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e Reliability analysis approach combining Method of Moments and Control Variates (CV).

e Unbiased estimators for the third and fourth raw moments, along with their variances.

Efficiency of the proposed method is independent of dimensionality.

Accurate for estimating small failure probability of weakly non-Gaussian problems.

The method’s efficiency relies on the quality of the low-fidelity model.
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Abstract

1 Estimating failure probabilities is a critical challenge in practice, due to high-dimensional param-
2 eter spaces and small failure probability levels. Existing sample-based methods are dimensionally
s robust but face efficiency challenges when estimating small failure probabilities. Approximate meth-
4 ods provide a balance between accuracy and computational efficiency; however, their performance is
s often sensitive to the dimensionality of the parameter spaces. Among existing approximate methods,
s Method of Moments (MoM) estimates failure probabilities by utilizing the higher-order moments
7 of the performance function. While it provides analytical efficiency, it faces challenges in high-
s dimensional problems due to the difficulties in efficient moment estimation. Control Variates (CV),
o a variance reduction technique based on sampling, enhances moment estimation with efficiency inde-
o pendent of dimensionality by leveraging numerical models of different fidelities. However, it is rarely
1 applied to the estimation of higher-order moments. This paper introduces an approach for reliability
12 analysis that combines MoM with CV, proposing estimators for the third and fourth raw moments
s of the performance function based on CV. The approach achieves significant computational savings
12 in small failure probability problems and demonstrates strong potential for high-dimensional appli-
s cations. The effectiveness of the proposed approach is validated through three numerical examples,
s including non-Gaussian problems, computationally intensive finite element models, and nonlinear
17 dynamic systems. The results highlight its accuracy and efficiency.
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18 1. Introduction

19 Failure probability is a key metric for assessing system reliability and risk. It is mathematically
2 defined as a multi-dimensional integral of the joint probability density function (JPDF) of random
a1 parameters over the failure domain. In practical scenarios, failure events are typically rare, making
22 the failure probability small and the failure domain difficult to evaluate. Furthermore, the parameter
s space is often high-dimensional, which increases the computational complexity of integral estimation.
«  Achieving both efficiency and precision in estimating failure probability remains a challenging task.
2 There exists a diverse range of methods for estimating failure probabilities, each tailored to address
s specific computational and modeling challenges. One such approach is sample-based methods, which
27 offer advantages in handling high-dimensional problems. The most straightforward method is Monte
2 Carlo Simulation (MCS). While MCS delivers unbiased results, it is computationally demanding,
s requiring a large number of samples to reduce the variance of the failure probability estimator,
» particularly for small failure probabilities. To address this, Control Variates (CV), an effective
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variance reduction technique, has been employed for estimating small failure probabilities. However,
the effectiveness of CV diminishes significantly for rare events, making it unsuitable for efficiently
estimating very small failure probabilities [1, 2]. To improve the efficiency, some improved sample-
based methods have been proposed such as importance sampling [3], importance sampling combined
with CV [4], directional importance sampling [5, 6], and subset simulation [7, 8]. Although the
efficiency has been significantly improved compared with crude MCS, efficiency issues persist in
these sample-based methods when dealing with very small failure probabilities.

To overcome the difficulties associated with the calculation of small failure probabilties, approx-
imate methods such as the First-Order Reliability Method (FORM) and Second-Order Reliability
Method (SORM) have been developed [9, 10]. These methods define the failure domain using ap-
proximated LSFs, and estimate the failure probability based on the most probable points identified
through optimization techniques [11]. Although approximate methods significantly improve effi-
ciency, the approximation of LSFs can lead to inaccuracies in highly nonlinear problems or high
dimensional problems [12]. As an alternative to approximate methods, surrogate models have been
introduced to approximate the computationally expensive evaluations of LSFs. Examples includes
Kriging models [13, 14, 15], polynomial chaos expansion [16, 17], response surface methods [18, 19],
and Bayesian active learning methods [20, 21]. With efficient surrogate models applied, the compu-
tational efficiency for reliability analysis can be significantly improved. However, the construction of
surrogate models introduces additional challenges, particularly in high-dimensional problems [22].

Another class of approaches assesses failure probability by computing a multi-dimensional integral
of the JPDF of random parameters across the entire domain. This evaluation not only determines the
failure probability but also reveals the probability distribution of the performance function. Building
on the evolution mechanism of probability density in stochastic systems, the Probability Density Evo-
lution Method (PDEM) [23] is introduced to construct the distribution function of the performance
function. Based on the probability density integral equation, Direct Probability Integral Method [24]
is proposed to construct the distribution function of stochastic responses of dynamic systems. Al-
though these methods have proven effective in assessing the reliability of large structures [25], their
current application is limited to problems with a small number of random variables [26]. To overcome
the challenge of constructing the full distribution of the performance function, Method of Moments
(MoM) is proposed to estimate the failure probability using first the three or four moments of the
performance function [27, 28]. Once moments are obtained, MoM can estimate the failure probability
through analytical formulas. A key task in MoM is estimating moments of the performance function,
which are typically computed using dimension reduction techniques combined with point estimation
method [29, 30]. However, the application of point estimation methods faces efficiency challenges in
high-dimensional problems. Additionally, dimension reduction techniques may introduce inaccura-
cies, particularly in strongly nonlinear problems, where errors cannot be measured.

Challenges in moment estimation can be tackled using sample-based methods combined with
multifidelity models. Sample-based methods are independent of problem dimensionality and provide
variance estimators to assess accuracy, while multifidelity models enhance efficiency. Most multifi-
delity models are applied only for estimating the mean values of the performance functions, such as
Multilevel Monte Carlo (MLMC) methods [31], Multifidelity Monte Carlo (MFMC) methods [32] and
Control Variates (CV) [33]. Recently, an unbiased estimator of standard deviation of performance
function has been proposed using CV [34, 35] with splitting techniques. These studies demonstrate
the potential of CV for improving the estimation of statistical moments, with reduced variance and
computational costs. However, to the best of authors’ best knowledge, there are no estimators
provided for higher-order moments of the performance function based on CV.

This paper introduces a novel reliability analysis approach that synergistically combines MoM



78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

with CV. To enable this integration, the estimators for the third and fourth moments are proposed,
marking the first application of such estimators within the CV framework (to the best knowledge of
the authors). By leveraging the explicit failure probability model based on moments of the perfor-
mance function provided by MoM, and the efficient moment estimation enabled by CV, the proposed
approach addresses the inherent limitations of each method. Specifically, it overcomes the infeasibil-
ity of high-dimensional moment estimation in MoM and the challenges in directly evaluating failure
probability using CV. The result is an approach that not only achieves significant computational
savings for estimating small failure probability but also demonstrates strong potential for effectively
handling high-dimensional problems. The structure of the paper is as follows: Section 2 reviews
the fundamentals of MoM. Section 3 details the CV and its application for variance reduction, with
the estimators for third and fourth order moments proposed. Procedures of the proposed method
are discussed in Section 4. The Section 5 demonstrates the efficiency and accuracy of the proposed
method through three numerical examples. Finally, Section 6 concludes the paper.

2. Failure probability based on Method of Moments

2.1. Problem statement

A fundamental problem in reliability analysis is computing the failure probability, denoted as Pg,
which is the likelihood of a failure event of interest and can be formulated as follows:

Pe = Prob[G(X) 0]; (1)

where Prob[ ] is the probability operator; G(X) is the performance function associated with the
failure event of interest, where G(X) 0 indicates the occurrence of failure, and G(X) > 0 implies
safety; and X = (X1;  ;X,)T is a n dimensional vector of input random variables, with the ith
random variable denoted by Xj. Denote the JPDF of X as fx(x), P can be computed by a multifold
probability integral over the failure domain as follows:

Z

Pr — fix (x)dx: (2)
G(X) 0

In certain specific cases, such as when G(X) is a weighted summation of independent random
variables, the values of X that correspond to the failure domain can be explicitly determined. How-
ever, in practical engineering applications, G(X) is often complex and may even involve finite element
models (FEMs), making the estimation of the failure probability challenging or even infeasible.

2.2. Method of Moments

To address the difficulty of computing the integral over the failure domain, MoM [28] has been
developed. As illustrated in Fig. 1, the core concept of MoM is to treat G(X) as a random variable
Z = G(X), which enables the reformulation of the failure probability Pg as follows:

Pe = Fz(0); (3)

where Fz( ) is the CDF of Z. The distribution of Z is generally unknown, and Fz(0) is alternatively
approximated based on moments of Z alternatively. Since the first four standard central moments,
i.e., the mean z,, standard deviation z,, skewness 7, and kurtosis z,, contain the majority
statistical information about the distribution, they are applied to approximate the distribution of Z.
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Figure 1: Schematic representation of the method of moments

To derive an explicit expression while ensuring a high level of accuracy, the cubic normal distri-
bution [36] is applied in this study, and then Fz(0) is then computed as follows:

Fz(0) = ®( am); (4)

where 4\ is the fourth moment reliability index, which is obtained by equivalently transforming
Z =0 into Gaussian space based on the first four moments of Z and is formulated as follows [37]:

a
4M:9A+q P q+3—;; (5)
P
A= 0*+p3 (6)
B 3aray a%_ _ a§ draz as 2M=ay _ Zy,
_ S & & %A = (7)
9a4 2734 6a4 2&4 Z>

where ,p is the second moment reliability index; and a,, as, and a4 are the parameters calculated
based on 7, and 2, as follows [38]:

5+(35 208 . 239 .
- . Z3 4 = - !
q 929 +30 08 3 * 2a0+46(1 1= 3,) 2,

a=1 3a; as

3z, 4% 5 2 1 ©)
a = ;A= Pe—e——
1 (B%,+1)= 2, t U128+ 62

Please note that Eqs. (5)-(7) are valid within a specific range of applicability. If the combination
of z, and 2, falls outside this range, a complete expression for 4y is required [37] (for details,
see Appendix A). The mean z,, standard deviation z,, skewness 2z, and kurtosis z, of the
performance function are theoretically defined as follows:

Z&l: Ezl; (10)
Zo — E22 E%l’ (11)
1
Zs = —3= E23 3E21E22 + 2E%1 ; (12)
Z2
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7, =4 Ez, A4EzEz, +6E3Ez, 3E3; ; (13)

Z>
where Ez, is the ith raw moment, which is defined as follows:
VA
Er—E [GX) = (66 fx(x)dx; (14)

X

where E T g denotes the expectation of the argument; €y is the domain of all possible values of X.
Based on Egs. (3)-(14), MoM computes the failure probability by integrating over the entire domain
rather than the failure domain. This method overcomes the difficulty of defining the values of X
corresponding to the failure domain and thus makes the problem tractable.

2.3. Challenge in Method of Moments

One of the key tasks in MoM is estimating raw moments of the performance function as given
in Eq. (14). Since G(X) is generally complicated, directly computing these moments from Eq. (14)
is typically not feasible, and numerical methods are employed as an alternative. A basic approach
is to convert the integral into a summation. However, as X is often high-dimensional, this compu-
tation can be time-consuming. To improve efficiency, various dimensional reduction methods have
been proposed [29, 30, 39]. Despite these efforts, the number of evaluations still increases with the
dimension of X, making it impractical for high-dimensional problems. Furthermore, since moments
are estimated approximately, the accuracy level of these estimates should be provided. However,
there is no error estimator provided for dimensional reduction methods, leaving the accuracy of the
computed failure probability uncertain.

Alternatively, MCS can be applied for moment estimation, with the estimator and corresponding
variance obtained as follows:

1 X

By () = H(G %) = = G xP (15)
j=1
h MCS /4 i i35 1 (X ~@G) 2 1 i 2)
j=1

where I@Q’:CS (Xn) is the estimator of ith raw moment in crude MCS based on samples %Xp; H(G'; %p)
denotes the estgmator of the ith ragv moment of G(X), based on n samples grouped in Xp; the

matrices X, = % %@ %M represents the sets of input samples used for the estimation;
19 is the jth sample in xp; N is the sample size; and V[ | is a variance estimator. The Coefficient of
Variation (CoV) of the MCS-based estimator l@%’:cs(f(n) can then be estimated as follows:
r—
h iV BYOS(x,)
CoV BYMCS(x,) = —h - (17)
' E BMCS(x,)

It can be seen from Eqs. (15)-(17) that, narrowing down the variances of MCS estimator requires
a large number of samples, which is generally time-consuming. Nevertheless, keeping the coefficient
of variation in Eq. (17) sufficiently low is highly desirable, as this in turn leads to a sufficiently
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accurate estimation of failure probabilities with MoM.

3. Moment estimation using the Control Variates technique

3.1. Basic theory of the Control Variates technique

To reduce the variance of the estimated moments, CV is introduced. Without loss of accuracy,
[G(X)]'" can be equivalently expressed as follows [40]:

GX)'= [6X)) LX) + LX) (18)

where L(X) denotes the low-fidelity (LF) model, which produces approximate responses at a faster
rate by sacrificing some accuracy; and is a control parameter. Note that, in existing studies, only
the cases with i = 1 or 2 are considered, while the higher-order raw moments are investigated for
the first time here (to the authors’ best knowledge). For clarity, G(X) referenced below is referred

to as the high-fidelity (HF) model.
By substituting Eq. (18) into (14), the ith raw moment of G(X) can be reformulated as follows:

Z Z

2= B LE] Fxxdx+ L) Fx(x)dx (19)

X X

Based on Eq. (19), Ez, can be estimated based on two sets of samples as follows:
B, (Xn;%m) = H(G'; %)  H(L:%,) H(L:%m) ; (20)

where H(L'; %) and H(L'; %) denote the estimators of the ith raw moment of the LF model based
on N samples grouped in X, and m samples grouped in X, respectively. The variance of IiEZi (Xn; Xm)
is then computed as follows:
h [
V Bz (Xn;%m) =V[H(G %0+ 2 V[H(L:%n)]+V H(L"%Xm)

_ _ ; (21)
2 C H(G';%n); H(L' %0)]

where C [H(G'; %,); H(L'; %,)] is the covariance between ith order power of the outputs from the HF
and LF models, evaluated using n shared samples X, which can be computed as follows:

| | (X | o | )

C H(G  %,);H(L %) = —— G x® L W ﬁH(G';fcn)H(l_';fcn) o (22)

nin 1) j=1

The purpose of CV is to minimize the variance given in Eq. (21), and thus an optimal control
parameter opt(i;Xn;Xm) can be determined, which is computed as follows [40, 32]:
C[H(G"; %n); H(L'; %]
VIH (L' %n)] + V[H (L' %m)]

(23)

opt(i; )A(n; )A(m) -
Substitution of Eq. (23) into Eqs. (20) and (21) yields the construction of the estimator for ith raw

moment of G(X) in CV, denoted as I@%IV (Xn; Xm)- @g}’ (Xn; Xm) and corresponding variance can be
reformulated as follows [40, 32]:

BSY (%n;Xm) = H(G';%n)  opt(ii%ni%m) H(L%n) H(L'%m) ; (24)

6
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(25)

A comparison between Eqgs. (16) and (25) shows that the variance of I@%IV (Xn; Xm) is smaller than
that of I!?‘Z'CS(&”), demonstrating the potential of using CV to achieve variance reduction. Further-
more, V I@(Z:I\/(fcnfcm) decreases as the variances of H(G'; %), H(L';%,) and H(L'; %) decrease,
while it decreases with a higher C [H(G';%,); H(L'; %,)]. To achieve variance reduction with fewer HF
model evaluations, it is essential to minimize V[H (L'; Xy, )] while maximizing C [H(G'; %,); H(L'; X,)].
Minimizing V[H (L'; % )] requires a sufficiently large size of X, which underscores the importance
of ensuring that the computational cost of evaluating the LF model remains as low as possible.
Note that C[H(G'; %p); H(L'; %mm)] quantifies the linear relationship between the HF and LF mod-
els. Therefore, a strong linear correlation between these two models is a key condition for achieving
substantial variance reduction.

3.2. Unbiased estimation of raw moments using the splitting technique
To ensure there is no difference between the expectation of the estimator and the true value,
the bias in the estimator of @2\/ (Xn; Xm) should be examined. Based on Eq. (24), the bias of the
estimator is quantified as follows [41]:
h [ n o
Bias BSY(%n;%m) =E BSY(%n;%m) H(G)

e _ (26)
=C opt(i;ﬁn;f(m);H(Ll;f{m) H(Ll;ﬁn) ;

where H(G') is the true value of the ith raw moment of the HF model. Based on Eq. (26), the bias
in the estimator is given by the covariance between opt(i; Xn; Xm) and H(L'; Xm) H(L';%n), which
arises from the correlation between these two estimators when derived from the same set of samples.

To eliminate the bias while maintaining efficiency, a splitting technique has been proposed [35, 41].
This method divides the available samples into independent groups and uses separate groups to
estimate the optimum control parameter and the statistics associated with the HF' and LF models.
This ensures the estimated values remain uncorrelated, resulting in zero bias. Generally, the available
samples can be evenly divided into three groups, and the estimator of the raw moments using the
splitting technique is given by [35]:

1 X

3.,

Egiv_s(ﬁn;ﬁm) = Iig%i(’tj:n »Xjim X Gyn 5 X Gym ) (27)

IiEJzi(f(j:n P Xim X Gyn o X Gym ) = H(Gi;ﬁj;n ) (28)
opt(lX Gyn i X gym ) H(L' %50 ) H(L Xjm )

where IiE’gV S(Xn;Xm) is the splitting-based estimator of the ith raw moment of the HF model; Xj.n

and Xj.m denote the samples for the jth group; N = n=3 and m = m=3 are the numbers of samples

per group; X (jy:n and X (y.m denote the samples for the (j)th group; and (j) = (j mod3) + 1 is

an index cycles through the values 1;2; 3.

Based on Eq. (27), the variance of @g}’ S(Xp; Xm) is given by:

h X h i
\4 IiE’giv_s(f(n;f(m) =3 \4 Ii—mzi (Xjin 3 Xjm 3 X Gyn i X Gym ) (29)
i=1
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The CoV of the splitting-based estimator @g\’ S can be expressed as follows:
r
h i \4 E(Z:iv_s(f(n;f(m)
CoV BSVS — h - (30)
' E BSVS(%n; %m)

3.3. Challenges in applying Control Variates for failure probability estimation

While CV is an effective variance reduction technique for moment estimation, its application to
estimating small failure probabilities encounters significant challenges, primarily due to the charac-
teristics of rare event scenarios.

One major challenge is the low correlation in extreme events. As discussed earlier, the effective-
ness of the CV method depends heavily on the correlation between HF and LF models. However,
in extreme event scenarios, this correlation often diminishes significantly [1], greatly reducing the
efficiency of CV. Another limitation arises from the limited contribution of samples in rare event
scenarios. Small failure probabilities are typically concentrated in narrow regions of the parame-
ter space, meaning that most samples drawn from the input distribution contribute little to the
estimation process, leading to significant sampling inefficiency.

To address these challenges, combining methods has emerged as a promising strategy. By lever-
aging the focused sampling properties of Importance Sampling (IS), CV has been integrated with
IS to achieve more efficient estimation of small failure probabilities [4]. While this combination en-
hances efficiency, it introduces the curse of dimensionality. Specifically, identifying suitable sampling
densities for IS becomes increasingly difficult as dimensionality grows [42], making the combination
of IS and CV inherently challenging for high-dimensional problems.

4. Reliability analysis using Method of Moments combining Control Variates

In the proposed method, the failure probability is computed directly based on the moments
of performance function, while moment estimation is performed using CV combing with splitting
technique. Detailed procedure is discussed as follows:

(1) Moment estimation of performance function

e Construct low-fidelity model. To enhance variance reduction, LF model should posses
strong linear correlation with the HF model, i.e., the original model. The LF model can be
constructed using simpler numerical techniques, such as finite difference methods instead
of finite element methods, larger time steps, or coarser meshes.

e Samples generation. Generate x, and Xy,. Compute the outputs of HF and LF models
based on X, and Xpm.

e Raw moment estimation. Divide the samples evenly into three groups. Compute
@giv's(fcn;fcm) using Egs. (23) and (27)-(28). Then, evaluate the CoV of I@%V'S(fcn;fcm)
with the aid of Egs. (25), and (29)-(30). If the obtained CoV meets the target re-
quirement, proceed to the next step. Otherwise, adjust the sample size or modify the
LF model as needed. Modifications can be guided by the values of V[H(L'; Xj:m )] and
CH(GY%jn );H(L" X0 )]

— If V[H(LY; Xj:m )] is relatively large, m should be increased.
— If C[H(G'; %Xjin );H(L';Xj:n )] is small, modify the LF model to improve the linear
correlation between the LF and HF models.
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e Standard central moment estimation. With the raw moment of performance function
estimated, the mean, standard deviation, skewness and kurtosis can be directly computed

based on Egs. (10)-(13).

(2) Failure probability estimation. The failure probability can be computed based on the
standard central moments of the performance function, using explicit formulas given in Egs. (3)-

(9)-

The application of CV ensures the unbiased moment estimation of the performance function using
a reduced number of samples, while MoM provides efficient formula for computing failure probability
based on the estimated moments. With the CoV in estimated moments provided, the reliable level
of estimated failure probability can be anticipated, which is important for practical engineering.

5. Examples

To evaluate the application of the proposed method, three examples are presented in this section.
The first example involves a univariate polynomial with an analytical solution for moments of the
performance function and the failure probability. This example demonstrates the detailed procedure
of the proposed method and explores the effects of non-Gaussianity, nonlinearity, and the failure
probability level on its performance. The second example considers a seepage problem beneath a
dam, incorporating a refined FEM. This example illustrates the application of the proposed method
to a complex practical problem and explores the impact of LF model quality on its performance. The
third example focuses on a Duffing oscillator, which is nonlinear, non-Gaussian, and high-dimensional.
This example assesses the capability of the proposed method to handle computationally intensive,
high-dimensional reliability problems.

5.1. Example 1: A univariate polynomial

The first example investigates an analytical problem with the performance function defined as
follows:
G(X) = ki X3 + kX2 + kaX + kg; (31)

where K; (i =1,..,4) are polynomial coefficients and X is a random variable.

5.1.1. Detailed procedure of the proposed method
To illustrate the detailed procedure of the proposed method, the case when k; = 1.0, k, =
6:0, k3 = 18, ks = 8:0 is considered, with X following a Gamma distribution with mean value
x, = 1:0 and CoV set to be 0.2. As an univariate polynomial, there are analytical solutions to the
mean, standard deviation, skewness and kurtosis of the performance function, denoted by a vector
z = ( z1) z»v zsi z4), and failure probability, which are 7z = (4:8832;1:7852;0:0188;2:9354),
and P = 2:5271 10 3, respectively (details can be found in Appendix B).
To apply the proposed method, the first step is to construct a LF model corresponding to the
original performance function (HF model). In this example, a second-order Taylor expansion around
x, 1s used as the LF model, defined as follows:

L(X) =G( x,) +di( x,)(X )+ x)X  x,)%=2; (32)

where dij( x,) (i=1, 2) is the ith order derivative of G(X) around x,. The second step is to
generate samples of X, i.e., X, and Xp,, and the corresponding responses computed from the HF
and LF models. To obtain a reliable evaluation of the raw moments of the performance function,

9



s N=12,000 andm = 3 1P are used in this example. The corresponding raw moments obtained

e are (4.8825, 27.0248, 163.15219, 1055.4837), with CoVs of (0.0215%, 0.0414%, 0.0665%, 0.1020%).
.7 Based on Egs. (10)-(13), z can be obtained as (4.8825, 1.7848, 0.0166, 2.9240). Substitution gf

s into Egs. (3)-(9) leads to the result of the failure probability as 5632 10 3. Comparison between

279 the failure probability obtained from the proposed method with the exact value shows that, the

280 relative error is around 1.4273%. This demonstrates the accuracy of the proposed method for this

281 Case.

22 5.1.2. Inuence of the inputs

283 To investigate the impact of the input statistical model on the performance of the proposed
222 Method, various statistical models forX are considered, including Normal, Lognormal, Gamma,
255 Weibull and Gumbel distributions, with CoV set to be 0.1, 0.2, 0.3, 0.4, and 0.5. The variations
26 IN failure probabilities obtained through both the analytical solution and the proposed method are
257 compared in Figs. 2a-2e.

(a) Normal distribution (b) Lognormal distribution (c) Gamma distribution

(d) Weibull distribution (e) Gumbel distribution

Figure 2: Change of failure probability with mean value of X

288 It can be observed that whenX follows Normal, Gamma, or Weibull distributions, the proposed

220 Method accurately estimates failure probabilities, which are consistent with the exact values across
200 all considered CoVs. This demonstrates the exibility and adaptability of the proposed method
201 a@Cross di erent statistical models of the input. WhenX follows Lognormal or Gumbel distributions,

22 the proposed method yields failure probabilities that closely match the exact values for smaller
23 CoVs (less than 0.4). However, for larger CoVs, slight discrepancies arise between the results of the
204 proposed method and the exact values. This is attributed to the increased error in MoM for strongly
205 NON-Gaussian problems.
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5.1.3. In uence of the performance function

In practical engineering, the performance function de nes the failure events and the relationship
between the inputs and outputs. Thus, its shape will in uence the performance of the proposed
method. To examine the in uence of the performance function, di erent values &;, k3, and k4 are
considered withk; = 1:0, and the variations of failure probabilities obtained analytically and from
the proposed method are compared in Figs. 3a-3e.

@ k2= 8 ©) ko= 7 © ko= 6

(d) ke= 5 (e) k2= 4

Figure 3: Change of failure probability with k4

It can be found that:

(1) When k, = 7, the failure probability computed using the proposed method closely aligns
with the reference results across all considered failure probability levels, with a minimum of
approximately 10 8. This is because, in this case, the performance function exhibits weak
non-Gaussianity, allowing MoM to provide precise evaluations of the failure probability.

(2) When the value ofk, deviates from -7, the di erence between the failure probabilities obtained
from the analytical and the proposed method becomes signi cant for smaller failure probabili-
ties. Fork, = 8andk, = 6, this di erence becomes notable around 16. Larger deviations
of k, from -7 result in signi cant di erences occurring at even higher failure probability levels.
This behavior arises because changeskpnalter moments of the performance function, increas-
ing the non-Gaussianity of the problem. MoM faces challenges to accurately evaluate small
failure probabilities in cases of strong non-Gaussianity.

To sum up, the performance of the proposed method is largely in uenced by the non-Gaussianility
of the performance function, while both the statistical model and shape of the performance function
will a ect such non-Gaussianility. For weakly non-Gaussian problem, the proposed method can
provide reliable failure probability estimation up to the level of 10°, while the accuracy of the
proposed method will decrease for strongly non-Gaussian problem.
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5.2. Example 2: Seepage problem below a dam modeled using nite element method

The second example involves the study of a steady state con ned seepage below a dam as shown
in Fig. 4, which is adopted from Ref. [43]. The failure event considered occurs when the seepage

Figure 4: Schematic graph of the dam

discharge exceeds a prescribed threshold, and the corresponding performance function is constructed
as follows:
G(X)=b Q(X); (33)

whereb is the threshold, expressed in units of L/h/m; andQ(X) is the seepage discharge, which is
computed as follows: 7
Q(X) = kyy;ZQdX; (34)
CD @y

where CD represents the downstream side of the dam as shown in Figkd;.» is the vertical per-
meability of the second soil layer; andhy is the hydraulic head, which is solved by the following

di erential equation:
XX;i @ Vi @ = 0; I = 1; 2; (35)
@% @y
wherek,,; and kyy.; represent the horizontal and vertical permeabilities of theth soil layer, respec-
tively; and x and y denote horizontal and vertical coordinates, respectively. These permeabilities
are considered as random variables, with the statistical information summarized in Table 1. The

k + K

Table 1: Statistical information of random variables in example 2

Silty sand Silty gravel
Horizontal kyx: 1 Vertical kyy:1 Horizontal kyx: 2 Vertical kyy:»
(m/s) (m/s) (m/s) (m/s)
Distribution Lognormal Lognormal Lognormal Lognormal
Mean 5 10 7 2 107 5 106 2 10°
Standard deviation 0.8 107 04 107 08 106 04 1068

boundary conditions for Eq. (35) are as follows: (1l over segments AB and CD are 20hp m

and 20 m, respectively, wherdnp =8.5 m is the height of water; (2) there is null ow across the
other boundaries. To obtain su cient accuracy, Eq. (35) is solved numerically applying a re ned
FEM as shown in Fig. 5a, where the associated model comprises 3413 nodes and 1628 quadratic
triangular elements (details can be found in Ref [44]). This re ned FEM is applied as the HF model.
Using scripts implemented in MATLAB R2023b and executed on a computer with a 13th Gen In-
tel® Core—i7-1360P processor running at 2.20 GHz, the computational time for the re ned FEM

is approximately 0.8301s.
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(a) High delity model (b) Low delity model

Figure 5: FEMs of the dam

5.2.1. Moment estimation using di erent LF models

Based on Eg. (33), moments of the performance function can be easily obtained based on those
of Q(X) as follows:

Z1 = b Q1> Z; = Qs Z3 = Qs> Zs = Qa4 (36)

where qo,, o, o, and o, are the mean, standard deviation, skewness and kurtosis Q{X),
respectively. Eg. (36) shows that, the key task for moment estimation of the performance function
is to determine the moments ofQ(X). To compute these moments, an appropriate LF model needs
to be constructed.

Since this is a linear problem, an e cient reduced-order model (ROM) can be constructed as the
LF model (details can be found in Ref. [34]). This ROM consists of ve basis terms and requires
only 0.0017s per evaluation. However, as this ROM is applicable only to linear problems, a more
general LF model is also developed by re ning the nite element mesh, as illustrated in Fig. 5b.
This coarse FEM consists of 268 elements and requires approximately 0.0189s per evaluation. The
computational time ratios between these two LF models and the HF model are 488.3 and 43.9,
respectively. The quality of the constructed LF models is evaluated by generating 310* samples of
the seepage discharge, and the results are shown in Fig. 6. It is evident that the samples produced
by the ROM exhibit a strong linear relationship with those from the re ned FEM, whereas the
relationship between the coarse and re ned FEMs is weakly nonlinear.

(a) Reduced order model (ROM) (b) Coarse nite element model (FEM)

Figure 6: Samples of seepage discharge using di erent models

The moments ofQ(X) are estimated using the CV method based on these two LF models, with
di erent sets of generated samples. For comparison, the moments are also computed using crude MCS
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