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Abstract

An efficient sampling approach ‘Adaptive Combined Line Sampling’ is proposed for evaluating
the ‘time-variant failure probability function’ (TFPF) of structures. Line Sampling is implemented
in an adaptive and iterative way, where each individual Line Sampling run is carried out based on
adaptively selected important directions, in order to ensure a sufficiently precise estimation of the
TFPF over the whole time interval of analysis. An adaptive strategy and an optimal combination
algorithm are developed for the practical implementation of the Line Sampling process. The
adaptive strategy allows to determine the optimal important direction which is then used in the
next Line Sampling run. The combination strategy allows to collect all these adaptive sampling
runs together in an optimal way, which aims at minimising the coefficient of variation (C.0.V.) of
the TFPF estimate. Due to these strategies, the proposed approach can estimate the TFPF in a
more efficient way than the traditional Line Sampling, while guaranteeing that the C.0.V. of the
estimate remains below a prescribed threshold over the whole time of analysis. Thus it can be
seen as an extended version of classical Line Sampling specially tailored for time-variant reliability
analysis. Examples are given to illustrate the performance of the proposed approach.

Keywords: Time-variant reliability analysis, Line sampling, Adaptive strategy, Cumulative

failure probability function, Composite limit state functions

1. Introduction

Time-variant reliability analysis considers uncertainty in the time-variant properties and load-
ing when assessing the level of safety of a structural system, and has attracted much attention
recently. This is due to the fact that engineering structures and systems usually suffer from the

deterioration of structural strength and stiffness with time under severe operating or environmen-
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tal conditions during their service life [1]. Following this framework, it is assumed that the system
parameters and loading are characterised as stochastic process, instead of static random variables,
to represent their natural variability with respect to time. In this context, a reliability analysis can
properly reflect and quantify the effect of time-variant factors by estimating the failure probability
of a system/structure over a period of time, which is termed as time-variant (or time-dependent)
failure probability function. Compared with traditional, static reliability analysis, more challenges
are faced in time-variant reliability analysis because an extra dimension (time) is involved. Due
to the time-dependency of structural properties, loading as well as the structural system failure
events, time-variant reliability analysis is even more computationally involved when compared
with static reliability analysis. Several numerical methods have been proposed to conduct time-
variant reliability analysis. These methods can be roughly classified into three groups: analytical
techniques, simulation-based approaches and surrogate models. Analytical methods usually in-
volve approximation concepts. For example, Jiang et al. [2] used the first-order reliability method
(FORM) to estimate the failure probability after converting the associated stochastic processes
into a set of random variables by time discretisation and linearisation of the performance func-
tion. Mourelatos et al. [3] combined FORM with the total probability theorem to evaluate the
time-variant reliability after transforming the target time-variant problem into one with compos-
ite performance functions. In [4], the time-variant reliability problem is solved using classical
approaches for time-invariant reliability (such as FORM) by focusing on outcrossing rates and a
parallel system analysis. Zhang et al. [5] propose a moment-based PHI2 (MPHI2) method for
time-variant reliability analysis of structures to reduce the computational cost by separating the
finite element analysis from the analysis cycle and estimating the statistical characteristics of the
associated components beforehand.

The second class of approaches for solving time-variant reliability problems involves simulation
methods. In fact, simulation-based methods for static system reliability analysis can be applied
in time-variant problems. In this context, namely time-invariant problems, many highly efficient
simulation methods have been developed. For instance, Line Sampling (LS) [6] has been developed
for estimating the reliability of static and dynamical systems. Further, De Angelis et al. [7]
developed an Advanced Line Sampling method to compute interval failure probabilities when
both aleatory and epistemic uncertainties are considered. Shayanfar et al. [8] introduced an

adaptive line sampling method for reliability analysis by updating the importance direction during
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the sampling process and averaging different estimations to form a final one. Au and Beck [9]
proposed an efficient Importance Sampling method for linear dynamical systems. Misraji et al.
[10] applied a Directional Importance Sampling scheme to analyse the reliability of structural
systems subject to stochastic dynamic Gaussian loading. Subset simulation [11] also provides
an efficient and effective way to address reliability problems in high-dimensional spaces which
involve a large number of random variables. Recently, Li et al. [12] proposed a Generalised Subset
Simulation to handle high-dimensional, time-variant reliability problems. Chakraborty et al. [13]
introduced two innovative methods based on Subset Simulation (SS) for time-dependent system
reliability analysis and the space-time-variant reliability analysis, offering solutions to the challenge
of assessing the reliability of corroding pipelines. Similarly, Du et al. [14] adopted Parallel Subset
Simulation to handle time-variant reliability with both deterioration in material properties and
dynamic load. Yuan et al. [15] proposed an efficient two-step Importance Sampling to estimate the
time-variant reliability where the limit state function includes structural degradation parameter
processes, random variables, and Gaussian stochastic load processes. Zhang et al. [16] proposed
a single-loop approach for time-variant reliability evaluation combined with a weighted sampling
strategy for moment assessment.

Surrogate models, especially Gaussian process (GP) or Kriging regression, have been widely
used in reliability analysis, as well as in time-variant reliability. Xu and Saleh [17] also reviewed
the use of machine learning for reliability engineering and safety applications involving time-
variant problems. Li et al. [18] proposed a deep learning framework for time-dependent reliability
analysis of dynamic systems, with local-limit state functions and global surrogate models, to
capture the long-term dependency of system dynamics and estimate time-dependent reliability.
In addition, some contributions focus on the implementation of surrogate models that cooperate
with simulation-based methods with the purpose of further reducing numerical costs associated
with time-variant reliability assessment. Wang and Wang [19] adopted a sequentially updated
Gaussian process model to characterise extreme system response over time, and then Monte Carlo
simulation is employed to assess the time-variant reliability. Depina et al. [20] used Kriging
within the framework of the Line Sampling. Wu et al. [21] proposed a Parallel Efficient Global
Optimization strategy integrated with adaptive Kriging-Monte Carlo simulation for time-variant
problems. Zhao et al. [22] proposed a nested single-loop Kriging model coupled with Subset

Simulation to evaluate time-dependent system reliability. Zhang et al. [23] proposed an active
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learning method based on deep neural networks and a weighted sampling method to address cases
involving interval processes. However, discrete representation of stochastic processes increases the
dimensions of the reliability problem, posing a challenge for surrogate modelling due to the so-
called curse of dimensionality. In this sense, to the knowledge of the authors, there is still plenty
of room for improvement regarding simulation-based methods for time-variant reliability.

In view of the aforementioned difficulty in estimating the structural time-variant reliability as
a function of time, an efficient approach termed as ‘Adaptive Combined Line Sampling’ (ACLS)
is proposed. This approach is developed by applying the composite limit state concept, which
first transforms the time-variant reliability problem into an equivalent problem involving a series
system. Then, Line Sampling is applied in an iterative and adaptive manner, and at the last
step, an optimal combination algorithm is developed to obtain the overall time-variant failure
probability function estimate. The combination is based on the principle of minimising a statistical
descriptor of the estimate (e.g. variance), as proposed in [8, 24, 25]. The innovative aspects of

)

this contribution with respect to the state-of-the-art are as follows.

e A simulation-based method which can produce satisfactory, accurate estimations of the

failure probability as a function of time is developed.

e The most salient feature of the proposed approach is that it can ensure good precision for

estimating the TFPF by virtue of the aforementioned adaptive strategy.

e The optimal combination algorithm enhances the precision and efficiency of the proposed

approach.

The remainder of this paper is organised as follows. First, the definition and the composite limit
states transformation associated with the time-dependent reliability problem are briefly reviewed
in Section 2. Then, the mathematical formulation of the proposed framework is developed in
Section 3. Next, Section 4 illustrates the performance of the proposed approach through three

examples. Finally, the paper closes with discussions and an outlook for future work in Section 5.
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2. Time-variant reliability

2.1. Definition
In this contribution, the quantity of interest is the corresponding failure probability over a

given time period which is given by:
Pp(t) = P{g(x,7,y(r)) < 0,37 € [0,4]}, (1)

where © = [r1,29,...,2,] is the vector of time-invariant random variables associated with the
structure/system with probability density function (PDF) fx(x); 3 stands for ‘there exists at
least one’; 7 € [0,¢] indicates that Pg(t) is a cumulative failure probability which considers all
the instantaneous cases from 0 up to time instant ¢, and ¢ € [0,7] where T' denotes the time
window of analysis; y(t) = [y1(t), ..., yn,(t)] is the vector of time-dependent stochastic processes
describing the evolution of structural properties or loads, which are implicit with respect to time ¢;
and ¢(+) is the performance function. This is the most general type of time-variant problem, as it
encompasses random variables, explicit time-dependent properties (such as structural degradation

processes), and time-dependent stochastic processes (such as stochastic load processes).

2.2. Transformation of time-variant reliability problem by composite limit states

The time-variant reliability problem can be transformed into a time-invariant problem with a
series of instantaneous performance functions. This is a common approach for structural time-
variant reliability analysis which is called ‘composite limit states’ [12]. The basic idea of this ap-
proach is to use the concept of series system reliability of the instantaneous performance functions
to convert the time-dependent reliability problem into a time-invariant one. Indeed, a time-variant
performance function can be represented discretely as follows. First, the time interval [0, T is dis-
cretised using a time step size At. Then, a time sequence [tg, ..., t; ..., t,,] =[0,...,IAL, ... At
is generated, where [ = 0,...,n; is the time index, t, = 0 and ¢,, = n;At = T. Based on the
series system reliability formulation, the cumulative failure probability at a time instant ¢; over a

certain time period [0, 7] is given by:

Pe(t) = P {UF} P {ir%;glg@,ti,y(ti)) < o} =0 2)

where F; = {g(x, t;, y(t;)) < 0} is the instantaneous failure region associated with the limit state
function at the ¢-th time instant and ¢; = [At is the time instant at which the time-variant failure

probability is being calculated.
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For the stochastic processes y(t), spectral decomposition methods such as the Karhunen-Loeve
(K-L) expansion [26, 27] or the Expansion Optimal Linear Estimator (EOLE) [28] can be adopted
to transform the random process y(t) into a function of random variables z. Note that there are
different kinds of random processes [29, 30]. In this work, only Gaussian processes are considered.
Note that the proposed approach can be applied whenever a more general stochastic process can be
represented as a nonlinear function of a Gaussian process. Then, the instantaneous performance
function g(a,t;, y(t;)) can be rewritten as g,(x, t;, z) in the coordinate space (x, z), where z is the
vector collecting all normal random variables associated with the representation of the random
process y(t). The corresponding cumulative failure probability, as defined in Eq. (2), is expressed

Pulty) = / / Iy (.1, 2) fx(@)0(2) da dz. 3)

where ) = U, {F : g-(,t;, 2) <0} is the union of failure events of the series system; IthlJ(~)
is the indicator function associated with Ft(l]; and ¢(-) is the joint PDF of i.i.d. standard normal
variables. Note that the computation of this failure probability function with respect to time
t is quite challenging, as it comprises an evolving series system with respect to time. In fact,
most of the existing methods for reliability analysis can handle point-wise failure probability, that
is, at a fixed time instant ¢ = T. However, it may become troublesome to estimate the failure
probability as a function of time with classical reliability methods while maintaining the accuracy
and efficiency. Thus, in this work, a novel approach is proposed to solve the time-variant failure

probability function in an efficient and effective way.

3. Proposed approach

3.1. Overview of the proposed approach

This section outlines the proposed Adaptive Combined Line Sampling (ACLS) approach for
TFPF estimation. Although Line Sampling and Advanced Line Sampling have been proposed and
widely applied in many fields, its application in time-variant reliability still needs further inves-
tigation. The reason is that, while both approaches work well for failure probability estimation
in a time-invariant setting, their application to time-variant problems may be demanding, as it
becomes necessary to estimate all failure probabilities associated with each time instant. In other
words, classical Line Sampling is not suitable for estimating a failure probability function depen-

dent on time. Hereto, a novel variant of Line Sampling, where an adaptive learning strategy and
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an optimal combination algorithm are applied, is proposed to address the challenge of estimating
TFPF efficiently. In the proposed approach, the final TFPF estimator pém) (t;) is constructed

based on combining a number of m individual estimators, that is:
P () = Zwk(tl)pﬂk(tl)a (4)
k=1

where pEk(h) is the estimator evaluated by the k — th run of Line Sampling; m is the number
of runs performed with Line Sampling, which is determined on-the-fly as the stopping criterion is
reached (please see Section 3.5); and wy(t;) denotes a weight function. Note that Y, wg(t;) =1
is imposed for each time instant t; = [At(l = 0,...,n;). Thus, as long as Ppy(t;) is unbiased
[6], then the obtained pém)(tl) is also unbiased. Under the assumption that each run of Line
Sampling component is carried out separately, the TFPF components,that is, Pp,k(tl), are mutually

independent, and the variance of Jf’}m)(tl) can be easily obtained as:

Var [P( ] Zwk (t)Var [Ppk(tl):| (5)

~

Further, if all the TFPF components, pﬂk(tl), are unbiased estimators, i.e., E[Pp(t;)] =

)

Pr(t;), then the coefficient of variation (C.0.V.) of p}m) (t;) is given by

=1 Wk tl VCLTPFk tl m “
Coo PE™ (1)) = VI 53)@) Pralt] > wh(t)Cov?[Pra(ty)], (6)

The proposed approach consist of three steps: 1) Estimate the TFPF component by Line
Sampling; 2) Find the next time instant to carry out Line Sampling by an active strategy; 3)
gather the TFPF component estimates by optimal combination. Each of these steps is discussed

in detail below.

3.2. Estimate the TFPF by Line Sampling

As stated in Eq.(4), the final TFPF estimator is constructed by aggregating a number of TFPF
components. In this subsection, Line Sampling [6, 31] is adopted to calculate the component TFPF
estimator Pp(t).

For the sake of simplicity, it is assumed that the time-invariant random variables associated
with x follow a standard normal probability distribution. Such condition can be satisfied by
considering appropriate transformations, see e.g., [32]. Then, to implement Line Sampling, it is

necessary to identify an important direction o™, which is a vector of unit Euclidean norm located
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at the origin of the standard normal space which points towards the failure region associated with

the component TFPF estimator ppk(t) A criterion for selecting this important direction a® is:

(k)=
(k) _ (z,2)
& = (@, 2 )

where (x, z)®* is the design point corresponding to the instantaneous performance function at
the time instant ¢, and g*) = ||(x, z)®)*|| is the corresponding distance form the origin to
the design point. At this stage, it is assumed that this time instant t*) is known. A specific
criterion for its selection is discussed in Section 3.4. Regarding the determination of the design
point, it can be carried out by using any optimisation algorithm or Advanced First Order and
Second Moment (AFOSM) method [33], which is widely used in reliability analysis. Note that the
proposed approach focuses on the time-variant problem where the instantaneous failure region is
concentrated in one region, and only one design point exists. The treatment of problems with
multiple regions or design points usually requires to account for several important directions [34].
However, this paper focuses on developing efficient strategy based on multiple Line sampling
components with different important directions to solve the composite limit state associated with
the time-variant problem.

Once the important direction has been identified, the next step of Line Sampling is exploring
the failure domain by means of lines which are parallel to that important direction. This process
is illustrated schematically in Fig. 1 in a two-dimensional problem. Suppose that a set of two-
dimensional samples {(z,2)%), j = 1,2,..., N} is generated (where N is the number of samples)
according to the joint probability density function f(x,z). Then, it is necessary to explore the
lines that pass through each of the aforementioned samples and which are parallel to the im-
portant direction. In this context, to exzplore means that the intersection of each line with each
instantaneous limit state function g.(x,t;,z) (i = 0,...,n;) should be determined. After finding
the corresponding intersection points (z, z)gj )*, 1 = 0,...,n; associated with the instantaneous
limit state function g,(z,t;, z) and the line passing through the sample (z,z)"), it is necessary to
determine the distance value c,gf . Note that cg ) measures the Euclidean distance between the
hyperplane that passes through the origin of the standard normal space and which is orthogonal
to the important direction and the intersection point (z, z)gj ” In practice, the intersection points
can be determined by, e.g. three-point-second-order (TPSO) polynomial interpolation method

[35]. To do this, the three values ¢;, o and ¢z that are associate with the distances along the line

parallel to a® should be properly selected. In this paper, ¢; = ) —3, ¢, = 8% and ¢5 = ¥ +3
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are used, which is deemed as appropriate after numerical verification. One can also increase the 203

number of points on each line to improve the accuracy of estimating the intersection points. 204

% Design Point
@® Sample
A Intersection

gz(xr tk: Z)

gz(x, ti: Z)

Figure 1: Schematic diagram of Line Sampling for the time-variant problem.

In summary, according to the reliability formula of time-variant series system, both Line Sam- 205

pling and the concept of cumulative failure probability are adopted. The TFPF can be estimated 206

as: 207
(1) = min(e)", - ), (8)
1 N
» _ (7)*
Pra(t) = Z o~ (1)), (9)

where ]ADF’k(tl) is the TFPF component estimator based on a®) with respect to k-th instantancous 2o

LSF, cfﬁf;‘ (t;) means the smallest value due to the series system property. 209
The variance and the coefficient of variation (C.0.V.) of this estimator are given as: 210
. 1 N . . 2
VarlPru(t)] ~ 57—y 2 (@(=ci(t) = Prat) (10)
g 211
Var[Pp(t)]

COU[PFJg(tl)] ~ (11)

pF,k(tl)



Note that Line Sampling is carried out iteratively with a relative small number of samples N
each time, and the corresponding important direction is actively updated in order to reach an
overall convergence of the TFPF estimation. Additional details on the update of the important

direction are discussed later on in Section 3.4.

3.3. Combination algorithm

In order to obtain the overall TFPF estimator 15}"0(161) in Eq. (4), an optimal combination

algorithm is proposed to determine the weights function, wy(¢;), as introduced in Eq. (4). The
performance of the combination approach is highly dependent on the weights and hence on the
principle used to determine these weights. Since the C.0.V. of an estimator is the ratio between
the standard deviation of an estimator and the mean estimator, and hence a good metric for its
performance, it can be used to determine the weights function, that is, to find the optimal wy(¢;)
that minimises the C.0.V. of P}m) (t:). Note that similar algorithms have also been reported for
the estimation of failure probability in [8], improvement of Line sampling in [24] and also for
calculating the failure probability function with respect to design distribution parameters of basic
random variables in [25].

The optimal combination algorithm determines weights for component estimators which lead
to the aggregate estimator P}m) (t;) with the smallest possible C.0.V. The corresponding optimal
weights can be determined by:

COU [pﬂk(tl)} -
wk(tl) = (/{3 = 1, R ,m), (12)

Z;n:l Cov |:pF7j (tl)] -

The detailed derivation of Eq. (12) is discussed in Appendix A. Further substitution of Eq. (12)

into Eq. (6) leads to the final C.0.V. of the estimate of TFPF, which is equal to:

. 1
Cov[ Py ()] = - (13)
\/ZZL Cov=2[Pp(t1)]
When Cov[Pr(t))] € [0,1], it is easy to further deduce that:
Cou[ P ()] < CovlPra(t)], (=1, ,m), (14)

which means that the combined estimate will own the smallest C.0.V. in theory compared with

the weighted components when the C.0.V.’s of TFPF components are less than 1.

10

212

213

214

215

216

217

218

219

220

221

222

223

224

225

226

227

228

229

230

231

232

233

234



3.4. Adaptive strategy

In this subsection, an active strategy is proposed to determine the support time instants
tgk)(k‘ =1,...,m). For the first individual estimator k = 1, Y can be arbitrarily selected within

g

the time interval [0, 7], e.g., ts*' = 0, T/2, or T'. Then, Line Sampling is carried out based on the

important direction associated with the instantaneous performance function at time ) Note
that the selection of tgk) affects the efficiency of the proposed approach and should therefore be
performed with care. As such, a novel way to determine the support time instants in an active
learning fashion is developed in the following.

Since C.0.V. is a good characteristic quantity to monitor the convergence of the probability
estimator, it can be used as a learning function to determine the next support time instant.
Specifically, the time instant that has the largest value of C.0.V. should be chosen as the next
support time instant. Suppose the k-th estimator of the TFPF ka<t) has been calculated using
Line Sampling, and the C.0.V. of the estimator is obtained according to Eq. (13), then the next

support time instant can be obtained by solving the following optimisation problem:
Find # = /"""

Max C’ov[ﬁé@ (t)] = \/Zle w2 (t;)C'ov?[ Py (1] (15)
S.t. t() S tl S tnt

Inspection of Eq. (15) reveals that the next support time instant t#*) ghould be the one
having the largest C.0.V. value. It is expected that the identified time instant has the largest
potential for improving the convergence of the estimates of TFPF by carrying out a component
Line Sampling according to the importance direction associated with tgkﬂ). Note that this opti-
misation problem does not involve any evaluation of the performance function, and it is actually
just a single-dimensional optimisation problem. Thus it can be readily solved by adopting any
appropriate optimisation algorithm. Moreover, it is not necessary to obtain the exact solution
of the optimisation problem in Eq. (15), as the time ¢t that is being identified is just used
to establish an important direction and in several cases, Line Sampling is not so sensitive with
respect to that important direction. As the optimisation problem in Eq. (15) can be solved with
negligible numerical cost, it is solved using random search with Monte Carlo simulation.

The adaptive strategy for selecting time instants ) is repeated until a convergence criterion

is fulfilled. This convergence criterion is established as Maxlzomm{Cov[p}k) (t)]} < O where

C'! is a predefined threshold value, e.g, C*! = 0.1 can be chosen for general cases.
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In conclusion, the proposed approach utilises the information of C.0.V. at each step to adap-
tively select the time instant for which Line Sampling is run (with its corresponding important
direction). As the probability estimator is simulation-based, the accuracy can be guaranteed as
the simulation proceeds until satisfying the convergence condition. In the following numerical
applications, it is shown that the proposed approach exhibits excellent efficiency, and that the
proposed Adaptive Combined Line Sampling (ACLS) is highly rewarding.

3.5. Summary of the proposed approach

The proposed approach for estimating the time-variant failure probability function (TFPF) is

summarized as follows, as well as shown in Fig. 2.

1. Choose the initial support time instant M, Generally, the midpoint of the time interval

[0, 7] can be chosen, i.e., ¢ = T/2.
2. Stochastic processes are represented by spectral decomposition, and the equivalent composite
performance functions are obtained.

*(k) and set

3. Based on the current support time instant tgk), identify the design point (x, 2)
the important direction a®) by means of Eq. (7). Generate samples (x,2)?),j =1,..., N.
Calculate the component probability estimator given in Eq. (9) and its C.0.V. with Eq. (11).

4. Apply the combination algorithm to produce an updated estimator of TFPF as given by

Egs. (4) and (12), as well as its C.0.V. in Eq. (13).

5. Determine the next support time instant tgkﬂ) by solving the optimisation problem given

in Eq. (15).

6. Repeat steps 3 to 5 until the convergence criterion, maX{Cov[FA’P(ﬂk) ()]} < C™, is reached.

4. Examples

In this section, examples are given to illustrate the performance of the proposed Adaptive
Combination Line Sampling (ACLS) method in terms of accuracy and efficiency. Direct Monte
Carlo simulation (MCS), Importance Sampling (IS)[36], Line Sampling (LS) [6] and Advanced
Line Sampling (ALS) [7] are used for comparison. The unit coefficient of variation A is calculated
in all examples considered [9]. This unit coefficient of variation is — in theory — invariant to the

accuracy achieved and the computational effort spent, where smaller values of A correspond to
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Initialise the time instant tgk)(k = 1) and convergence criterion C'*!

Discretise the original time-variant problem

into a problem with composite performance functions
Obtain the k-th component of the TFPF estimator by Line Sampling

with importance direction a® related to performance function at #®)

Calculate the TFPF by the optimal combination algorithm

Determine the next

support time instant g+

Convergence?

Obtain the final estimate of TFPF

Figure 2: Procedure of the proposed ACLS method

a higher computational efficiency. Note that the three-point quadratic interpolation is used to
obtain the intersections for LS, ALS and ACLS in this contribution.

For Examples 1 and 2, a time period of [0, 20] years is considered, and a time interval At = 2
year is adopted to discretise the time interval in the calculation. For example 3, a time period
of [0, 10] years with the time interval At = 1 years is considered. Also, the number of identified
dominating eigenfunctions in K-L expansion is chosen as ng = 5, which has been found to be

reasonable for all these examples.

4.1. Example 1: Test example

The following performance function with two random variables and a stochastic process is

considered in this example:
glz, t,y(t)) = 17 — 23 + 2x9 exp(—0.1t) — 5F(t) (16)

where @ = [x1, 23] is the vector of random variables; y(t) = F(t) is a stochastic load which is

modelled as a stationary Gaussian random process, and the auto-correlation coefficient function
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is of the squared exponential type, which is given as:

pF(tla tl+1) = exp {—0.05(tl+1 - tl)Q}. (17)
The information of these inputs is listed in Table 1.

Table 1: Information of variables and parameters for two-dimension nonlinear example (Example 1)

303

304

Parameter Distribution Mean Standard deviation Auto-correlation coefficient function
T Normal 2.6 0.26 —
T Normal 5 0.5 -
F(t) Gaussian process 2 0.2 Eq. (17)

In this example, the number of variables representing F'(t) in K-L expansion is 5, thus the
final total dimension of the reliability problem (x, z) is 7. The proposed approach is applied with
N = 100 samples (lines) in each individual run of Line Sampling for calculating the component
probability, and the convergence criterion C'*! = 0.2 is selected. In this context, the adaptive
strategy is carried out for m = 3 rounds until convergence is achieved, and thus a total of Ny = 300
samples are used. The traditional LS, IS and ALS are also applied with the same sampling number
Np = 300. And IS and LS are carried out based on the design point and the important direction
corresponding to the instantaneous LSF at time instant ¢,,,; = 7'/2, respectively. In addition,
Direct MCS is also applied with N = 107 samples, and its results are seen as the reference values.

Fig. 3 plots the curves of TFPF and C.o.V. with respect to time ¢ during the intermediate
process of the proposed approach. It can be seen that, in the initial round &£ = 1 of proposed
method, the corresponding TFPF result owns considerable error when ¢ € [0, 5], the C.0.V over
these time instants exceeds 0.2. When including new support time instants, however, the accuracy
of TFPF estimator is improved and the C.0.V curve becomes smoother and smaller. At the third
iteration, the C.0.V is less than 0.2 and the result obtained from ACLS method is consistent with
the exact value from MCS. This illustrates the effectiveness and accuracy of the proposed method.

The results of TFPF obtained by different methods (LS, IS, ALS and ACLS) with the same
total number of samples Ny =300 are plotted in Fig. 4. It can be seen that the results that are
obtained by these methods agree very well with each other. Also the corresponding C.0.V. of
the proposed ACLS is smaller than those of LS, IS and ALS over most parts of the considered

time period, especially in ¢ € [0,5]. This means that the proposed approach seems to reasonably
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Figure 3: Evolution of TFPF result obtained by the proposed approach (Example 1).

allocate samples in order to obtain satisfactory results over the whole time domain, due to the
adaptive strategy adopted in the proposed approach.

To investigate the performance of the proposed method more clearly, the same stopping cri-
terion is used for ACLS, ALS, IS, and LS. Fig. 5 shows the total number of samples N, and
total number of function calls N,y (including the interpolation calculation in line sampling, as
well as the design point solving) used by different methods under the same C*! = 0.2. It can be
seen from the figure that, while the proposed approach required only N = 300 simulated samples
(lines) to achieve maX{C’ov[pl(pk) ()]} < C* = 0.2, far more samples are needed by LS (about 120
times of that by ACLS) and by ALS (about 20 times), respectively. In terms of total number of
calls, the proposed ACLS method is more efficient than other methods (about only 1/104 of that
by LS, 1/274 of that by IS and 1/18 of that by ALS). Hence, it can be drawn that the proposed
approach can produce a satisfactory TFPF estimate in a more efficient way.

For further comparison, the numbers of samples used by different methods with respect to the
stopping criterion value C*! are shown in Fig. 6. It is apparent from the figure that the numbers
of samples decrease for these methods as the C*' increases. Moreover, LS, IS and ALS demand
more samples than ACLS to meet the same convergence criterion. It can be concluded that, in
terms of efficiency, the proposed ACLS method is certainly superior to the LS, IS and the ALS.
However, this last conclusion must be weighed against the fact that ACLS is specifically developed
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Figure 4: TFPF results obtained by different methods using the same

Figure 5: TFPF results obtained by different methods using the same convergence criterion C*°! value (Example

1).
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number of samples Ny = 300 (Example 1).



to address time-variant reliability problems.
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Figure 6: Total number of samples used by different methods with respect to the convergence criterion C*! value

(Example 1).

The TFPF results obtained by the proposed method with different stopping criteria C* and
a fixed N = 100 are depicted in Fig. 7. It shows that, the results from C*' = 0.05 to C*' = 0.2
all match well with the reference value obtained by MCS. However, it should also be noted that
the smaller C* is, the higher computational effort the method demands.

The performance of ACLS method under different initial settings (i.e. initial support time
instant) is depicted in Fig. 8. Three initial support time instants tgl) = to, tgl) = tia = T/2,
and tgl) = tmae = 1" are considered, respectively. Note that Np represents the total number of
sampling lines used in all iterations, while N, represents the number of performance function
evaluations. The results show that, the number of iterations decreases as N increases for each
initial setting, however Np as well as N have an increasing trend, though fluctuations exist.
Thus, the selection of N clearly affects the efficiency of proposed method and hence, N should be
properly selected. Generally, N could be selected such that Cov[ﬁ}l)(tgl))] < O™ is achieved at

least.

4.2. Example 2: A steel beam in bending

A steel beam in bending shown in Fig. 9 is considered in this example, which is taken (in

revised form) from [4]. The size of this beam is 5 m (length) x 0.2 m (width by) x 0.04 m (height
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Figure 7: TFPF results obtained by the proposed approach with different C*°! (Example 1).
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ho). It is assumed that the beam corrodes in time, and the dependency of the dimensions to time

can be expressed as

b(t) = by — 26t; h(t) = ho — 2kt (18)

where parameter £ = 0.03 mm/ year controls the corrosion kinetics. This beam is subjected to a
dead load p = pyboho where py = 78.5kN/m? is the steel force density, as well as a point load
F(t) applied at the mid span. The bending moment at mid-span associated with dead- and point

loads reads:
. F(t)L i pstb0h0L2
4 8

Considering that the bending moment should be less than the ultimate bending moment corre-

(19)

sponding to the appearing of a plastic hinge in the section, the performance function of the beam

is given by:

where & = [f,, by, ho| is the vector of random variables; f, is the steel yield stress; F'(¢) is the load
which is modelled as a stationary Gaussian random process, and the auto-correlation coefficient

function is of exponential squared type, which is given as:

pr(ty, tier) = exp {—0.05(ti41 — 1)} (21)

The information of these inputs are listed in Table 2. The time interval under consideration is

0, 20] years.

sound steel

F(t) i bg

1 d.(t) = Ktr i ‘h

2

Q ()

oo corroded area

Figure 9: Corroded bending beam

In this example, the proposed approach is applied with N = 100, and the convergence criterion
C'*! = 0.2 is selected. In this context, the adaptive strategy is carried out for m = 4 rounds to
achieve convergence, and thus a total of Ny = 400 samples are used. The traditional LS, IS
and ALS are also applied with the same number of samples. In addition, MCS is applied for

comparison which is seen as the exact value.
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Table 2: Information of random variables and parameters of corroded steel beam in bending (Example 2)

Parameter Distribution Mean Standard deviation Autocorrelation coefficient function
fy/MPa Lognormal 240 24 -
bo/m Lognormal 0.2 0.01 -
ho/m Lognormal 0.04 0.004 —
F(t)/N  Gaussian process 3500 700 Eq. (21)
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Figure 10: Intermediate TFPF results of the proposed ACLS approach (Example 2).
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Fig. 10 shows the intermediate TFPF results of the proposed approach. It can be seen that,
in the first round & = 1, the TFPF result obtained has considerable error, e.g., when ¢ € [16, 20]
years and the corresponding C.0.V. is also bigger than 0.2. However, after the fourth iteration,
the C.0.V. is always smaller than 0.2, leading to an estimate of the time-variant failure probability
that compares very well with the reference. This demonstrates the effectiveness of the ACLS
method proposed in this paper.

The results of ACLS with different settings of N and fixed C*! = 0.2 are shown in Fig. 11 to
investigate the effect of the number of samples N on the accuracy. The proposed method was run
repeatedly and independently for 100 times. The corresponding mean values of TFPF estimates,
the relative errors and N are shown in the figure. From a statistical viewpoint, it can be seen
that the accuracy of the proposed ACLS increases with the increasing of N. However, the gain
in accuracy partly comes at the expense of an increase of computational cost which can be seen

from the growing of N_..;.
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Figure 11: TFPF result obtained by the proposed approach with different N and a fixed C**! = 0.2 (Example 2).

Fig. 12 depicts the TFPF results by traditional LS, IS, ALS and ACLS when the same number
of samples is considered. As it can be seen from the figure, traditional LS and IS produces a
TFPF estimate with considerable error, and the corresponding C.0.V.’s for LS, IS and ALS are
greater than 0.2 when ¢ € [0,5] year. In contrast, the proposed ACLS can produce an accurate

estimate which is consistent with the exact values, while ensuring that the associated C.0.V. is
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Figure 12: TFPF results obtained by different methods when the same number of samples is used (Example 2).

smaller than 0.2. This shows the advantage in efficiency and performance of the proposed ACLS
method.

To further investigate the performance, LS, IS, ALS and the proposed ACLS are carried out
under the same stop criterion of C*!' = 0.2, and the corresponding results are shown in Fig. 13.
It can be seen that, while the obtained TFPF results by these four methods are consistent with
the exact values, the number of simulated samples used to achieve the convergence for these four
methods is quite different, as noted from the figure, i.e., Ny = 3463 for LS, Ny = 55261 for IS,
N7 = 1260 for ALS and Ny = 400 for the proposed ACLS method. Accordingly, the number of
function calls is as follows: N, = 10495 for LS, N, = 55367 for IS, N = 3780 for ALS and
Neay = 1619 for the proposed ACLS method. That is, the proposed approach needs less function
calls to reach the convergence, nearly 1/6 of those by LS, 1/34 of those by IS, or 1/2 of those by
ALS.

4.8. Example 3: turbine blade

This example considers a jet engine turbine blade, as shown in Fig. 14. This blade has interior
cooling ducts, through which the flow of cool air maintains the temperature of the blade within
a prescribed limit. The turbine is a radial array of blades made of nickel alloys. These alloys

resist extremely high temperatures of the gases. At such temperatures, the material expands
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Figure 13: TFPF results of different methods under the same convergence criterion of C.0.V. (Example 2).

significantly, producing mechanical stress in the joints and significant deformations. Failure is in
this case defined as the maximum von Mises stress of the structure exceeding the allowable value

0, = 1.5GPa, and the corresponding performance function is:

g(wv t, Y(t)) = 0q eXp(—0.03t) - Umaa:(ma y(t))v (22)

where 0,0, (2, y(t)) is the maximum von Mises stress of the blade caused be the combination
of thermal and pressure effects; © = [E, yorge, A, Kapp, 11, T2 is the vector of basic random vari-
ables; E, yorg, A and K, are the Young’s modulus, coefficient of thermal expansion, Poisson’s
ratio and the thermal conductivity for nickel-based alloy (NIMONIC 90), respectively; T} is the
temperature of the interior cooling air and 75 is temperature on the pressure and suction sides;
y(t) = [Fi(t), F5(t)], where Fi(t) and Fy(t) are the pressure loads on the pressure and suction
sides of the blade which are caused by the high-pressure gas surrounding the sides of the blade.
Input random parameters and distribution parameters of random processes are shown in Table 3.
Parameters modelled with a normal distribution which must be within a prescribed range due to
physical reasons are truncated.

In this example, the final dimension of the vector (x, z) is 16 as the number of K-L expansion

terms ny; = 5 is considered. The proposed approach is applied with N = 100, and the convergence
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Figure 14: Geometry and von Mises stress of a turbine blade.

Table 3: Information of random variables and parameters (Example 3)

Variables Distribution Mean Standard deviation Autocorrelation function

E/Pa Normal 225 x 10° 223 x 10% -
vore/(1/K) Normal 13 x 1076 13 x 1077 -
A Normal 0.27 0.027 -
Kopp/(W/(m - K)) Normal 11.5 1.15 -
T,/°C Normal 150 15 -
T5/°C Normal 1000 100 -

Fi(t)/Pa Gaussian process 5 x 10° 1 x 10° exp {—(4171)2}

Fy(t)/Pa Gaussian process 2 x 10° 4 x 104 exp {—(41=4)2)
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criterion C*! = (.05 is selected. In this context, the adaptive strategy is carried out for m =
2 iterations until convergence is achieved, and thus a total of Ny = 200 lines are used. The
traditional LS, IS and ALS are also applied with the same number of simulated samples. In

addition, Direct MCS is also applied for comparison, which is deemed as the exact value.
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Figure 15: TFPF results varying with the number of iteration rounds (Example 3).

Fig.15 shows the results obtained by the proposed ACLS approach with respect to the number
of iteration steps k. By observing the results and the coefficient of variation in the figure, it can
be found that, in the first iteration, the estimated results have slight deviation from the reference
values. At the same time, the maximum coefficient of variation is close to 0.1. In this case, the
adaptive strategy selects the support time of next iteration to be at the time instant ¢ = 0 where
the coefficient of variation is the largest. After only one additional iteration, the largest C.0.V. is
reduced below 0.05, and the C.0.V curve with respect to time tends to be flat. The above analysis
verifies the effectiveness of the proposed ACLS method.

Fig. 16 shows the TFPF results and C.o0.V. by the proposed ACLS compared with LS, IS
and ALS methods. As shown in the figure, with the same total number of samples, all methods
produce accurate estimates. Regarding the coefficient of variation, the maximum coefficient of
variation of the LS method is more than 0.05, and that of the advanced line sampling method and
IS method exceeds 0.1, while the C.0.V. curve by the proposed ACLS method is below 0.05 over
the whole interval ¢ € [0, 10] year.
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Figure 16: TFPF results obtained by different methods using the same number of samples (Example 3).
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Fig. 17 shows the results by different methods with the same convergence criterion C*' = 0.05.
It can be seen that, LS, ALS and IS used 319, 750 and 4102 samples to reach the stopping criterion,
respectively, while ACLS used just 200 samples to do so. Besides, the total number of function
calls needed by ACLS is approximately 4/5 of that by LS, 1/5 of that by IS, and 2/5 of that by
ALS, respectively.

5. Conclusions

A new efficient Adaptive Combined Line Sampling (ACLS) approach has been proposed to
estimate the time-variant failure probability function of structures. This approach follows the
‘composite limit states’ concept which transforms the time-variant problem into a series system
through discretisation. An adaptive strategy and an optimal combination algorithm have been
proposed to solve the time-variant failure probability function (TFPF) efficiently. The original
contribution of this work is that the convergence of the overall TFPF (measured in a maximum
of C.0.V. over the time span) can be ensured by selecting support points in an active fashion.
Numerical and practical examples have been presented to show the advantages of the proposed
approach with respect to existing techniques. It is observed that the proposed approach shows a
high efficiency in the sense of obtaining the TFPF for a given convergence criterion.

Despite progress in the proposed method, limitations still remain. Since the accuracy of the
method highly depends on the accuracy in the determination of the most probable point, the LS
component estimators could produce errors, potentially compromising the accuracy of the obtained
results. Also, special attention should be paid to the problem with multiple important directions
(failure regions) where underestimation may occur if any failure region is neglected. Additionally,
to perform LS component estimators, it is necessary to transform the limit state function into the
standard normal space. Furthermore, due to the small sample size N in each iteration, using LS
estimators to deal with a high-dimensional and highly non-linear LSF can lead to noisy and biased
results. Through the validation of three examples, the proposed ACLS method is applicable for
moderate nonlinear and moderate dimensional problems.

Future work will concentrate on the combination of the presented algorithms with Advanced
Line Sampling (ALS) [7] and active learning LS methods [35] instead of Line Sampling (LS) to
avoid the calculation of design point(s) and to further alleviate the computational burden. Efforts

will also be made to apply the proposed approach to problems involving non-stationary/non-
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Gaussian processes. Another future research task is to apply the proposed approach to systems

involving multiple performance functions.
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Appendix A. Selection of weights for minimising C.o0.V.

This Appendix shows that the optimal weights based on minimising the C.0.V. are given by
Eq. (12). Note that similar principles for combination algorithms have been used in [8, 24,
25]. However, it is worth to point out that in this paper, this algorithm is applied to solve the
time-variant failure probability function, which is distinct with respect to the aforementioned
contributions. As minimising the Cov[PI™ (¢)] is equal to minimising the Cov?[P{™(¢)], then the

optimisation problem of minimising the C.0.V. to find the optimal weights is recast as follows:

min  Cov? [P}m)(t)] = sz(t)Cmﬂ [ppk(t)]
= (A.1)
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Using the Lagrange multipliers method, the Lagrangian of the problem of Eq. (A.1) can be

expressed as
Llw,\) = 3 wl(t)Cov® [ﬁF,k(t)] A (Z wi(t) — 1) (A.2)

The first-order necessary conditions for optimality read:

OL(w, \) _0
OL(w,\) 0
O\

Solving this system of equations will result in the following expressions

w(t) = —gCOU—Q [ﬁF,k(t)}

which leads to: A
Cov™2 |:PF,k(t):|

R Sy Cov? | Pry(t)|

Since the objective function is convex (quadratic in w ) and the constraint is affine, the result of

wi(t) (k=1,...,m) (A.5)

Eq. (A.5) is the global optimum.
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