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ABSTRACT17

Spatial uncertainty is a critical challenge in many engineering fields. To date, the probabilistic18

methods have been applied to describe the uncertainty of engineering parameters with considerable19

achievements. However, they rely heavily on the availability of large quantities of informative20

data, while in practice, acquiring enough informative data is impossible. This paper proposes an21

interval field-based framework to analyze the influence of parameter uncertainty on their safety22

performance under sparse test data, in which the locations of test values are taken into account. It23
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also considers uncertainties in stratigraphy and spatial properties in the geotechnical engineering24

case, allowing the research framework to utilize more available test information compared to25

previous studies. First, the interval field samples based on B-spline basis functions are generated,26

allowing for flexibility in accounting for realistic situations and integrating measured data from27

in situ exploration. Then, the finite element strength reduction method is used to estimate the28

safety factor ( 𝑓s) of geotechnical engineering. Subsequently, a Bayesian global optimization is used29

to efficiently evaluate the upper and lower bounds of the 𝑓s interval. Finally, three geotechnical30

engineering cases are presented to illustrate the validity of the proposed framework. This framework31

provides new insights into engineering uncertainty analysis even with sparse data, highlighting its32

potential for practical applications in geotechnical engineering projects.33

INTRODUCTION34

Engineering decision making in geotechnical projects often is complicated because of the35

uncertainty stemming from the inherent variability of materials, processes, and environmental con-36

ditions (Der Kiureghian and Ditlevsen 2009). In structural engineering, where man-made materials37

exhibit relative homogeneity, this variability is often quantified using random variables (Elling-38

wood et al. 2024). It allows for probabilistic analysis of structural behavior, providing valuable39

insights into potential performance (Phoon 2023). However, natural materials such as soils and40

rocks present a unique challenge: spatial uncertainty. Unlike their man-made counterparts, these41

materials exhibit significant spatial variability in their properties, meaning their characteristics42

can vary considerably across a given area (Phoon and Kulhawy 1999). Disregarding this spatial43

uncertainty can have significant ramifications for project safety and performance. For example,44

in geotechnical engineering, neglecting the spatial variation in soil properties can lead to under-45

estimation of foundation settlements, slope instability, and embankment dam failure (Xiao et al.46

2017; Guo et al. 2019; Wang et al. 2020; Feng et al. 2024). Similarly, hydrological models that47

fail to account for the spatial distribution of rainfall and infiltration rates can result in inaccurate48

flood predictions (McMillan et al. 2011). Therefore, the consideration of spatial uncertainty is49

paramount for ensuring the safety and reliability of infrastructure projects.50
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For several decades, scholars have developed a series of mathematical models for spatial un-51

certainty analysis, with the random field method standing out as one of the most widely employed52

techniques (Chwała et al. 2022; Jiang et al. 2022; Wang et al. 2023). Leveraging concepts from53

well-established probability theory, random fields serve as a robust tool for characterizing spatial54

uncertainty of material parameters (Phoon and Ching 2018). In the domain of geotechnical engi-55

neering, random fields find primarily application in capturing uncertainties pertaining to boundary56

conditions, geological features, and parameter properties (Juang et al. 2019). To construct such57

random fields to represent spatial uncertainties, techniques such as the Karhunen-Loève expansion,58

orthogonal series expansion, expansion optimal linear estimation, and perturbation method have59

been developed (Sudret and Der Kiureghian 2000; Zhang et al. 2022). However, the complicated60

nature of different engineering uncertainties often necessitates adaptations to the traditional ap-61

proach. For example, in the field of geotechnical engineering, the uncertainty of the stratigraphic62

boundary will affect the geologic model (Juang et al. 2019). This type of uncertainty provides63

challenges for traditional random field models because statistical coefficients for a limited number64

of borehole data may significantly affect simulated stratigraphic samples (Liu and Wang 2022).65

In practice, when dealing with stratigraphic uncertainty, specialized simulation methods are em-66

ployed. These approaches include coupled Markov chains, stochastic Markov random fields, and67

improved conditional random field techniques (Gong et al. 2021; Zhao et al. 2021; Yan et al. 2023).68

There have been significant advances in the random field method, but challenges remain,69

especially when dealing with limited data. In the process of modeling geotechnical uncertainty70

with random field expansion, a critical step involves the determination of the statistical parameters71

to describe the spatial uncertainty. These parameters encompass the mean and variance in the72

assumed lognormal distribution, as well as the autocorrelation function, which might be governed73

by a correlation length in the case of isotropic random fields. Typically, these parameters are derived74

using methods like moments or maximum likelihood estimation, both of which often necessitate75

substantial volumes of experimental data (Cami et al. 2020). Also, Bayesian model updating76

techniques have been proposed in a different context (Uribe et al. 2020). However, the limited77
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information that can be obtained from engineering site investigations tends to constrain efforts due to78

time and especially cost constraints. Consequently, due to these practical limitations, the modeling79

of geological stratification and parameter uncertainty can only be performed with sparse data,80

which may cause the uncertainty in the estimated parameters to be significant (Montoya-Noguera81

et al. 2019; Beer et al. 2013). In addition, making an assumption of probability distributions82

based on expert knowledge is often required. Recently, the Bayesian compressive sampling method83

has been proposed and achievements have been made (Zhao et al. 2018; Wang et al. 2018). The84

Bayesian compressive sampling developments are generally fit for a specific distribution type of85

spatial variability.86

As an alternative to the random field model, interval fields have been proposed for representing87

spatial uncertainty and have been successfully applied in engineering (Moens et al. 2011; Feng88

et al. 2022). In essence, the research on interval fields consists of three main steps, and current89

research focuses on these: (1) interval field parameter identification and quantification, (2) interval90

field generation, and (3) the propagation of interval fields (Faes and Moens 2020b). To identify91

and quantify interval field parameters, Faes and Moens (2017a) introduced a method to identify92

spatial uncertainty based on measurement data. Presently, techniques for constructing interval fields93

primarily involve the inverse distance weighted interpolation method (Faes and Moens 2017b; van94

Mierlo et al. 2021; Callens et al. 2021), Karhunen-Loève-like decomposition method (Sofi 2015),95

B-spline method (Hu et al. 2022) and techniques based on convex set representations (Jiang et al.96

2011). Particularly, the B-spline basis function-based interval field method shows a lot of promise97

due to the flexibility of its B-spline formulation of the basis functions to flexibly model curves and98

surfaces. Its primary benefit lies in enabling local control of curves or surfaces, proving particularly99

valuable for fitting parameters obtained from test points. Finally, concerning propagation, many100

methods have been developed in recent years, among which optimization methods are widely used101

due to their efficiency (Faes and Moens 2020b). In particular, the Bayesian global optimization102

method has developed rapidly among many optimization methods due to its high efficiency and103

accuracy and has been applied in the uncertainty propagation of interval fields (Dang et al. 2022).104
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In previous work, the effectiveness of interval fields in engineering uncertainty analysis has been105

investigated (Feng et al. 2022). However, it has not considered the uncertainty analysis involving106

complex models with multiple uncertainties and sparse site test data and its advantages with related107

methods. In light of the limitations in current uncertainty quantification methods for complex and108

data-scarce engineering problems, this paper proposes a novel framework that leverages the interval109

field method. The proposed framework demonstrates comprehensive capabilities in quantifying110

uncertainties, such as stratigraphic and spatial properties in geotechnical engineering. Furthermore,111

it integrates in-situ testing data into the interval field description, thereby significantly reducing112

local epistemic uncertainty stemming from data scarcity. First, B-spline basis functions are adopted113

to generate interval fields because of their suitability in capturing complex behaviors. The localized114

data of the interval field is realized by controlling the interval variable at that position. Additionally,115

dependencies in both horizontal and vertical directions are used to represent the spatial uncertainty.116

Subsequently, the factor of safety ( 𝑓s) for geotechnical engineering is computed through the finite117

element strength reduction method. The interval boundaries of 𝑓s are ultimately determined using118

the Bayesian global optimization method because of its capability to handle complex and nonlinear119

systems efficiently. The effectiveness of the framework proposed in this paper is demonstrated120

through the analysis of three real-world engineering cases. This advancement not only proposed121

a method for sparse data but also provided powerful tools for engineers dealing with complex and122

local data scenarios.123

The paper follows the structure outlined below. In Section 2, the approach for generating124

interval fields through B-spline basis functions is detailed. Section 3 describes the procedure125

for analyzing engineering with uncertainties using the proposed interval field framework. Three126

actual engineering cases are demonstrated to illustrate the effectiveness of the method in Section127

4. Finally, Section 5 presents the conclusions drawn from this study.128

INTERVAL FIELDS BASED ON B-SPLINE BASIS FUNCTIONS129

This section presents a general approach to generate interval field models based on B-spline130

basis functions, as introduced in (Hu et al. 2022). The section is constructed as follows: First, the131
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interval field and its explicit formulation are introduced. Subsequently, a detailed explanation of132

the method for generating interval fields based on B-spline basis functions is described in detail.133

Finally, the interval field method considering locally determined values is introduced.134

Interval field135

Interval fields are used to model spatial uncertainty in the presence of sparse data availability,136

which serves as the interval counterpart of the random field (Faes and Moens 2020b). This approach137

non-probabilistically characterizes spatial uncertainty in parameters through the establishment of138

upper and lower bounds. The methods for generating interval fields can be mainly categorized into139

explicit expansion methods and dependency function-based methods. In this paper specifically,140

we adopt the recently introduced B-spline basis functions to generate interval fields given their141

flexibility.142

The general definition of the interval field can be expressed as143

𝜓I(x) =
𝑛∑︁
𝑖=1

𝜔𝑖 (x)𝜉I
𝑖 , (1)144

where x are vector of control points, 𝑛 is number of basis functions, 𝜓I(x) represents the expression145

of the interval field, 𝜔𝑖 (x) denote the basis functions, and 𝜉I
𝑖
, 𝑖 = 1, . . . , 𝑛 are the 𝑛 interval146

variables corresponding to the control points (Faes and Moens 2020a). Based on this formula,147

it becomes possible to generate interval fields involving spatial uncertainty. The significance of148

basis functions within this context cannot be overstated, as they must adequately capture the spatial149

nature of uncertainty in real-world engineering scenarios, and articulate it through a mathematical150

formulation.151

As a small sidenote, we want to point out that by no means we imply that interval fields are152

always more accurate than random fields when less data are available. Their main feature is however153

that they allow for a fully objective investigation based on the knowledge that is available. In some154

cases, the results obtained from interval fields might be too uninformative for further analysis,155

indicating a need for additional data collection. Nonetheless, this decision would be made in this156
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case based on solid, objective analysis, which is provided by the interval framework.157

B-spline basis function-based interval field158

The method of generating interval fields with the B-spline basis functions is described in this159

subsection. This is based on the published work of Hu et al. (2022).160

As explained in the previous section, the interval field can be generated according to Eq. 1. In161

this equation, especially the basis functions are of importance since the capture the spatial structure162

of the uncertainty. In this paper, the B-spline basis functions based on recursive formulas are163

used (Cox 1972; Piegl and Tiller 1996). To be specific, the forms of the B-spline basis functions164

are related to their degree, and the lower degree basis functions are needed when generating higher165

degree basis functions. When the degree of the B-spline basis function is 0, it can be expressed as166

𝑏𝑖,0(𝑥) =


1 𝑡𝑖 ⩽ 𝑥 < 𝑡𝑖+1

0 otherwise
, (2)167

where 𝑏𝑖,0(𝑥) is 𝑖-th basis function, and 𝑡𝑖 is 𝑖-th knot. For a B-spline basis function with a degree168

greater than one, the 𝑘-th B-spline basis function can be formulated as169

𝑏𝑖,𝑘 (𝑥) =
𝑥 − 𝑡𝑖

𝑡𝑖+𝑘 − 𝑡𝑖
𝑏𝑖,𝑘−1(𝑥) +

𝑡𝑖+𝑘+1 − 𝑥

𝑡𝑖+𝑘+1 − 𝑡𝑖+1
𝑏𝑖+1,𝑘−1(𝑥), (3)170

where 𝑘 denotes the degree of the B-spline basis function. The computation of B-spline basis171

functions with higher degrees can be performed using this recursive formula. The B-spline basis172

function also needs to satisfy basic properties such as the partition of unity, which can be expressed173

as174
𝑛∑︁
𝑖=1

𝑏𝑖,𝑘 (𝑥) = 1, 𝑡𝑘+1 ⩽ 𝑥 ⩽ 𝑡𝑛, (4)175

where 𝑛 is the number of the basis function. As described previously, the generation of an interval176

field requires a combination of the B-spline basis function and the interval parameters, which177

include the interval’s center, radius, and dependence length. After the required parameters for the178
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interval field are determined in the domain, the visual representation of the interval field formulation179

can be achieved through the B-spline basis function-based interval field method, as follows:180

𝜓I(𝑥) = 𝑐𝐼 + 𝑟 𝐼
𝑁∑︁
𝑖=1

𝑏𝑖,𝑘 (𝑥)𝜉I
𝑖 , 𝑡𝑘+1 ⩽ 𝑥 ⩽ 𝑡𝑛, (5)181

where 𝜓I(𝑥) is interval field, 𝑐𝐼 is the center value of the interval field, 𝑟 𝐼 is the radius of the182

interval field, and 𝜉I
𝑖

are unitary interval variables. In this equation, the knot vectors control the183

spatial dependence of the points in the interval field, which is adjusted by the dependence length.184

The dependence length, which signifies the range over which the interval field exerts influence, is185

denoted as186

𝑟𝑑 = (𝑘 + 1)Δ𝑡/2, (6)187

where Δ𝑡 is the distance between the knot vectors.188

After determining the interval field parameters, the interval fields are calculated using Eqs. 2189

to 6. The primary steps are outlined as follows. First, the process begins with the computation of190

knot vectors through the utilization of Eq. 6. Subsequently, B-spline basis functions are generated191

employing Eqs. 2 and 3, followed by the generation of the interval field using Eq. 5. To exemplify192

the result, we provide a concrete example showcasing 50 samples of a one-dimensional interval193

field, depicted in Fig. 1. In this example, the range of its interval field is 94, the center of the194

interval is one, the radius of the interval is 0.1, and the dependence length is 20.195

One-dimensional interval fields have been generated based on the previous descriptions. How-196

ever, there is still a difference between it and the two/three-dimensional interval fields that are197

required in geotechnical engineering, where the main difference is the form of the basis functions.198

It is important to note that we are assuming separable dependence structures in this analysis, which199

are not applicable to inseparable dependencies. The 1-D interval field method can be easily ex-200

tended to multiple dimensions by constructing the basis functions as a vector-valued function of201

1-D basis functions. In the 2-D scenario, specifically, the formulation for the 𝑘-th basis function202
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can be expressed as203

𝑏𝑘𝑖, 𝑗 (x) = 𝑏𝑖,𝑘 (𝑥1)𝑏 𝑗 ,𝑘 (𝑥2), 𝑖 = 1, . . . , 𝑛𝑥1 , 𝑗 = 1, . . . , 𝑛𝑥2 , (7)204

where 𝑏𝑖,𝑘 (𝑥1) represents the B-spline basis function in the x direction, 𝑏 𝑗 ,𝑘 (𝑥2) is the B-spline205

basis function of y direction. The B-spline basis functions of the three-dimensional interval field,206

which can be represented as207

𝑏𝑘𝑖, 𝑗 ,𝑙 (x) = 𝑏𝑖,𝑘 (𝑥1)𝑏 𝑗 ,𝑘 (𝑥2)𝑏𝑙,𝑘 (𝑥3), 𝑖 = 1, . . . , 𝑁𝑥1; 𝑗 = 1, . . . , 𝑁𝑥2; 𝑙 = 1, . . . , 𝑁𝑥3 , (8)208

where 𝑏𝑙,𝑘 (𝑥3) represents the B-spline basis function in the z direction. The 2/3-D interval fields209

can be calculated based on Eq. 5 and the 2/3-D B-spline basis functions.210

Interval fields with deterministic local values211

This subsection aims to generate interval fields with deterministic local values, which can be212

used to consider geotechnical in situ test data when generating interval fields. The advantage of213

this method is that it reduces epistemic uncertainty by fully utilizing the available in situ test data.214

Meanwhile, the epistemic uncertainty disappears at these locations with deterministic values, which215

implies that all realizations of the interval field must be passed through these deterministic points.216

In an attempt to make the method more understandable, a straightforward instance of deterministic217

local values is presented (Feng et al. 2023). Consider a 1-D region where an interval field with a218

determined value is constructed. Taking into account the given local values (𝑥0, ℎ0), the equation219

of the interval field can be expressed as220

𝜓I (𝑥0) = 𝑐𝐼 + 𝑟 𝐼
𝑛∑︁
𝑖=1

𝑏𝑖,𝑘 (𝑥0) 𝜉I
𝑖 = ℎ0. (9)221

According to this equation, it is possible to compute the deterministic part of the interval222

variable. For the 𝑘-th degree of B-spline basis functions, there are 𝑘 +1 basis functions with values223
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determined by Eq. 9. These deterministic interval variables can be calculated by224

𝑚+𝑘∑︁
𝑖=𝑚

𝑏𝑖,𝑘 (𝑥𝑜) 𝜉I
𝑖 =

1
𝑟 𝐼

(
ℎ0 − 𝑐𝐼

)
, (10)225

where 𝑚 corresponds to the 𝑚-th knot associated with the local value. This equation can calculate226

interval variables for interval fields with a single local value. For interval fields with multiple227

local deterministic values, the least squares method is used to compute interval variables in the228

region of influence of the local values. Then, the interval fields with deterministic local values are229

generated using Eq. 5. Finally, an example of interval fields with a deterministic local value is used230

to demonstrate the method. Fig. 2 depicts 50 samples of interval fields with a single deterministic231

local value. The parameters for this interval field are identical to the example in the preceding232

section, except for the inclusion of a local value.233

PROPOSED FRAMEWORK234

This paper proposes a framework for quantifying uncertainty in geotechnical engineering using235

the interval field method, building on the uncertainty quantification presented in our previous work.236

It not only tackles uncertainties concerning stratigraphic and spatial properties but also integrates237

in situ testing data into the interval field description. This framework is primarily based on the238

B-spline basis function-based interval field and is divided into three main sections. First, section239

3.1 introduces the modeling of interval fields. In this part, the uncertainty of the stratigraphy240

is mainly considered and modeled by the B-spline basis function-based interval field. Then, the241

spatial uncertainty of geotechnical parameters is considered in each partition and modeled by the242

B-spline basis function-based interval field. Section 3.2 describes the implementation procedure243

of the finite element strength reduction method. In this section, we account for uncertainty in the244

boundaries within the geometric modeling. Finally, Section 3.3 presents the propagation method of245

the interval field. In this paper, the Bayesian global optimization method is employed to obtain the246

upper and lower bounds of the response values. The overall framework is depicted in the flowchart247

shown in Fig. 3.248
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Implementation of B-spline basis function-based interval fields249

The purpose of this subsection is to generate interval fields that take into account uncertainties250

in stratigraphic and spatial properties. First, the stratification of the geology is determined based on251

the test data. This case involves the utilization of one-dimensional interval fields with deterministic252

local values. Then the interval field considering the uncertainty of spatial parameters is established253

within the same stratification. This case uses two/three-dimensional interval fields with local254

values. Determining the uncertainty modeling of the boundary or spatial properties or coupling of255

both is essential. Therefore, it is necessary to determine the kind of uncertainty to be considered for256

engineering. The interval field is generated after determining the type of uncertainty in geotechnical257

engineering. So the implementation procedure of the B-spline basis function-based interval field258

is described below.259

1. First, the interval center, interval radius, and degree of B-spline basis function 𝑘 of the260

interval field are determined. It is particularly emphasized that the center of the interval261

may be a function that varies with position. The degree of the B-spline basis function262

is two generally, which provides sufficient flexibility for most real-live engineering cases.263

The determination of these parameters can be achieved through various methods, such as264

interval field identification and quantification techniques or by referencing existing cases. In265

this paper, we adopt existing parameters, as the cases under consideration provide specific266

data, making it suitable for direct utilization.267

2. Determine the dependency length according to the test data according to (Faes and Moens268

2017a). It can also be determined by tuning the gradients of the realizations of the interval269

field to those seen in the data. This corresponds to setting a specific correlation length in a270

random field when following a probabilistic approach (Chen et al. 2020). In this study, the271

parameter of dependency length is sourced from the engineering literature.272

3. Determining the knot span based on the dependency length from the preceding step is the273

focus here. To be specific, the knot span is calculated by Eq. 6.274

4. Extend over the left and right sides of the domain to ensure that the B-spline basis functions275
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are defined over all geometric regions.276

5. Discretise the domain and form all the knots into a knot vector. The knots’ distance is277

determined by the span of the knots identified in step three.278

6. A collection of 𝑘-th B-spline basis functions is generated through Eqs. 2 and 3.279

7. Generating 𝑛-dimensional interval variables (𝑛 is determined by knot vector). The dimen-280

sionality varies according to the particular model being generated. In this context, the281

uncertainty of stratigraphic boundaries is a one-dimensional interval field, while the uncer-282

tainty of spatial properties is a two-dimensional interval field. It’s important to note that283

the range of interval variables in this framework falls within [-1, 1].284

8. Finally, the interval field is generated based on Eq. 5.285

The implementation process for engineering problems with stratigraphic boundary uncertainty286

or spatial property uncertainty is achieved by the interval field method. The case of coupling the287

two requires more detailed descriptions. Firstly, the boundaries of different kinds of materials in288

geotechnical engineering are generated according to the method of the B-spline basis function-289

based interval field. As a result, each partition exhibits distinct material characteristics. Following290

the material boundary generation, we proceed to create B-spline basis function-based interval fields291

with spatial uncertainty independently within each subzone.292

Finite element strength reduction method293

This subsection provides a detailed explanation of computing the 𝑓s using the finite element294

strength reduction method. Firstly, geometric modeling is introduced. Then the material parame-295

ters, boundary information and initial conditions of the model are introduced. Finally, the specific296

implementation steps of the strength reduction method are introduced.297

A challenging problem for the geometric model is that the region’s boundary after geological298

stratification is uncertain, generated by a one-dimensional interval field. For the numerical calcula-299

tion problem of the uncertain region, a geometric transformation is used to solve this issue (Zheng300

et al. 2023). Specifically, the random domain Ω(𝜉) is transformed into a reference domain Ω(𝜉),301
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and the mesh topology of the reference domain is used to represent the random domain. Thus, it is302

possible to avoid remeshing the random domain for each sample. The random coordinate x(𝜉) is303

mapped into the deterministic coordinate x according to304

x = Λ−1(x(𝜉), 𝜉), (11)305

where Λ−1 is inverse operator of the mapping operator. The random coordinates can be represented306

by deterministic coordinates as307

x(𝜉) = Λ(x, 𝜉), (12)308

where Λ is the mapping operator. The modeling problem of the random domain can be solved309

according to the above transformation.310

For the purpose of illustration in this paper, we adopt the Mohr-Coulomb model. The elastic311

modulus, Poisson’s ratio and the material’s weight are considered deterministic values. The312

cohesion and friction angle are considered interval parameters with spatial uncertainty. Lastly, the313

boundary conditions and initial conditions are applied to the numerical model.314

Finally, the parameters of the interval field are input into the element of the numerical model315

of the slope, and the finite element strength reduction method is employed to compute the 𝑓s of316

the slope (Cheng et al. 2007). In this approach, the reduced parameters encompass the cohesion317

and the friction angle. The numerical finite element analysis is implemented in this paper using318

OpenSees (Mazzoni 2006).319

Bayesian global optimization320

The Bayesian global optimization is an efficient optimization method based on a surrogate321

model, which is employed to determine the upper and lower boundaries of the 𝑓s (Dang et al.322

2022). The implementation process is briefly described below. The first step of the Bayesian global323

optimization algorithm involves selecting the initial sample points. In this stage, an initial set of324

samples is generated inside the interval using Latin hypercube sampling. Subsequently, the initial325

surrogate model is constructed using the initial samples and their corresponding function values. In326
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this stage, the Gaussian process regression method is used to develop the surrogate model. Finally,327

the genetic algorithm is used to find the maximum and minimum value of this surrogate model. For328

more details on Gaussian process regression, please refer to Williams and Rasmussen (2006). The329

initial Gaussian process regression N0 [𝛾̂0(ζ), 𝑠0(ζ)] serves as a surrogate model, where N0 [·, ·]330

represents a normal distribution, and 𝛾̂0(ζ) and 𝑠0(ζ) are the mean value and the standard value of331

the predictive model, respectively.332

The first step of Bayesian global optimization is to develop a surrogate model. The surrogate333

model generated from the initial points is in error, so it is very important to increase the number334

of sample points to improve the accuracy of the surrogate model. After increasing the number335

of sample points, the surrogate model can be denoted as N[𝛾̂(ζ), 𝑠(ζ)]. From the results of the336

Gaussian process regression, an acquisition function is constructed to measure whether another337

point needs to be added, and the extreme value of the acquisition function is solved to determine the338

next sampling point. In the context of the minimization problem, the improvement of the objective339

function, denoted as 𝜃 (ζ), is defined as340

𝜃 (ζ) = max{𝛾min − 𝛾̂(ζ), 0}, (13)341

where 𝛾min represents the current optimal objective function value, and 𝛾̂(ζ) is the set of parameters342

following a normal distribution. The expected value of 𝜃 (ζ) is determined by Jones et al. (1998)343

E[𝜃 (ζ)] =


(𝛾min − 𝛾̂(ζ))Φ

( 𝛾min−𝛾̂(ζ)
𝑠(ζ)

)
+ 𝑠(ζ)𝜙

( 𝛾min−𝛾̂(ζ)
𝑠(ζ)

)
, 𝑠 > 0

0, 𝑠 = 0,
(14)344

where E[·] denotes the expectation operator, Φ is the standard normal cumulative distribution345

function, 𝜙 is the standard normal distribution probability density function, and 𝛾̂(ζ) and 𝑠(ζ)346

are the mean and standard deviation of the normal distribution of the Gaussian process regression347

model predictions, respectively.348

Increasing the number of sample points until the accuracy of the surrogate model satisfies349
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the requirement, which can be judged according to the convergence criterion. The convergence350

criterion in this paper is defined as351

| max E[𝜃 (ζ)] |
|𝛾min | + 𝛿

≤ 𝜖, (15)352

where maxE[𝜃 (ζ)] denotes the maximum value ofE[𝜃 (ζ)], 𝛾min represents the minimum observed353

value of 𝛾, 𝛿 is an infinitesimal value, 𝜖 is the threshold value. In this scenario, 𝛿 is set to 1e-6,354

and 𝜖 is set to 0.001. After the surrogate model satisfies the convergence criterion, the response355

values of all samples are recorded. The maximum and minimum of these values are the boundary356

values of the interval. This also means that the upper and lower bounds of the 𝑓s of geotechnical357

engineering are obtained.358

CASE STUDIES359

This section demonstrates three examples to illustrate the efficiency of the proposed framework.360

The first case considers the modeling of an interval field of a slope with spatial uncertainty. The361

second case considers the interval field of a dyke with uncertainties in stratigraphy and spatial362

properties. Finally, the case of a three-dimensional dyke is considered. It should be noted that363

the cases selected in this paper only consider some idealized stratigraphy and further research is364

needed for more complex cases.365

The case of considering spatial uncertainty366

To evaluate the validity of the interval field for analyzing the stability of the slope, an assessment367

was performed using data obtained from an actual site situated in Shiraz, Iran (Johari and Fooladi368

2020). The slope with 26 meters height and 30.96 degrees inclination was investigated. Fifteen369

boreholes were drilled at the surface to examine subsurface and soil properties. Fig. 4 illustrates370

the locations of the boreholes utilized in this case, along with cross-sectional views of the slopes.371

For this study, only two borehole test data from the same cross-section were utilized.372

Firstly, the numerical model for this slope is developed, as shown in Fig. 4, in which the red373

edges represent the complete fixation, while the green edges denote only fixation in the horizontal374
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direction. The meshes of FEM in this paper are set as structured meshes to ensure that the number375

of meshes is deterministic while the geometry is changed. And the interval field meshes are376

set to be consistent with the meshes in FEM. The solver can be used in the principles of elastic377

viscoplastic soil behavior. In this specific case, the slope’s cohesion and friction angle are treated378

as interval parameters, while the unit weight, Poisson’s ratio, and modulus of elasticity are regarded379

as deterministic parameters. Specifically, the unit weight is 17.38 kN/m3, the elastic modulus is380

35,000 kN/m2 and the Poisson’s ratio is 0.3. Table 1 lists the parameters of the interval field.381

First, the B-spline basis function-based interval field method is employed to generate a 2-D382

interval field within the specified region. Cohesion and friction angle intervals are determined using383

parameters obtained from in situ test data. The cohesion is set within the interval [5, 25] kPa and384

the friction angle interval is established as [18, 38] based on experimental data. It is important to385

note that interval boundaries are obtained from in situ test data (Imholz et al. 2020; Faes and Moens386

2017a). The interval field in this study has horizontal and vertical dependence lengths denoted as387

𝑙ℎ and 𝑙𝑣, respectively, with values set at 8.0 m and 4.0 m, as detailed in Johari and Fooladi (2020).388

It should be noted that the ℭ-vine method is required if the cross-correlation between the interval389

fields of cohesion and friction angle needs to be considered (Faes and Moens 2020a). Known390

parameters from six locations in two cone penetration tests (CPT) boreholes are incorporated in391

the interval field. Figs. 5 and 6 present the generated interval fields of cohesion and friction angle,392

respectively. In these figures, the red circle represents this position has a deterministic value, which393

means that the samples of these interval fields have the same value in this position.394

Subsequently, the finite element strength reduction method is applied to determine the 𝑓s for395

the slope. Ultimately, the Bayesian global optimization method is utilized to obtain the interval of396

𝑓s for this slope. In this specific case, the resulting interval for 𝑓s is [1.38, 2.14]. The depiction397

of the interval field results can be observed in Fig. 7. This figure also includes results for interval398

fields without considering in situ test data and results for conditional random field analyses. First,399

the effect of local values on the results of the interval field analysis is analyzed. As Fig. 7 shows,400

the result of the interval field without considering local values is [1.22, 2.22]. It can be seen that401
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integrating in situ test data to reduce the epistemic in the interval field definition also reduces the402

epistemic uncertainty in the response. The interval of the 𝑓s of geotechnical engineering will be403

gradually reduced when enough data are measured. The effect of the 𝑓s interval is relatively minor404

due to the fewer local values of the geotechnical engineering in this case. This underscores the405

significance of in situ test data in the uncertainty analysis of geotechnical engineering.406

Then, comparing the interval field method with the conditional random field (Johari and Fooladi407

2020) using in situ test data demonstrates that the interval field method encompasses all the data408

from the random field, which implies that the interval field method provides more comprehensive409

information. This is because the parameters of the interval field have a relatively wide range.410

If sparse data are used to obtain smaller intervals, it may lead to high risk. For geotechnical411

engineering with extensive datasets, the random field method may be an option because of the412

parameter distributions and spatial uncertainties that can be obtained by statistical methods, which413

makes the obtained results more accurate because it can represent the statistical properties of the414

parameters. However, it is difficult to obtain the parameters of the random field for sparse data,415

so the random field method requires some assumptions for this case. It may produce misleading416

conclusions and might provide overconfidence due to insufficient conservativeness. Therefore it417

should be careful when using the random field method for sparse data cases.418

In contrast, the interval field method, by focusing on extreme values without considering419

their probability of occurrence, assumes a worst-case scenario, ensuring safety when dealing with420

uncertainty. This conservative approach is crucial in engineering decisions, providing safeguards421

for worst-case situations and making it suitable for scenarios requiring high safety and conservatism.422

Thus, the interval field method is valuable for risk assessments involving low-probability but high-423

consequence events, such as extreme geohazard events. Moreover, the interval method does424

not require detailed probability distribution information, making it especially useful when data425

is limited. For instance, in newly developed geological areas where detailed soil testing data426

may not be available, engineers can use the interval method based on existing experience and427

limited data to estimate ranges of soil parameters for uncertainty propagation. Additionally, the428
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interval method is more efficient than stochastic methods like Monte Carlo simulations because it429

only evaluates extreme combinations of parameters without needing extensive random sampling.430

Overall, the interval method, by emphasizing worst-case scenarios and reducing dependence on431

detailed probability information, provides a safe, reliable, and efficient analysis tool in engineering,432

particularly suited for situations with sparse data and high uncertainty. It should be noted that both433

the random field and interval field methods discussed here consider only epistemic uncertainty.434

This case study demonstrates the effectiveness of the interval fields in addressing spatial uncer-435

tainty for slopes in geotechnical engineering, particularly when data is scarce. Then, we emphasize436

the importance of in situ test data for uncertainty analysis in geotechnical engineering. The method437

can be applied with or without such data, depending on project specifics. In geotechnical engineer-438

ing, the interval field method is particularly useful when in situ test data is unavailable. However,439

for projects with limited data, incorporating local values can further enhance the analysis. Finally, a440

comparison of the interval field method proposed with the established random field method is pre-441

sented in detail, demonstrating the range of applicability and advantages of the proposed method.442

In engineering applications with critical consequences, the interval field method is particularly443

valuable for engineering projects with sparse data, as it emphasizes the critical role of extreme444

values in decision-making.445

The case of considering uncertainty in stratigraphic and spatial properties446

The second scenario involves a real dyke. The “Leendert de Boerspolder” is a small polder447

in South Holland, situated to the south of one of the economically significant polders in the448

Netherlands. de Gast et al. (2021) conducted detailed testing of the dyke. Fig. 8 illustrates a449

top view of the dyke. The cross-section of the dyke, selected for this case is highlighted within450

the blue circle in this figure. And Fig. 9 depicts the geometric model, which has a length and451

height of approximately 28m and 10m, respectively. The purple line indicates the positions of452

CPT boreholes, revealing that this cross-section includes three CPT boreholes. It is divided into453

four layers: dyke material, peat, organic clay, and silty clay. The obtained test parameters must be454
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converted into undrained shear strength (𝑠𝑢) for subsequent analysis, which can be expressed as455

𝑠𝑢 =
𝑞𝑡 − 𝜎𝑣

𝑁𝑘𝑡

(16)456

where 𝑞𝑡 represents the total cone resistance, 𝜎𝑣 denotes the total vertical stress, and 𝑁𝑘𝑡 is an457

empirical correction factor with a range of 10 to 20. The assigned values of 𝑁𝑘𝑡 for the four soil458

layers are as follows: dyke material, 𝑁𝑘𝑡=20; peat, 𝑁𝑘𝑡=15; organic clay, 𝑁𝑘𝑡=10; and silty clay,459

𝑁𝑘𝑡=10. Table 2 presents the parameters of the interval field for this dyke engineering. The Mohr-460

Coulomb criterion is utilized as the material constitutive model, and the finite element strength461

reduction method is applied to compute the 𝑓s for the dyke, with the 𝑠𝑢 serving as the reduced462

parameter.463

Then the interval field for the parameter of 𝑠𝑢 of the dyke is generated. The meshes in the464

numerical model were set to structured meshes and checked for the accuracy of their calculations.465

When generating the interval field, the interval field meshes are set to the meshes of FEM for466

this dyke. These are to ensure that the number of meshes is deterministic while the geometry is467

changed. The next step is to generate an interval field model of this dyke. The parameters required468

for constructing the interval field include the degree of B-spline basis functions, interval center and469

radius, and horizontal and vertical dependence length. It should be noted that determining horizontal470

and vertical dependency lengths from sparse data is challenging, but can be addressed through471

various approaches, such as leveraging the expertise and accumulated experience of engineers. For472

this scenario, the degree of B-spline basis function with the value of 2. The interval center and473

interval radius values are established based on the 𝑠𝑢 parameters at the CPT test point. Specifically,474

attention is devoted to soils across various layers and the spatial uncertainty inherent within each475

layer. According to test data, the horizontal dependence length and vertical dependence length are476

determined through point estimation. Consequently, the strata exhibit distinct parameters from one477

another. The generation of the interval fields based on these parameters is illustrated in Fig. 10. The478

dyke case with spatial uncertainty after considering deterministic stratigraphy is analyzed. Finally,479
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the intervals of 𝑓s for the dykes are computed according to Bayesian global optimization methods.480

For this dyke, the calculated interval for 𝑓s is [0.80, 1.08].481

Then the uncertainty of coupling stratigraphic and spatial properties is analyzed. In this context,482

we categorize the geological strata into four layers based on distinct geotechnical materials, resulting483

in three stratigraphic boundaries. To represent uncertainty, we employ one-dimensional interval484

fields for each of these boundaries. For each geotechnical material within a stratum, a two-485

dimensional interval field is used to represent the uncertainty of the geotechnical spatial properties.486

Detailed insights into this methodology are provided in Section 3, where we comprehensively487

expound on the specific aspects and nuances of our approach.488

The initial stage of uncertainty analysis in geotechnical engineering involves the creation of an489

interval field that accounts for the uncertainties related to stratigraphic and spatial properties. In490

this step, it is necessary to determine the parameters of the one-dimensional interval field of the491

stratigraphic boundary first. The interval mean values of the interval fields for the stratigraphic492

boundaries of organic clay and silt clay are set to the already estimated stratigraphic boundary,493

the interval radius is set to 0.1, and the spatial dependence length is set to 5. The interval mean494

of the interval field of the stratigraphic boundary of the silty clay and peat is set to the already495

estimated stratigraphic boundary, the interval radius is set to 0.1, and the spatial dependence length496

is set to 5. The interval mean of the interval field of the stratigraphic boundary of peat and dyke497

material is set to the already estimated stratigraphic boundary, the interval radius is set to 0.1,498

and the spatial dependence length is set to 3. The one-dimensional interval fields are generated499

separately according to the interval field parameters of the determined stratigraphic boundaries.500

Then the two-dimensional interval field parameters of geotechnical spatial properties within each501

stratum are determined separately. Table 2 shows the parameters of its interval field. The geometric502

boundary of each stratum is changed due to the uncertainty of the stratum boundary. Therefore, a503

geometric transformation method is used in this paper to solve this problem, the details of which are504

shown in Section 3.2. The interval fields are generated separately within each stratum according505

to the determined interval field parameters. Finally, by combining the interval fields generated506
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for stratigraphic boundaries and spatial properties within the stratum, we obtain interval fields507

that account for the uncertainties in both stratigraphic and spatial properties. The second stage508

in assessing the uncertainty of geotechnical engineering involves determining the 𝑓s through the509

utilization of interval fields generated via the finite element strength reduction method. To execute510

this step, OpenSees is employed for finite element analysis, and comprehensive implementation511

instructions can be found in Section 3.2. Subsequently, the third step in analyzing the uncertainty of512

coupling stratigraphic and spatial properties in geotechnical engineering is to calculate the interval513

boundaries of the 𝑓s of geotechnical engineering using the Bayesian optimization method. Specific514

details and parameter settings for this optimization technique are elaborated in Section 3.3.515

The interval of the 𝑓s obtained from the analysis using the interval field method for this case is516

[0.78, 0.98]. Then two samples are shown corresponding to the maximum and minimum values of517

𝑓s respectively, as presented in Fig. 11 and Fig. 12. In these figures, the bold black line represents518

the stratum’s boundary, while the red circles indicate locations with determinate values. Fig. 11 (a)519

and Fig. 12 (a) show the uncertainty of the stratigraphy. Fig. 11 (b) and Fig. 12 (b) show the spatial520

property uncertainty within the strata. It can be noticed that the strata boundary corresponding521

to the maximum value of 𝑓s varies more significantly. Compared to scenarios where stratigraphic522

uncertainty is not considered, the 𝑓s range is significantly narrower, and the minimum value of523

the 𝑓s is reduced. This indicates that accounting for stratigraphic uncertainty increases the risk524

in geotechnical engineering. In this specific case, the impact is mitigated because the variability525

of stratigraphic boundaries considered is small. For real situations, its variability may be higher.526

So it’s important to note that the uncertainty in stratigraphic boundaries may have a substantial527

influence on the 𝑓s values in geotechnical engineering. Therefore, it is crucial to consider the528

uncertainty of the coupled stratigraphic and spatial properties for critical engineering.529

The case of three-dimensional dyke530

The effectiveness of this method in the context of three-dimensional engineering is illustrated531

in this subsection. The example employed here corresponds to case 2, so the cross-section of the532

geometric model is shown in Fig. 9, and the parameters are referred to in Table 2. The three-533
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dimensional model was generated by stretching the dyke of case 2 by 10 meters. The geotechnical534

parameters and stratigraphic boundaries are consistent with case 2. The uncertainty of coupling535

stratigraphic boundaries and spatial properties of this three-dimensional dyke is considered in this536

case. The interval fields of the dyke model were generated with three directions of parameters due537

to the three-dimensional model. The interval field parameters for the cross-section of this dyke538

model are the same as in case 2. The interval field parameters for the stretched direction of the539

model were determined based on the in situ test data. The three-dimensional interval field was540

generated and analyzed for its safety based on the parameters of this dyke numerical model.541

The uncertainty analysis of this three-dimensional dyke by the interval field method has three542

main steps. The initial step involves creating an interval field model for the geotechnical parameters543

of this 3-D dyke. First, the uncertainty of the dyke’s stratigraphy is generated as an interval field.544

In this step, it is assumed that the three-dimensional dyke has consistent stratigraphic boundaries.545

Then, the interval fields of the spatial properties of the geotechnical parameters are generated within546

the same stratum. In this step, the spatial dependence length of this three-dimensional interval field547

in the stretching direction is set to 5, and the rest of the parameters are the same as in case 2.548

The interval field for the 𝑠𝑢 of this three-dimensional dyke is obtained by combining the generated549

interval fields above. Fig. 13 shows the interval field of 𝑠𝑢 generated by the geotechnical parameters550

of this three-dimensional dyke. The second step is calculating the 𝑓s of the dyke using the finite551

element strength reduction method. The last step is to calculate the interval of the 𝑓s of this dyke552

using the Bayesian optimization method.553

The interval of the 𝑓s obtained from the analysis using the interval field method for the three-554

dimensional dyke is [0.78, 1.08]. It has the same lower bound of 𝑓s, while its upper bound is555

larger than the two-dimensional case. The three-dimensional analysis obtains a larger interval of556

𝑓s than the two-dimensional dyke analysis. The conclusions obtained from the available literature557

indicate that the two-dimensional analysis of geotechnical engineering obtains more conservative558

results (Griffiths and Marquez 2007). However, in this paper, the lower bound of the 𝑓s is the559

same as that of the two-dimensional geotechnical engineering, probably due to the effect of three-560
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dimensional spatial uncertainty is considered. Therefore, it is necessary to perform a complete561

analysis of important geotechnical engineering because the spatial variability in three dimensions562

has the potential to have a very negative impact on this engineering.563

CONCLUSIONS564

This paper proposes a framework for the interval field-based method designed to address565

uncertainty in the stratigraphic and spatial properties of geotechnical engineering. It is particularly566

suitable for situations with sparse data while also allowing for the integration of in situ test data567

into the interval field representation. The first step involves generating an interval field using the B-568

spline basis function-based interval field method. This process takes into account the uncertainties569

in coupling with stratigraphic and spatial properties in geotechnical engineering, while sparse data570

with deterministic values at specific locations are also considered. Subsequently, the finite element571

strength reduction method is employed to compute the 𝑓s for geotechnical engineering. Ultimately,572

the Bayesian global optimization method is employed to ascertain the interval boundaries of the 𝑓s.573

The key conclusions drawn from this study include the following:574

1. In geotechnical engineering, the interval boundaries are directly determined from the test575

data, eliminating the necessity for any statistical assumptions. This makes the interval576

field method particularly suitable for projects with low failure probabilities but significant577

consequences. It efficiently leverages sparse test data to provide thorough analyses, yielding578

conservative results that are highly useful during the pre-design phase of critical projects579

with limited data.580

2. In-situ test data play a crucial role in reducing uncertainty. As the quantity of such data581

increases, the range of outcomes determined by the interval field method narrows, improving582

result accuracy.583

3. Moreover, the uncertainty related to stratigraphic boundaries has a substantial impact on584

geotechnical engineering results. Therefore, considering the uncertainty of spatial proper-585

ties in combination with geotechnical stratigraphy uncertainty is essential to improving the586
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reliability of the analytical results.587

While the present study has yielded promising results, there is a need for additional research.588

In future investigations, it is anticipated that more types of uncertainties and complex models can589

be adapted into the proposed framework.590
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TABLE 1. Material parameters for the slope in case 1

Soil parameters Interval parameters 𝑙h 𝑙v

𝑐 (kPa) [5, 25] 8 4
𝜑 (◦) [18, 38] 8 4
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TABLE 2. Material parameters of the dyke in case 2

Materials E (kN/2) 𝜆 Interval of 𝑠𝑢 𝑙h 𝑙v

Dyke material 5600 0.3 [5, 25] 2.13 0.4
Peat 1700 0.3 [5, 15] 2.84 0.76
Organic clay 5200 0.35 [5, 20] 2.84 0.76
Silty clay 5300 0.35 [15, 25] 2.10 0.26
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Fig. 1. Generation of 50 interval field realizations

34 Feng et al., November 14, 2024



Fig. 2. Realizations of 50 interval field with one local value
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Fig. 3. Flowchart of the proposed framework
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Fig. 4. Geometric model of the slope (Unit: m)
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Fig. 5. A sample of the interval field of cohesion for the slope (kPa).
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Fig. 6. A sample of the interval field of friction angle for the slope (◦)
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Fig. 7. Results of the interval field method (Includes results for interval fields without considering
in situ test data and results for conditional random field analyses (Johari and Fooladi 2020))
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Fig. 8. Top view of the dyke (modified from (de Gast et al. 2021))
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Fig. 9. Geometric modeling of the dyke (Unit: m)
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Fig. 10. Interval field realization of the 𝑠𝑢 (kPa) without stratigraphic boundary uncertainty.
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Fig. 11. Interval field realization of the 𝑠𝑢 corresponds to the maximum of 𝑓s: (a) Sample with
stratigraphic uncertainty; (b) Sample with Coupling stratigraphic and spatial property uncertainty.
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Fig. 12. Interval field realization of the 𝑠𝑢 corresponds to the minimum of 𝑓s: (a) Sample with
stratigraphic uncertainty; (b) Sample with Coupling stratigraphic and spatial property uncertainty.
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Fig. 13. Interval field realization of the 𝑠𝑢 of three-dimensional dyke (kPa)
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