrates on the problems

where the responses of interest can be recast into the following form:

Y (z;0)=A(x)0O, (6)

where A (x) : R™ +— R™ is a continuous linear map representing the transformation of the
uncertain input to the responses of interest, € x C R" is the vector of the design variables,
® € R™ is the vector of the random variables, and Y € R™ is the vector of structural responses
of interest. Examples of such responses are the displacements of either dynamical or static models

of linear structures subjected to random loads.
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Consider the linear map A (z) : R™ +— R"™ between two normed vector spaces R™ and R"™

as defined in Eq.(6), and let |||

o be a specific £,;»-norm in these vector spaces with ¢ € [1,00).
According to the operator norm theory, there exists a real number ¢ () € R such that the following

inequality always holds for arbitrary vector & &€ R"¢:
A (z) O,y < |c(2)]- O], , (7)

and hence

1Y (; @) o) < [c (@) | - O] 2 - (8)

These inequalities therefore provide a metric — the operator norm — indicating the maximum extent
to which the matrix A (x) can stretch the random vector @, in terms of a p-norm applied to
the stretched vector Y, relative to a p®-norm applied to the original vector @. Mathematically,

it can be expressed as
1A @)l = inf {() 2 05 | A (2) Bll0) < e (@) |- O] () RO € R}, (9)

or equivalently,

|A () 8|0

A ()|, 2 = sup
P ||9||p<2>

: VO € R™ With@#O}, (10)
where inf {-} and sup {-} denote the infimum and the supremum, respectively; and [|-[| ) 2 repre-
sents the operator norm. It is noted that the operator norm [|-[| 1 2 is defined in a deterministic
sense and thus irrelevant to the random variables. This property offers significant benefits for
design optimization under uncertainties.

In this contribution, a specific type of problems is taken into account: RBDO of static linear
truss structures under random loads, with the criterion for structural failure defined in terms
of compliance, an inverse metric of the overall stiffness of a structure (Huang and Xie, 2010).

Therefore, the failure probability is formulated by:

Pr (a:):Pr{]C(@;a:) /e > 1}, (11)
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where ¢ is the threshold of the compliance; C' (@;x) is the structural compliance defined by
C(@;xz)=F(©)"U(@;z)=F(©)" K (z)F(O). (12)
It can also be represented as an inner product, i.e.,

C(@;z)=|(F(@),K ' (z)F(09))

, (13)

where K~ (z) : R™ — R™ is the inverse of the stiffness matrix of the structure; F (@) and
U (@;x) are the m-dimensional vectors of random loads and displacements, respectively, such
that U (@;z) = K~ ! (z) F (©). According to the Cauchy-Schwarz inequality, the compliance is

bounded by the product of the norms related to each component of the inner product in Eq.(13):

C(0:z)=|[(F(O), K (z)F(0))| < |[F ()|, |K™ (z)F(O)

(14)

27

where ||F' (@)]|, is defined as

|F(©)], = <Z|fz ) 5 (15)

with f; € F(©) and | - | denoting the absolute value operator. Note that the second norm on
the right-hand side of the inequality in Eq.(14) shares the same form as the left-hand side of the
inequality in Eq.(7). By replacing A (x) with the inverse of the stiffness matrix K~! (x) of the
structure, @ with the random loading vector F' (@) acting on the structure , and p™) with 2,
Eq.(7) yields

K~ (@) F ()|, < [c (@)] - [|F (©)] 0 - (16)

Then, substituting Eq.(16) into Eq.(14) results in
C(@;z) < [|[F (O], |c(@)]|- [ F(O)],e - (17)

Therefore, the operator norm can serve as a metric related to the upper bound of the compliance:

L JIE @ e, .
HA@mwh-p{ Fo, O R th@nm} (18)
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The calculation of the operator norm in Eq.(10) is evidently contingent upon the selection of
the pM-norm and the p®-norm, which is highly case dependent. Readers are directed to Faes
and Valdebenito (2020) for comprehensive formulations of operator norm with different p* and
p? . In the context of calculating the operator norm pertaining to compliance, both p") and p®

are prescribed as 2, which leads to

|A (z)|l,, = sup { ||K||15_,a?@1;“(2@)“2 :VF (@) € R™ with F (©) # O} . (19)

As discussed in Tropp (2004), the (2,2) operator norm equals the maximum singular value of the
matrix K~ (x). The choice of employing an £, norm for the numerator stems from the Cauchy—
Schwarz inequality, as shown in Eq.(14), while the rationale behind opting for an L5 norm for
the denominator lies in its loose characterization as the energy content of the random load (Faes
et al., 2020).

The operator norm (in Eq.(18)), along with Eq.(17), somehow suggests the extend to which the
energy within the random load can be amplified towards the compliance. Therefore, it is readily
seen that assessing the failure probability defined in Eq.(11) can be approximated by analyzing
the operator norm outlined in Eq.(18). This approximation is rooted in the intuition that lower
compliance in a global sense corresponds to a reduced failure probability. Moreover, since the
calculation of the operator norm is irrelevant to the random variables, such an approximation can

significantly reduce the computational costs.

3.2. Transformation of reliability constraint

Based on the developments of Section 3.1, the operator norm correlates with the upper bound
of compliance and thus can be used for the approximate analysis of the failure probability. In this
contribution, this approximation is adopted within the RBDO framework to replace the reliability
constraint by the deterministic constraint on the operator norm defined by Eq.(18). Herein, the
reliability index serves as the chosen reliability measure, calculated through the failure probability
as depicted in Eq.(4).

To effectively formulate the deterministic constraint function on operator norm, it is crucial
to identify the threshold ON™ of the operator norm corresponding to the specified threshold F*
of the reliability index (Jiang et al., 2024). Empirical studies have shown that a direct one-

to-one mapping between the operator norm and the reliability index is elusive. To this end,
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the threshold ON™ of the operator norm is estimated using the lower segment of a convex hull
in the space related to the operator norm and the reliability index, to ensure the feasibility of
the solution of the deterministic optimization problem. The convex hull is constructed based
on some randomly pre-selected samples of design vectors, whose reliability indexes and operator
norms are evaluated ahead of the optimization implementation. This strategy for determining
the threshold of the operator norm is justified by the fact that both computational efficiency and
design feasibility are crucial considerations in engineering design decision-making. Specifically,
the following strategy is employed: firstly, generate n, samples of design vector {;}.*, from the
design space randomly; then, calculate the reliability indexes {f;};, and the operator norms
{HAH;Z}:; associated with these design variables; next, construct a convex hull based on the
samples { (ﬁi, HAH;2> }::, finally, parameterize the lower segment of the convex hull, which covers
the target reliability indgx A" with a polynomial function, and estimate the threshold ON™ of
the operator norm corresponding to B through this polynomial function. Figure 1 provides a

visual representation of this strategy. Once the threshold ON* is determined, the RBDO problem
(Eq.(1)) is transformed into

min f(x)
xreEX
t. < ON'h
st A (@)],, < ON | 20)
h; (z) <0, Jg=1- m
rex CR"™

and can be tackled without the need for additional reliability analyses. Herein, only one reliability
constraint is considered. The utilization of the lower segment of the convex hull to estimate the
threshold is justified by its ability to ensure a conservative reliability level of the final design

obtained by solving the problem specified in Eq.(20).

10
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Figure 1: Ilustration for identifying the threshold of the operator norm.

However, directly determining the exact threshold ON" of the operator norm may be unfeasi-
ble, if the initial number of the random samples is too limited. Moreover, the threshold could be
obtained by extrapolating from the limited samples, since the samples may not cover the target
reliability index. Therefore, an iterative procedure is adopted to expand the samples for updating
the threshold of the operator norm. Specifically, substitute the inaccurate threshold of the op-
erator norm, denoted as ON"™W into Eq.(20), and solve the deterministic optimization problem
to obtain a design, denoted as . Then, evaluate the reliability index BS) and the operator
norm ||AH;(21 ) of the design @!". If the reliability index is smaller than the target reliability index,
namely ﬁﬁl) < B™ insert the point <ﬁ£1), HAH;(;)) to the set {(@', HA||122> }7,:, and implement
the same strategy mentioned above to obtain an updated threshold ONth’(Q)l._ The threshold is
repeatedly updated until a proper threshold ON(®) (I > 1) is found, such that Bil) > B s
satisfied. Since ON™® can typically be obtained after a few iterations, the numerical costs are
not expected to increase significantly.

It should be noted that this strategy tends to produce slightly conservative optimization solu-
tions, although not consistently so. Moreover, the construction of the convex hull can be influenced
by the randomly pre-selected design samples, which consequently affects the level of conservatism
of the optimization results. Nonetheless, the optimization results are always feasible. It is also
noted that reliability analysis is only required for estimating and updating the threshold of the

operator norm, as well as for calculating the reliability index of the final design. This approach,

therefore, can significantly enhance computational efficiency of RBDO.

11
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3.3. Reliability analysis

While the proposed approach significantly reduces the number of reliability analyses, further
efficiency gains can be achieved with the utilization of a general analysis method. In this context,
the probability density evolution method (PDEM) is adopted (Chen and Li, 2009). The PDEM
stands as a theoretically rigorous and universally applicable approach for analyzing structural
stochastic responses (Cao et al., 2023). Its effectiveness in design optimization under uncertainties
has been verified in prior research (Yang et al., 2022a,b), demonstrating its status as a powerful
tool in the realm of RBDO.

The theoretical foundation of the PDEM is rooted in the stochastic event description of the
principle of preservation of probability (Chen and Li, 2009). From this standpoint, a partial
differential equation known as the generalized density evolution equation (GDEE), which governs
the evolution of the PDF of the structural response of interest, can be derived (Li and Chen, 2008).
If only one stochastic response is considered, the GDEE is reduced to a one-dimensional partial
differential equation. For the reliability analysis of the structure, the PDEM should be combined
with either the absorbing boundary condition approach (Li and Chen, 2005) or the extreme value
distribution approach (Chen and Li, 2007). The absorbing boundary condition approach favors
time-dependent reliability problems, which are outside the scope of this contribution. Hence, the
extreme value distribution approach is adopted.

According to the extreme value distribution approach, the structural reliability could be eval-
uated by integrating the PDF of an equivalent extreme-value random variable associated with
structural failure events. Since the failure events are defined by structural compliance herein, the
equivalent extreme-value random variable essentially represents the compliance. Therefore, the
problem of reliability analysis is transferred to the solution of the PDF of the compliance. This
can be readily achieved through the PDEM.

Specifically, construct a virtual stochastic process associated with the normalized compliance,

namely
W(O,r;x) =U (O;x) - sin (w.7), (21)
which satisfies
W (O, r;z)|,_, =0, (22)
wW(e,r; cc)|T:Tc =U(O;x), (23)

12
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where U (@; ) denotes the normalized compliance, that is |C (@;z) /c*| in Eq.(11); T represents
the virtual time; w,. and 7. are the parameters of the virtural process, specified as 2.57 and 1,
respectively.

Then, the GDEE corresponding to the virtual stochastic process takes the following form:

apVV@ (U), 07 75 CB)
ow

8pW@ (U}, 07 T3 (L')

5, + W (0,71;x)

=0 (24)

whose initial condition is

pwe (w,0,7;®)|,_, =5 (w)pe (6), (25)

where pye (w, 8, T; x) is the joint PDF of (W, ©); W (0, ; x) is the velocity process of the virtual
stochastic process; and ¢ (+) is Dirac’s delta function. This initial-value problem can be solved by
different numerical procedures, and the finite difference method (FDM) with the total variation
diminishing (TVD) scheme is adopted (Chen et al., 2020).

After solving the GDEE, one can get the PDF of the normalized compliance py(u;x) by

calculating the marginal distribution:

pU(u;w):/ pwe(w,0,1;x)d0 . (26)
Qo

W=U,T=Tc

Finally, the failure probability and the corresponding reliability index of the structure can
be calculated through Eq.(5) and Eq.(4), respectively. Readers are referred to Li and Chen
(2009) for more technical details. For completeness, the numerical procedures implemented in

this contribution are outlined in the Appendix.

3.4. Optimization

For solving the deterministic problem presented in Eq.(20), any appropriate algorithms can be
adopted. In this contribution, the quantum particle swarm optimization (QPSO) algorithm (Sun
et al., 2004) is utilized. Renowned as a novel optimization algorithm incorporating quantum
mechanics theories, the QPSO and its variants have been extensively adopted to address vari-
ous optimization problems (dos Santos Coelho, 2010; Agrawal et al., 2021). By leveraging the
characteristics of quantum states to enhance particle movements within the search space, QPSO
distinguishes itself from canonical particle swarm optimization (PSO), and exhibits superior con-

vergence speed and robustness (Weng et al., 2023).

13
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In the PSO, the movement of particles relies on both their positions and velocities, where the
positions represent a collection of potential solutions to the optimization problem (Kennedy and
Eberhart, 1995; Meng et al., 2020). In contrast, the QPSO describes the position of a particle
probabilistically using a wave function, with its square representing the PDF of the position.
Moreover, the QPSO assumes that the wave function adopts the same form as that associated
with a real physical particle in a Delta potential well. Therefore, the wave function can be yielded
by solving the corresponding time-independent Schrédinger equation. Based on the wave function,
the particle’s position can be updated by using Monte Carlo simulation.

For practical implementation, the positions of the particles are updated by the following equa-
tion:

il
(G,04+1) (i) LE’ ) @Y - _

where xﬁ-i’eﬂ) denotes the jth component of the ith particle’s position at the (¢ + 1)th optimization

step; nj(i’e) is the local attractor of the particle’s position component, given by

il il il ¢

o _ £ P+ 480 g0 )

o= @0 Gl ) (28)
P +¢j

LE-M) is the characteristic length defined by

; (29)

il 04 i0
L; ):2a-’$§. )—nj(- )

u?’g), gogi’e), gby’g) are random numbers sampled from a uniform distribution within the range [0, 1];

pbg-i’[) is the jth component of the ith particle’s optimal position; gbgg) is the jth component of the
global best position of the particle swarm; and « denotes the contraction—expansion coefficient,
which regulates the convergence rates of particles. The selection of the contraction—expansion
coefficient v can be referred to Sun et al. (2012). Additionally, to cope with the constraints
of the optimization problem, a penalty-based method is employed to transform the constrained

optimization problem into an unconstrained one (Weng et al., 2023), which is subsequently solved

by the QPSO introduced in this section.

3.5. Summary of the proposed approach
The proposed approach for RBDO of a linear truss structure subjected to random loads can

be summarized as follows:
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1. Formulate the RBDO problem to be solved into the form presented in Eq.(1).
2. Determine the threshold of the operator norm and formulate the deterministic optimization
problem, as illustrated in Section 3.2, i.e.,
a) Generate a limited number of samples of the design vector from the design space, calculate
their operator norms, and evaluate their reliability indexes with the PDEM introduced
in Section 3.3.
b) Evaluate the threshold of the operator norm corresponding to the target reliability index,
by fitting the lower segment of the convex hull with polynomials.
¢) Transform the RBDO problem (Eq.(1)) into a deterministic optimization problem (Eq.(20))
based on the threshold of the operator norm.
d) Solve the deterministic optimization problem using the QPSO introduced in Section 3.4.
e) Update the threshold of the operator norm iteratively. Specifically, assess the reliability
level of the final design of the deterministic optimization problem in Step 2.c). If the
reliability constraint in Eq.(1) is satisfied at the final design, terminate the iteration and
go to Step 3. Otherwise, return to step 2.b) to update the threshold of the operator
norm, while considering the reliability index and operator norm associated with the last
final design.

3. Output the final results in Step 2 and terminate the whole algorithm.

4. Numerical examples

In this section, four numerical examples are conducted to demonstrate the effectiveness and
efficiency of the proposed approach. Two termination criteria for the optimization process are
adopted: (1) reaching the maximum number of reliability function calls; (2) reaching the maximum
number of iteration Nyi. The first example aims primarily to validate the effectiveness of the
proposed approach. Therefore, only the second termination criterion is employed to ensure a

thorough search of the design space.

4.1. Test example: Shape optimization of a 5-bar linear truss structure

The first example focuses on the shape optimization of a 5-bar linear truss structure, as shown
in Figure 2. The truss is simply supported on the left side and subjected to a random Gaussian
load modelled as a random variable. The mean value and coefficient of variation of the Gaussian

load are assumed to be 44.4822 kN and 0.15, respectively. The structural parameters are set as:
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the mass density p = 2.768 x 107% kg/mm?, and the modulus of elasticity £ = 68947.573 MPa,

the cross-sectional areas of all the bars A; = 645.16 mm? (: = 1,--- ,5).

1)

5 3048 mm
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Figure 2: A 5-bar truss structure (Test example).

The objective of the design optimization is to minimize the total mass of the truss struc-
ture, while ensuring that the reliability index of the structure remains higher than /% = 2.34,
(i.e., P = 0.01). The structure is considered to be failed if structural compliance exceeds
the prescribed threshold of the compliance, ¢ = 4 (x112.984 kN -mm). The design vector
x = (r1,75)"(x25.4 mm) represents the vertical coordinates of the structural supports. There-

fore, the optimization problem is formulated as:

min Z?:l Alll (l’l, .@2) 1%

1,22

st 234 — B (21,25) <0 (30)
z1 € [60, 140
g € [—20,60]

where [; is the length of the ith bar.

For comparison, the RBDO problem is solved by both a double loop approach and the proposed
approach, with a brute-force search scheme: that is, the solution of the optimization problems
(both the original RBDO problem and the corresponding deterministic optimization problem) are
obtained by finding the optimal designs among a large number of designs generated randomly.
To this end, a total of 10000 sets of design variables are randomly generated. The double loop
approach utilizes the PDEM to evaluate the reliability index for each realization of the design
vector during the optimization process. The reliability index of the structure is calculated with

100 representative points.
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Figure 3 presents the operator norm as a function of the reliability index. It illustrates a
discernible overall trend wherein the reliability index exhibits an increase as the operator norm
decreases. To demonstrate the effectiveness of the proposed approach, 20 samples of the design
variables are considered initially to evaluate the threshold of the operator norm, yielding the
threshold ON'™ of 0.041, as shown in Figure 4. The contours of the operator norm and the
reliability index are depicted in Figure 5, along with the feasible domains for both approaches.
It is observed in Figure 5 that the feasible domains of the two approaches are close to each
other, which makes it appropriate to replace the original RBDO problem with the deterministic
problem. Table 1 presents the final results obtained by both brute-force search with 10000 designs.
The results reveal that the proposed approach yields a slightly conservative design, showcasing
its feasibility for design optimization under uncertainty. Additionally, in the case of the double
loop approach, exploration of the feasible domain necessitates assistance from reliability analysis.
However, for the proposed approach, only the calculation of the deterministic operator norm is
required to explore the feasible domain, which thereby enhances optimization efficiency.

The RBDO problem is also solved by the QPSO algorithm introduced in Section 3.4. The
population size N, and the maximum number of iteration Ny are set as 30 and 100, respectively.
Table 2 presents the final results obtained by the QPSO optimizer. It demonstrates the feasibility
of the proposed approach for generating effective designs. Figure 6 shows the failure probability
curve evaluated at the final design of the proposed approach (see Table 2) by the PDEM with
100 representative points and by Monte Carlo simulation (MCS) with 10000 samples. It is seen
that the curve obtained by the PDEM is in accord with that obtained by MCS, demonstrating

the effectiveness of the PDEM in terms of the reliability analysis.

Table 1: The results obtained by brute-force search within 10000 designs (Test example).

Approach Threshold Objective function value Operator norm B 1 9
Double loop approach A =234 70.956 0.042 2.360 121.898 -11.400
Operator norm-based approach ON™ = 0.041 71.053 0.041 2.365 128.658 -6.168

Note: the unit of the objective function value is (x 0.4536 kg); the unit of the design variables z;, i = 1,2, is (x 25.4 mm).

Table 2: The results obtained by the QPSO optimizer (Test example).

Approach Threshold Objective function value Operator norm B 1 Z
Double loop approach ™ =2.34 70.922 0.043 2.326 118.794 -13.617
Proposed approach ~ ON'" = (.041 71.038 0.041 2.366 128.056 -6.605

Note: the unit of the objective function value is (x 0.4536 kg); the unit of the design variables xz;, i = 1,2, is (x 25.4 mm).
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Figure 3: Reliability index versus operator norm (Test example).
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Figure 4: The evaluation of the threshold of the operator norm (Test example).

4.2. Application 1: Size optimization of a 15-bar linear truss structure

The second example involves the size optimization of a 15-bar linear truss structure illustrated
in Figure 7. The structure is subjected to a random Gaussian load with the mean value of
44.4822 kN and the coefficient of variation of 0.15. The structural parameters are the same as
those of Test example, including the mass density and the modulus of elasticity.

The design optimization aims at minimizing structural mass under a constraint on the reli-
ability index of the structure. The threshold of the compliance for defining failure event is set
as 50 (x112.984 kN - mm). The design variables are the cross-sectional areas of the 15 bars, all

of which belong to the interval [0.001, 2] (x645.16 mm?). The design optimization problem is
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Figure 5: The contours of the operator norm and the reliability index (Test example). (The regions in the lower
right part of the red contour lines represent the feasible domains; the units of the design variables x; and x5 are
(x 25.4 mm).)
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Figure 6: Probability failure curve obtained by the PDEM and MCS (Test example).

40 formulated as

s

min 21121 xilip
il:=(x1,“-,x15)T
s.t. 2.34 — B (x) <0 (31)

x; € [0.001,2],i =1,--- 15
420 The optimization problem is also solved by both the double loop approach and the proposed

4

N

1 approach. For both approaches, the reliability index of the structure is estimated through the

22 PDEM with 200 representative points; the population size N, is 30; and the maximum number
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Figure 7: A 15-bar truss structure (Application 1).

w23 of iteration Ny is 300. Initially, the threshold of the operator norm is evaluated with 50 samples
24 of the design vector. For updating the threshold of the operator norm, additional 4 rounds of

»s reliability analysis are required, as shown in Figure 8.

8 : —
o Samples: 54
Convex Hull
Points on the convex hull
6F ——Fitting
g ---[th=2.34
I s ON'* = (.612
=] T
s |
Sat .
C@ 1
~ 1
[«B) 1
o 1
©) \
2 B 1
1
1
1
1
1
0 1 1 1 11 1
-6 -4 -2 0 2 4 6

Reliability index

Figure 8: The evaluation of the threshold of the operator norm (Application 1).

426 Figure 9 shows the the operator norms and failure probabilities associated with 10000 randomly

w27 selected design variables, revealing a trend that the reliability index increases as the operator norm

N

w8 decreases. The objective function values and the corresponding design variables resulting from the

4

N

o proposed approach and the double loop approach are presented in Tables 3-4. The optimization
s0 termination criterion stipulates a maximum of 1000 calls to the reliability function. The results
s show that the proposed approach allows for the generation of a design whose objective function
132 value is comparable to that obtained by using the double loop approach, but at a greatly lower

133 computational cost, with the number of function evaluations reduced by an order of magnitude.
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It is important to note that for calculating the number of function evaluations for the proposed
approach, the number of operator norm evaluations involved in solving the deterministic optimiza-
tion problem is considered, due to the necessity to evaluate the inversion of the stiffness matrix.
The number of operator norm evaluations is associated with the selection of the optimizer for
solving the deterministic optimization problem.

It should also be noted that a better result may be obtained by continuing the optimization
process for the double loop approach. For example, if the maximum number of iteration Ny =
300 is reached, the double loop approach can yield a design whose objective function value and
operator norm are 132.708 (x 0.4536 kg) and 0.790, respectively. However, achieving a 12.2%
improvement in the objective function value compared to that obtained by the proposed approach
(see Table 3) entails a substantial computational cost, necessitating 9000 rounds of reliability
analyses. For the preliminary phases of engineering projects, engineers usually prioritize efficiency
and computational feasibility. In this context, the approach proposed in this paper emerges as
an effective tool, offering the ability to achieve competitive design outcomes with significantly

reduced computational burdens.
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Figure 9: Reliability index versus operator norm (Application 1).

4.3. Application 2: Size and shape optimization of a 15-bar linear truss structure

4.3.1. Case 1: A single random load
The third example involves the size and shape optimization of the 15-bar linear truss structure

illustrated in Figure 7. The load condition and the structural parameters are the same as those

21



Table 3: The results obtained by different approaches (Application 1).

Approach Threshold N, N Objective function value Operator norm B
Double loop approach At =2.34 990 198000 147.876 0.790 2.409
Proposed approach ~ ONY=0.612 5441 20000 148.938 0.612 2.409

Note: (1) N, and N; denote the numbers of reliability analyses and function evaluations; (2) the unit of the objective
function value is (x 0.4536 kg).

Table 4: The design variables obtained by different approaches (Application 1).

AppI’O&Ch T To T3 Ty Is Te T Ts

Double loop approach 1.409 1.057 0.725 1.152 1.250 0.149 0.001 0.092
Proposed approach ~ 1.996 1.066 0.414 1.976 1.265 0.308 0.006 0.001

Approach Ty Z10 T11 T12 13 T14 T15

Double loop approach 0.857 0.059 1.076 1.407 0.153 0.300 0.987
Proposed approach ~ 0.070 0.708 0.842 0.780 0.539 0.348 0.538

Note: the unit of the design variables x;, i = 1,---,15, is (x645.16 mm?).

»s3  of Application 1. The objective of this problem is to minimize structural mass under a reliability
e constraint. The threshold of the compliance is taken as 50 (x112.984 kN -mm). The design
s variables are comprised of the cross-sectional areas a; (x645.16 mm?),7 = 1,---,15, and part
s6 Of the nodes’ coordinates, namely x. = (xcg,xcg,yCQ,ycg,yc4,yc6,yc7,ycg)T (x25.4 mm) (Ho-Huu

w7 et al., 2015). Therefore, the RBDO problem to be solved is

15

min S5 ads ()
m:(al’"' »yC8)T
s 2.34 — B () <0

a; €[0.001,2),i=1,---,15
Te2 = Leh
L3 = Tet ' (32)
100 < ze2, Ye2, Yez < 140
220 < x5 <260
50 < Yes <90
—20 < Yes, Yer < 20
20 < yes <60

458 The problem is solved by both the double loop approach and the proposed approach, with

w9 identical settings described in Application 1, except for the population size N, set as 50 and the
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maximum number of iteration Ny set as 500.

Figure 10 illustrates the values of the operator norm and failure probability associated with
10000 design variables. The figure shows a trend similar to that observed in Application 1, i.e., the
increase in the operator norm comes with the decrease in the reliability index. For the proposed
approach, the threshold of the operator norm is evaluated with only 50 rounds of reliability
analyses, as shown in Figure 11. Table 5 presents the results obtained by both the proposed
approach and the double loop approach, wherein a maximum of 2000 calls to the reliability
function are restrained. The corresponding designs are shown in Figures 12-13.

It is seen that the proposed approach can generate a design comparable to that of the double
loop approach in terms of the objective function value, while significantly reducing the compu-
tational costs. When the maximum number of iteration Ny = 500 is reached, the double loop
approach can produce an improved design, as shown in Figure 14, with the objective function
value of 108.364 (x 0.4536 kg) and the operator norm of 0.837. Nonetheless, such a 5.5% im-
provement in the objective function value, compared to those in Table 5, demands considerable
computational expense. Specifically, 25,000 rounds of reliability analyses are required to achieve
this improvement. Given this, the proposed approach can efficiently deliver competitive design
outcomes under limited computational resources, which is therefore advantageous in the prelimi-

nary phases of engineering design.
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Figure 10: Reliability index versus operator norm (Application2: Case 1).
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Figure 11: The evaluation of the threshold of the operator norm (Application2: Case 1).

Table 5: The results obtained by different approaches (Application2: Case 1).

Approach Threshold N, N Objective function value Operator norm I3
Double loop approach ™ =2.34 2000 400000 115.024 0.828 2.409
Proposed approach ~ ON"=0.682 50+1 35200 114.346 0.682 2.366

Note: (1) N, and N; denote the numbers of reliability analyses and function evaluations; (2) the unit of the objective
function value is (x 0.4536 kg).

ffffff Original design

—— Optimized design

___________________________________

Figure 12: The final truss structure obtained by the proposed approach (Application2: Case 1).
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Figure 13: The final truss structure obtained by the double loop approach at 40th optimization iteration (Appli-
cation2: Case 1).

------ Original design
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Figure 14: The final truss structure obtained by the double loop approach at 500th optimization iteration (Appli-
cation2: Case 1).

4.8.2. Case 2: Multiple random loads
The last example is an extension of Case 1, to demonstrate the effectiveness of the proposed
approach for RBDO under the case of multiple random loads. The truss structure is subjected

to six Gaussian random loads, as shown in Figure 15. The loads independently follow the same

distribution, with the mean value of 44.4822 kN and the coefficient of variation of 0.15. For the
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reliability analysis, the threshold of the compliance is taken as 500 (x112.984 kN - mm), and 300
representative points are adopted. Other settings are identical to those of Case 1.

Figure 16 shows the threshold of the operator norm evaluated with 50 samples of design vector.
Table 6 presents the results of both the proposed approach and the double loop approach, with
the maximum number of the calls to the reliability function being 2000. The results demonstrate
the proposed approach achieves a superior design compared to the double loop approach, while
significantly reducing computational costs. When the double loop approach reaches its maximum
iteration number Ny, = 500, the objective function decreases to 93.055 (x 0.4536 kg), represent-
ing a 1.7 % improvement compared to the proposed approach (see Table 6). Nevertheless, this
improvement comes at the expense of conducting 25000 reliability analyses. In this regard, the
proposed approach offers a powerful way for structural design under uncertainty.

To provide a more comprehensive analysis of the proposed approach, it is further compared
with the method recently introduced by Yang et al. (2022b), denoted as Gradient-based method
1. The method has been successfully extended to the reliability-based topology optimization
(Yang et al., 2022a, 2024). It combines the globally convergent version of the method of moving
asymptotes (GCMMA) (Svanberg, 2002) with a highly efficient strategy for sensitivity analysis.
Although many recent studies on surrogate models can significantly reduce computational costs,
they are outside the scope of this study and thus not included in the comparisons. Nonetheless, the
proposed approach can be integrated with surrogate models to further reduce computational costs,
for example, by incorporating surrogate models into the reliability analysis process or solving the
deterministic optimization problems. The original RBDO problem is also solved by the GCMMA
with the finite difference method for obtaining the gradient information, denoted as Gradient-
based method 2. Both methods use the first feasible design found by the double loop approach
adopted in this example as the initial solution. The algorithms are terminated if they fail to
converge within 100 iterative steps. It should be noted that the GCMMA includes an inner loop
at each optimization step to ensure the feasibility of intermediate solutions, which can increase
the number of the reliability analyses. The corresponding optimization results are presented in
Table 7. It is seen that Gradient-based method 1 demonstrates significantly better efficiency than
Gradient-based method 2, which fails to converge in this example. But Gradient-based method
1 dose not achieve a solution as good as the proposed approach, partly due to the complex

and irregular reliability contour surface. To illustrate this point, the sliced contour map of the
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reliability index in dimensions x5 and x9; (the vertical coordinates of nodes 2 and 6), with the
other dimensions fixed, is plotted and shown in Figure 17. It is shown that the contour exhibits
a high degree of non-linearity and that the reliability index is a non-bijective function of the
design variables. From this sliced contour map, it can be inferred that the whole contour map
of the reliability index is much more complex and irregular. Given this, the proposed approach
can be advantageous in both computational efficiency and robustness. Furthermore, if the final
solution of the proposed approach is used as the initial solution for Gradient-based method 1, a
better solution is obtained, with an objective function value of value 92.640 (x 0.4536 kg) and
11558 function evaluations. This indicates that the proposed approach can effectively serve as a
pre-optimizer for gradient-based optimization algorithms.

To evaluate the performance of the PDEM in the reliability assessment step, subset simula-
tion (SS), Latin hypercube sampling (LHS), and MCS are also adopted to estimate the failure
probability of the structure. In particular, the failure probability with different thresholds at the
design found by the double loop approach (see Table 6) is calculated using the four methods, as
shown in Figure 18. The PDEM uses 300 representative points, while MCS and LHS use 100000
and 1000 samples, respectively. For SS, the probability of the intermediate events is set to 0.1,
with 400 samples employed at each stage, resulting in a total of 1120 samples to estimate the
failure probability. As observed in Figure 18, both SS and the PDEM accord well with MCS,
whereas LHS performs less accurately. In terms of efficiency, the PDEM requires fewer determin-
istic analyses but takes little time to solve the GDEE (less than 2 seconds). Although SS involves
more deterministic analyses, the short computation time for the response analysis ensures that the
overall efficiency remains high. Thus, in this example, both the PDEM and SS demonstrate satis-
factory accuracy and efficiency. Based on this comparison, it is easy to infer the influences of the
reliability analysis methods on the RBDO results, since the reliability analysis and optimization
process are decoupled in the proposed approach.

To further examine the performance of the QPSO, the PSO and a gradient-based optimization
algorithm, i.e., GCMMA, are employed to solve the decoupled deterministic optimization problem.
For the QPSO and the PSO, the population size N, and the maximum number of iteration Ny
are set to 50 and 500, respectively. Given the stochastic nature of the QPSO and the PSO, each
algorithm is run 10 times. For the GCMMA, the gradient information is obtained using the finite
difference method, and the initial solution is the first feasible design found by the QPSO. The
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iteration histories, in terms of the average objective function value, obtained by the QPSO and the
PSO are shown in Figure 19. The iteration history for the GCMMA are shown Figure 20. The final
average objective function values for the QPSO and the PSO are 95.343 and 125.021 (x 0.4536
kg), respectively, while the final objective function value for the GCMMA is 94.510 (x 0.4536
kg). All the solutions are feasible. It is found that the QPSO demonstrates better global search
capability and optimization performance compared to the PSO, which often shows premature
convergence. The results of the gradient-based GCMMA are similar to those of the QPSO, with
an acceptable difference in the objective function values. However, as previously analyzed, when
the GCMMA is adopted to directly solve the original RBDO problem, the optimization results
are not ideal. On the other hand, the QPSO performs well in handling both the original RBDO
problem and the decoupled deterministic optimization problem. This also indicates that the

decoupled deterministic optimization problem is easier to solve than the original RBDO problem.
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Figure 15: A 15-bar truss structure (Application 2: Case 2).

Table 6: The results obtained by different approaches (Application 2: Case 2).

Approach Threshold N, N Objective function value Operator norm I5)
Double loop approach % =2.34 2000 600000 101.590 0.919 2.366
Proposed approach ~ ON"™ =0.823 5041 40300 94.632 0.823 2.366

Note: (1) N, and N; denote the numbers of reliability analyses and function evaluations; (2) the unit of the objective
function value is (x 0.4536 kg).

Table 7: The results obtained by the gradient-based RBDO methods (Application 2: Case 2).

Approach N, Nt Objective function value Operator norm 15}
Gradient-based method 1 101 33658 138.651 0.835 2.330
Gradient-based method 2 14676 4402800 198.234 0.553 Inf

Note: (1) N, and N; denote the numbers of reliability analyses and function evaluations; (2) the unit of the objective
function value is (x 0.4536 kg).
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Figure 16: The evaluation of the threshold of the operator norm (Application2: Case 2).
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Figure 17: Sliced contour maps of the reliability index (Application 2: Case 2).

5. Conclusions

This contribution presents an approximate decoupled reliability-based design optimization ap-
proach for a specific class of RBDO problems concerning linear truss structures under random
loads, with failure event defined by compliance. Grounded in the operator norm theory, this
approach offers a potent and efficient means for design exploration with acceptable accuracy
trade-offs. The key innovation lies in the application of the operator norm theory in terms of
structural compliance. Based on it, the proposed approach transforms the RBDO problem into a

deterministic optimization task through a limited number of reliability analyses, facilitated by the

29



565

566

567

568

569

570

571

572

573

—_
S
=]

Failure probability
=

—_
<
)

300 T T T T

250 7

200 7

150 |t

100

Objective funcion value (kg)

50 : : : :
0 100 200 300 400 500

Iteration

Figure 19: Iteration history in terms of the average objective function value obtained by the QPSO and the PSO
(Application 2: Case 2).

probability density evolution method (PDEM). Once the deterministic optimization problem is
formulated, the solution of the whole RBDO problem can be obtained without further reliability
analysis, which results in a considerably improved computational efficiency. Numerical exam-
ples demonstrate that, with restrained computational resources, the proposed approach efficiently
provides designs comparable to those obtained through the double loop technique. This contribu-
tion not only extends the frontier of the operator norm theory in the RBDO framework but also
provides a valuable exploratory tool for decision-making in the early design phases of real-world
engineering structures.

Future research efforts include finding more effective ways for determining the threshold of

30



574

575

576

577

578

579

580

581

582

5

o
@

584

585

586

587

588

220

200

180

160

140

Objective funcion value (kg)
o
(e

]
o

oo
S

0 20 40 60 80 100
Iteration

Figure 20: Iteration history in terms of the average objective function value obtained by the GCMMA (Application
2: Case 2).

the operator norm. Another direction for future research involves extending the approach to the

reliability-based design optimization of dynamical systems.
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7. Appendix: Numerical procedures for the PDEM

The numerical procedures for solving the GDEE (Eq.(24)) are as follows:

Nsel

1. Discretize the probability-assigned space {2 with a representative point set Pge; = {(6,, Pq)}q:1

based on the generalized F-discrepancy minimization-based point selection strategy (Chen
et al., 2016a; Chen and Chan, 2019); ng, is the number of the representative points;

0, = (041, - ,04,)" is qth representative point corresponding to the representative region
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Qe,; and F, is the assigned probability of 6, given by

P~ [ ve®)de (33)
Qe,
2. Perform deterministic structural analyses for the representative points 8,,¢ =1, - -, ng, to
evaluate the velocity responses W (O, T52),q=1,- Nl

3. Substitute each of the velocity responses W (0,,7;x),q = 1,--- ,ng, into the GDEE (Eq.
(24)), and solve the GDEEs by the finite difference method (Li and Chen, 2009) to obtain
the joint PDFs pwe (w,0,, 7;2) ,g =1, , ngel.

4. Synthesize the results of the GDEEs to obtain the PDF of the normalized compliance,

namely

Nsel

= Z Pwe (UJ, 0(17 75 w) ’w:u,q’:q’c' (34)

W=U,T=Tc q=1

pU(u;w):/ pwe(w,0,1;x)d0
Qo
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